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1. INTRODUCTION

We consider the 2D wave equation

V(@ t) = Ad(,t) = V(@)p(,t), xR’ (1.1)
In vector form, equation (1.1) reads
iW(t) = HU(2), (1.2)

where .
AHW () = <ZE2> M= <z’(AO—V) 6) (1.3)
For 5,0 € R, write H = H(R?) for the weighted Sobolev spaces with finite norms
1ol = I+ |27 (1 + V)29 12 < oo
Assume that V(z) is a real function and
V(z)| + |VV(z) < CA+|z))7?,  xeR? (1.4)

for some 8 > 5. Then the multiplication by V(x) is a bounded operator taking H! to H81+ﬁ for

any s € R. We restrict ourselves to the “nonsingular case,” in the terminology of [13], where the
truncated resolvent of the Schrédinger operator H = —A 4 V(z) is bounded at the endpoints of
the continuous spectrum. In other words, the point A = 0 is neither an eigenvalue nor a resonance
for the operator H.

Definition 1.1. (i) Let F be the Hilbert space H'(R?) & L2(R?) of vector functions ¥ = (1, 7)
with the norm
[ W]|F = [IVellLz + |72 < occ.

(ii) Let F, be the Hilbert space H! & H? of vector functions ¥ = (¢, 7) with the norm

197, = ¥llaz + 7l my < oo

Our main result is the following long-time decay of the solutions to (1.1): in the “nonsingular
case,”

IPE ()5, = O(t| g™ [t]), ¢ — Foo, (1.5)

for any initial data ¥y = ¥(0) € F, with ¢ > 5/2. Here P, stands for the Riesz projection to the
continuous spectrum of the operator H.
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212 E. A. KOPYLOVA

Let us comment on previous results in this direction. The local energy decay has been established
for the first time in scattering theory for the linear Schrédinger equation in the fifties by Birman,
Kato, Simon, and others. For wave equations with compactly supported potentials and for similar
hyperbolic PDEs, Vainberg [16] established the decay in local energy norms for solutions with
compactly supported initial data. However, applications to asymptotic stability of solutions to
nonlinear equations require an exact characterization of the decay for the corresponding linearized
equations with respect to weighted norms (see, e.g., [2, 3, 4, 15]).

The decay in weighted norms has been established by Jensen and Kato [7] for the Schrédinger
equation in the dimension n = 3. The result has been extended to other dimensions by Jensen and
Nenciu [5, 6, 8] and, for more general PDEs of Schrodinger type, by Murata [13]. In our papers
[9]-[12], the decay in the weighted energy norms has been proved for 1D and 3D Klein—Gordon
equations and for the wave equation. Note that the decay rate for wave equations depends of the
spatial decay of the initial function W(0) and of the potential V(z), in contrast to the case of
Klein-Gordon equation, where the decay rate is ¢t —3/2 for sufficiently large 3 and o. This difference
is related to the presence of an interior lacuna for the wave equations. Our approach develops the
Jensen—Kato technique to relativistic equations. Namely, the decay of the low-energy component
of the solution follows by using the Jensen—Kato technique, whereas the decay for the high-energy
component requires novel robust ideas. This problem has been resolved with a modified approach
based on the Born series and the convolution.

Here we extend our approach to 2D wave equation. In this case, the decay rate in (1.5) does not
depend of # > 5 and o > 5/2, as in the case of 1D and 3D wave equation, due to the absence of
lacunae.

Our paper is organized as follows. In Section 2, we obtain the time decay for the solution to the
free wave equation and state the spectral properties of the free resolvent. In Section 3, we obtain
spectral properties of the perturbed resolvent and prove the decay relation (1.5).

2. FREE WAVE EQUATION

First, consider the free wave equation

Y(x,t) = m(x,t), 7(x,t) = AY(z,t), r € R% (2.1)

Write system (2.1) in the form '
iW(t) = HoW(), (2.2)

U(t) = (fgg) Ho = (Z.OA 6) (2.3)

2.1. Spectral properties

where

We state spectral properties of the free wave dynamical group G(¢). For ¢t > 0 and ¥y = ¥(0) € F,
there exists a unique solution ¥(t) € Cp(R, F) to the free wave equation (2.2). Hence, ¥(t) admits
the spectral Fourier—Laplace representation

1 o
oO(r) = 5 /R cTIWHONR () 4 i) Ty dw,  tER (2.4)

with any ¢ > 0 where 0(t) stands for the Heaviside function and Ro(w) = (Ho — w)~! provided
that w € CT := {Imw > 0} is the resolvent of the operator Hy. The representation follows from

the stationary equation wW¥*(w) = HoW+(w) + i¥, for the Fourier-Laplace transform
Ut (w) = / O(t)e™t W (t)dt, weCt.
R

The solution ¥(¢) is a continuous bounded function of ¢ € R with values in F by the energy
conservation for the free wave equation (2.2). Hence, ¥+ (w) = —iRo(w) ¥y is an analytic function
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DISPERSIVE ESTIMATES FOR THE 2D WAVE EQUATION 213

of w € C* with values in F which is bounded for w € R+ ie. Therefore, the integral (2.4) converges
in the sense of distributions of ¢ € R with values in F. Similarly to (2.4),

1 L
O(—t)U(t) = —— [ e '@ OIR(w —ie)¥g dw, tER. (2.5)
21t Jr
The resolvent Ro(w) admits the matrix representation
_ wRo(w?) iRo(w?)
Row) = <—z’(1~|—w2Ro(w2)) WwRy(W%) ) (2.6)

where R(¢) = (—A — ()~ is the free Schrodinger resolvent with the integral kernel
1
RO(Cvx - y) = %KO(_Z‘Cl/ﬂm - y‘)? C € CJ’_? ImCI/Z > 07 (27)

where K stands for the Macdonald function.

Definition 2.1. Denote by L£(B, Bz) the Banach space of bounded linear operators from a
Banach space B; to a Banach space Bs.

Now we collect some properties of Ry(() (see [1, 7, 13,9, 14]).
Lemma 2.2. (i) Ro(() is a strongly analytic function of the variable ¢ € C\ [0, 00) with values
in L(Hy', HY).
(ii) For ¢ > 0 and o > 1/2, the following convergence holds:
Ro(Cﬂ:ZE) —>R0(C:|:ZO), 5—>0+,

in L(H; Y, HY ) uniformly with respect to ¢ > r for any r > 0.
(iii) The following asymptotic expansions hold:

RO(C) = AO IOgC + BO + O(<3/4)a C - 07 C € (C\ [0’ OO) (28)
with respect to the norm of L(H1; HY ) with o > 5/2. Here Ao, By € L(H;*;H ). o > 1, are
operators with the kernels Ao(x — y), Bo(x — y), respectively, and

1
AO(:U_y):_Ea .’L',yGRQ (29)

The asymptotics (2.8) can be differentiated twice with respect to the norm of L(H;'; HY ) with
o>5/2.

(iv) Form=0,1,1=-1,0,1,..., k=0,1,2,... and any o0 > 1/2+ k, the following asymptotic
relations hold:
1—14k

1B (Ollpprge gy = OUCI™727), (=00, ¢ E€C\(0,00) (2.10)

Lemma 2.2 and formula (2.6) imply the corresponding properties of Rg(w).

Lemma 2.3. (i) The resolvent Ro(w) is a strongly analytic function of w € C\ R with values
in L(Fo,Fo).

(ii) For w # 0, the convergence Ro(w £ i€) — Ro(w £140) as € — 0+ holds in L(F,,F_,) with
o > 1/2, uniformly with respect to |w| > r for any r > 0.

(iii) The following asymptotic expansion holds:

Ro(w) = Aplogw + By + O(wlogw), w—0, weC\R,

with respect to the norm of L(Fy; F_5) with o > 5/2.

(iv) For k=0,1,2,... and any o0 > 1/2 + k, the following asymptotic relation holds:

IR @)e, 7 =01), w—oo, weC\R (2.11)
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Corollary 2.4. Fort € R and ¥y € F, with o > 1/2, the group G(t) admits the integral

representation

1 ,
Gy = — [ emiwt [Ro(w +40) — Ro(w — i0)| o dw, (2.12)
2mi Jp

where the integral converges in the sense of distributions of t € R with values in F_,.

Proof. Summing up the representations (2.4) and (2.5), in the limit as ¢ — 0+, we obtain
(2.12) (by the Cauchy theorem) and prove Lemma 2.3.

2.2. Time decay

Estimates (2.11) give no possibility to prove the decay of G(t) by partial integration in (2.12).
Let us derive the decay by using explicit formulas. To be definite, consider the case of t > 0. The
matrix kernel of the dynamical group G(t) reads

N G(t,x—y) G(t,z —y) .
G(t,x y)_(é(t,x—y) G.(tw_y)), y € R? (2.13)

Here Lo — )
— |z
G(t,2) = — = _1ZU 92.14
) = 5y T 219
The group G(t) decays like t~1, which does not correspond to (1.5). Split G(t) as
where Go(t) is the operator with the kernel
_ 1 (o1 2
gO(t’x_w_Qm(O 0)7 xayER' (215)

Below we show that Gy(t) is the only term responsible for the slow decay. More exactly, in the next
section we prove the following basic proposition

Proposition 2.5. Let o > 5/2. Then the following asymptotic relation holds:
Ge(t) = O(t] %), t— oo, (2.16)
in the norm of L(Fo; F_s).

Further, introduce the following low-energy and high-energy components of G(t):

Gi(t) = QLM /R e~ 1(w)[Rolw + i0) — Ro(w — i0)] d, (2.17)
Gn(t) = 2% /R e () [Ro(w + 10) ~ Ry(w — )] do, (2.18)

where [(w) € C3°(R) is an even function, supp [ € [—2¢,2¢], [(w) = 1 if |w| < ¢ with an € > 0, and
h(w) = 1 — l(w). The following key observation is that the term Gy(t) does not contribute to the
high-energy component.

Lemma 2.6. Let o > 5/2. Then the following asymptotic relation holds:
Gi(t) = Go(t) + O™/, t — oo, (2.19)
with respect to the norm of L(Fu; F—o).
We prove this lemma in Appendix A. Let us now find the asymptotics of Gy (t).
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DISPERSIVE ESTIMATES FOR THE 2D WAVE EQUATION 215
Theorem 2.7. Let o > 5/2. Then the following asymptotic relation holds:
Gu(t) = O([t|7%/%),  t— o0, (2.20)

with respect to the norm of L(Fy; F_s).

Proof. First, consider a small ¢ < 1. By the energy conservation for the wave equation,
1/ )]z + 190122 = IGO0 |7 = [[¥(0) | = < [[¥(0)]| 5, (2.21)

where (14(t),4(t)) = G(t)¥(0). Further, the Holder inequality and (2.21) imply

t 2 b
o= | / b, $)ds —(x,0)) da < 2 0) 3 + 2t / (s)22ds < 29 (0)]|%,-
Hence,
192 (O)]5 < Cl¥O)lz,  t<1. (2:22)

The integrand in (2.17) is finitely supported, and it belongs to L(F,; F_,) for o > 1/2. Hence, for
o>1/2,
1G () eFpsr 0y <C, >0 (2.23)

This implies (2.20) for small ¢ < 1, since Gy, (t) = G(t) — Gi(¢).
For large t > 1, we derive the asymptotic relation (2.20) from Proposition 2.5 and Lemma 2.6.
Using (2.19), we obtain

G(t) = Gi(t) + Gn(t) = Go(t) + Gn(t) + O@t™T/4), t — o0 (2.24)

with respect to the norm of L(F,; F_,). On the other hand, (2.16) implies

G(t) = Go(t) + Gr(t) = Go(t) + O(t™%/?),  t— oo, (2.25)
in the norm of L(F,; F_,). Comparing (2.24) and (2.25), we obtain the asymptotic relation (2.20).
2.8. Proof of Proposition 2.5
Consider an arbitrary ¢ > 1. Split the initial function ¥ into two terms,
Vo =W+ Woy,

such that
Uyi4(x) =0 for |z|>1t/3, Uoi(x) =0 for |z <t/4, (2.26)

W1 illz, +1V2ell7, < ClYollz,,  t21, (2.27)

and estimate G, (t)¥;, and G, (t)¥2 , separately.
Step (i). Let us first estimate

Gr(t)Wsy = G(t)War — Go(t)Wa,.

Let .
G(5)Va = (P2,(5),¥2,(8))-

Using energy conservation for the wave equation and properties (2.26)—(2.27), we obtain
Vel + 192, < NGH) P2
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 17 No. 2 2010
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The Hélder inequality, energy conservation, and properties (2.26)—(2.27) imply

¢ t
ezl < [ ( / (. s)ds — o (2,0)) dr < 2l (0) 3 +2¢ / Ioatlsts

t
<2(Warliy, 1 [ Warlhds) < C(E2 W0l + 22 W03, ) < OF T,
0
Hence, (2.28) and (2.29) yield
196 ¥2llr, < CET o5, 21, (2.30)

Let us now estimate Go(t)Ws; = (p2(t),0). By the Cauchy inequality,

1 C , b \1/2 dr  \1/?

— | — < — 4 -

o (t)] ‘%t/ﬂz,t(l‘)dfﬂ‘ <5 </|7T2,t($)| (1+[=]%) dfﬂ) (/m|>t/3 (1+|x‘2)0'>
< Ct™ 7| mo il o < C™ 7| Vol £, , (2.31)

where 7y ; is the second component of ¥, ;. Therefore,

dz 1/2 o
1902l = a0l [ 5 Tms) <Ol t2L (23
Finally, (2.30)—(2.32) imply
G- alr, < O ll5, £21 (2.3

since o > 5/2.
Step (ii). Now we consider G, (t)¥; ;. We split the operator G,(t), for ¢ > 1, in two terms:

Gr(t) = (1= ¢)Gr(t) +¢G:(t)

where ( is the operator of multiplication by the function ((|x|/t) such that ¢ = {(s) € C§°(R),
¢(s) =1 for |s| < 1/4, and ((s) =0 for |s| > 1/3. Obviously, for |a| < 1, we have

05¢(Jz| /1) < C < o0,  t=1. (2.34)
Furthermore, 1 — ((|z|/t) = 0 for |x| < t/4, and therefore

(=G V1|7, < CEI(1 = OGOVl z < Cort™7[|G(E) Vol

5. (2.35)
Let G(s)¥1 ¢ = (¥1.4(s),41.4(s)). By the energy conservation and by (2.9), we obtain

V91,6l + 11Dl 22 = 1GE)Prellz = [1W1,0

F< Wy

|7, <Ol Yol %, (2.36)

Further, similarly to (2.29), the energy conservation implies

t t
sl < 200100 e +2¢ [ 1 a(o)lEa ds < 2100003, +t [ 1GG) w403 ds)

<C(I1%oly, +EIwiall%) < C2 ol (2.37)
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DISPERSIVE ESTIMATES FOR THE 2D WAVE EQUATION 217
Hence, (2.35)—(2.37) yield
11 =GPl 7, < CL7H[Wollx, (2.38)

Let us now estimate (1 — ¢)Go(t)¥; ;. Similarly to (2.31), we obtain (by the Cauchy inequality)

1 _
o101 = |5r; [ mato)ds| < Ol 121

where 71 ¢ is the second component of ¥y ;. Hence, (2.34) yields

dx 3 COle
)" < Sy,

IG= OG0(O1allz, = eI = O, < 100l .

\a;|>t/4(1 + |z]?)”
The last inequality and (2.38) imply
1(1=0)Gr )T ellr_, <NA=GOTrellr, +1(1=Go) T ellr_, < Cle)t™ 7 Tollz, (2.39)
Step (iii). Finally, let us estimate (G, (t)¥; ;. Let x; be the characteristic function of the ball
|z| < t/4. Use the same notation for the operator of multiplication by this characteristic function.

By (2.26),
CGr(t)W1,e = CGr(t)xt V1, (2.40)

The matrix kernel of the operator (G, (t)x: is equal to

G (z —y,t) = C(|21/1)Gr(z — v, t)xe(y)
In Appendix B, we prove the following lemma.

Lemma 2.8. The following bound holds:
102G, (t,2) < Ct2(1 +z]), |2 <t/2, t>1, la] < 1. (2.41)
Since (|z|/t) = 0 for |z| > t/4 and x:(y) = 0 for |y| > t/4, the estimate (2.41) implies that
100G (x —y, )| K Ct 21+ |z —y), |ao/<1, t>1 (2.10)
The norm of the operator (G, (t)x: : Fo — F—o is equivalent to the norm of the operator
()" 7CG (O)x:(y){y) ™7 : Fo = Fo.
The norm of this operator does not exceed the sum over «, |a| < 1, of the norms of the operators
07 [{x)7¢G- (Oxe(y) (y) 7]+ L*(R?) & L*(R?) — L*(R?) & L*(R?). (2.43)

Estimates (2.42) imply that the operators (2.43) are of Hilbert-Schmidt class, since o > 5/2 > 2,
and their Hilbert-Schmidt norms do not exceed Ct~2. Hence, (2.27) and (2.40) yield

€G- (1)W1 4l|7_, < CE2||[W14l|7, < CE2||[Tol|F,, t2>1. (2.44)

Finally, estimates (2.33), (2.39), and (2.12) imply

G, () Wo||7_. < Ct™32|Wg||£,, t>1. 0(2.45)
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3. PERTURBED WAVE EQUATION

To prove the long-time decay for the perturbed wave equation, we first establish the spectral
properties of the generator.

3.1. Spectral properties

According to [13, formula (3.1)], introduce a generalized eigenspace M for the perturbed Schro-
dinger operator H = —A + V as follows:

M={ypeH, ,  : (1+BV)peR(An), AV¢ = 0}.
Where Ay and By are defined in (2.8), and R(Ay) is the range of Ay. Below we assume that
M =0 (3.1)

Remark 3.1. N(H) C M where N(H) is the zero eigenspace of the operator H. This embedding
is obtained in [13, Lemma 3.2]. The functions in M \ N(H) are referred to as zero-resonance
functions. Hence, the condition (3.1) means that A = 0 is neither eigenvalue nor resonance for the
operator H.

Let us collect the properties of the perturbed Schrédinger resolvent R(¢) = (H — ¢)~! obtained
in [1, 7, 13, 9] under assumptions (1.4) and (3.1).

R1. R(() is a strongly meromorphic function of ¢ € C \ [0, 00) with values in £(H; ', H}); the
poles of R(() are placed at a finite set of eigenvalues (; <0, j =1,..., N, of the operator H with
the corresponding eigenfunctions

k;
¥i(x),.., ;" (z) € HS
for any s € R, where k; is the multiplicity of ¢;.

R2. For ¢ > 0, the convergence R(¢ +ic) — R(¢ 4 i0) holds as e — 0+ in £(H,; 1, H ) with
o > 1/2, uniformly in ¢ > r for any r > 0.
R3. The following expansion holds:

R(¢) = Ay + Aglog™" ¢+ O(log™%¢)
R'(¢) = —As("og 2 ¢+ O(¢(og ™) (—0, ¢(€C\[0,00) (3.2)
R"(¢) = 0(("2log ?()

with respect to the norms of L(H;t, H: ) with o > 5/2. Here A1, Ay € L(H; ', H: ) with o > 5/2.
R4.Fork=0,1,2,s=0,1,and | = —1,0,1 with s+ € {0, 1}, the following asymptotic relation

holds: L
1RO g o2ty = OUCI™F2), [l = 00, ¢ € T\ [0,00) (3.3)

with o > 1/2 + .
The resolvent R(w) = (H — w) ™!, can be expressed similarly to (2.6),

_ wR(w?) w?)
R = (o TSy o) (3.4
Hence, properties R1-R3 imply the corresponding properties of R(w). The corresponding equation

is as follows.

Lemma 3.2. Let the potential V' satisfy (1.4) and (3.1). The following assertions hold.

(i) R(w) is a strongly meromorphic function of w € C\ R with values in L(Fo, Fo). The poles of
R(w) are placed at a finite set

S={wf =%(, j=1,...,N}

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 17 No. 2 2010



DISPERSIVE ESTIMATES FOR THE 2D WAVE EQUATION 219

of eigenvalues of the operator H with the corresponding eigenfunctions

ey} (x) _
(L), e

(ii) For w # 0, the convergence R(w =+ ie) — R(w =+ i0) holds as ¢ — 0+ in L(Fy,F_,) for
o > 1/2, uniformly in |w| = r for any r > 0.
(iii) The following asymptotic relation holds:

R(w) = A + Az log ™' w + O(log 2 w)
R'(w) = —Aw 'log 2w+ O(w tlog 3 w) w—0, weC\R, (3.5)
R (w) = O(w 2log 2 w)

with respect to the norm of L(Fy; F—o) with o > 5/2. Here Ay, Ay € L(Fo; F_y) with o > 5/2.
(iv) For k=0,1,2,

||R(k)(w)||£(5‘-‘a,f_a) =0(1), lw| = 00, weC\R (3.6)

with o > 1/2+ k.
Finally, denote by V the matrix

V= (_?V 8). (3.7)

Then the vector equation (1.2) reads
i (t) = (Ho + V)U(t)
The resolvents R(w) and Ro(w) are related by the Born perturbation series
R(w) = Ro(w) = Ro(w)VRo(w) + Ro(w)VRo(w)VR(w),  weC\[RUX] (3.8)
which follows by iterating the relation
R(w) = Ro(w) — Ro(w)VR(w).

An important role in (3.8) plays the product W(w) := VRy(w)V. We obtain the asymptotics of
W(w) for large w.

Lemma 3.3. Let the potential V' satisfy (1.4) with 3 > 1/2+ k+ o, for k =0,1,2,..., with
some o > 0. Then the following asymptotic relation holds:

W @ler,.7 = Ol ™), |wl =00, weC\R. (3.9)
Proof. The bounds (3.9) follow from the algebraic structure of the matrix

0 0

since (2.10) for s = 1 and | = —1 implies that, for large ¢ € C\ [0, c0),

VRSOV Fllag < CIRS OV Flmo = OV Fliy = OU™ " H)lIfllan,  (3:611)

s
with 1/24+ k< -0 for k=0,1,2,....
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3.2. Time decay
Our main result is the following.

Theorem 3.4. Let conditions (1.4) and (3.1) hold. Then for o > 5/2

le™ " — 3" e P, 5Ly = Ol log 2 [t]), ¢ — oo (3.12)
wyjEX

Here Py are the Riesz projections onto the corresponding eigenspaces.

Proof. Lemma 3.2 and the bounds (3.6) with & = 0 implym similarly to (2.12), that

U(t)— Y e IPT, = QLM /eiwt [R(w +1i0) — R(w — i0) | ¥o dw = U, (t) + Vp(t) (3.13)

wjEX

where Pj stands for the corresponding Riesz projection

1
Py = —— Uod
Je0 27TZ |w*w.l|=5 R(W) 0dw
with a small § > 0, and
1 ,
() = — / [(w)e— it [R(w +i0) — R(w — iO)] Uy dw (3.14)
21 Jp
1 .
Wh@):,L/ldwkz““PQ@%+HD—¥R@u—i®}WOdw, (3.15)
279, R

where [(w) and h(w) are defined in Section 2.2. Further, let us study W;(¢) and Wy(t) separately.

3.2.1. Low energy component. We consider only the integral over (0, 2¢). The integral over
(—2¢,0) deal with the same way. We prove the desired decay of W;(t) using a special case of
Lemma 10.2 in [7].

Lemma 3.5. Assume B be a Banach space, and F € C(0,b; B) satisfies F(0) =0 and F(w) =0
forw >b,
F' ¢ L'(5,b; B)

for any § > 0. Moreover,
F'(w) = O(w tlog? w)

as well as
F'"(w) = O(w?log % w)

as w — 04. Then -
/ =19 F(w)dw = O(t] " log 2 |1]), ¢ — oo
0

Due to (3.8), we can apply Lemma 3.5 for
F =(w)(R(w + i0) — R(w — i0)),
for B = L(F,,F_y) with 0 > 5/2, and for b = 2¢ to obtain

1:(t)l| -, < CA+[t) " og (L + [t Wollz,,  tER.
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3.2.2. High energy component. Substitute the series (3.8) into the spectral representation
(3.15) for Wy (t):

1 .
U(t) = / e~ h(w)[Ro(w + 10) ~ Row — 10)] ¥y d
21 Jp
S [ €T h(w) | Ro(w + 0)VRo (@ + i0) — Ro(w = i0)VRo(w — i0)| ¥y dv
2mi e (@) | R JVRo( ) — Rol JVRo( )| Yo (3.16)
1 ,
5 [ e th(w) [ROVROVR(w +40) — RoVRoVR(w — iO)} Uy dw
R
= \I]hl(t) + \I/hg(t) + \I/hg(t), teR.
Below we study each of the terms Wy, k = 1,2, 3, separately.
Step (i). The first term is W1 () = G (t) ¥ by (2.18). Hence, Theorem 2.7 implies
1Cm@®)lF, <CAL+[E) 2Tz, teR (3.17)
Step (ii). Consider the second term Wj5(t). Write hq (w) = \/h(w) (we can assume that h(w) > 0
and hy € CF(R)). Set
By — 1/e—iwth (@) [Ro(w +0) — Ro(w — i0)| Wy de
' o Je 1 0 0 0
It is obvious that, for @55, the inequality (3.17) also holds. Namely,
1@ni (D)5, < CA+ )| Wollx,,  teR (3.18)
Now the second term Wj2(t) can be represented as a convolution.
Lemma 3.6 (cf. [10, Lemma 3.11]). The following convolution representation holds:
t
Upo(t) = z/ Gr1(t — 7))V (7) dr, t €R, (3.19)
0

where the integral converges in F_, with o > 5/2.

Let us now apply Theorem 2.7, with hy instead of h, to the integrand in (3.19). For an arbitrary
o' € (5/2,8 —5/2), we obtain

ClVem)lz, _ Clem@lr,, , _ Cl[Yol %,

t— o < < S
||gh1( T)V hl(T)H]:_U (1+|t—7'|)3/2 (1+|t—7'|)3/2 (1+|t—7'|)3/2(1+|7'|)3/2

Hence, the convolution representation (3.19) gives
Wh2()llF_, < CA+ )| Tollx,, teR. (3.20)

Step (iii). Finally, let us rewrite the last term U3 as

Ups(t) = ! /Re—iwth(w)/\/(w)\yo dw, (3.21)

"~ 2mi

where

N(w) := M(w +1i0) — M(w —i0)
for w € R, and
M(w) :=Rp(w)VRp(w)VR(w) = Ro(w)W(w)R(w), weC\[RUX. (3.22)
Let us now obtain the asymptotics for M and its derivatives for large w.
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Lemma 3.7. For k=0,1,2, the following asymptotic relation holds:

IMP@)lcr, 70 = 0wl ™), ] —00, weC\R, o>1/2+k  (3.23)

Proof. The asymptotic relation (3.23) follows from the asymptotic relations (2.11), (3.6), and

(3.9) for R(()k) (w), R¥(w), and W) (w). For example, consider the case k = 2. Differentiating
(3.22), we obtain

M = RIWR + RoW"R + RoWR” + 2RLIW'R + 2ROWR' + 2ROW'R (3.24)

For a fixed o > 5/2, choose o' € (5/2,3 — 1/2}). Then, for the first term in (3.24), for large
w € C\ R, we obtain (by (3.6) and (3.9))

IRG (W(W)R(W)fll7_, < CIWW)RW)flF, < Cilwl?[RW)fllF_,, < Caolwl ™| fll7,

—0c

Other terms can be estimated similarly, by choosing an appropriate value of ¢’. Namely, we can
take o’ € (1/2,5—5/2) for the second term, o’ € (5/2,3—1/2) for the third one, ¢’ € (3/2,3—3/2)
for the forth and sixth terms, and o’ € (3/2, 5 — 1/2) for the fifth term. O

Let us now prove the desired decay for ¥j3(t). By Lemma 3.7,
(AN)" € LM ((—¢,€); L(Fo, F_o))
with o > 5/2. Then we can integrate by parts twice in (3.21) to obtain
1ns(®)ll_, <CA+ )2 Tollz,, teR.

This completes the proof of Theorem 3.4.
Corollary 3.8. The asymptotic relation (3.12) implies (1.5) with the projection

Pe=1- Y Py (3.25)

wjEX

APPENDIX A. PROOF OF LEMMA 2.6

For an operator A € L(H;; H! ), write Re A := (A + A*)/2 and Im A := (A — A*)/2i.
Step i) First, we obtain a convenient representation for G;(t). Formula (2.17) yields

Gi(t) = — /R I(w) <_;"w2 L) et (P(w +i0) — P(w — iO))dw,

- 2mi
where P(w) = Ro(w?). Using the identity
Ro(C —i0) = Ry(¢ +1i0), ¢ €R, (A.1)

we obtain P(w —i0) = P*(w + i0). Hence,
gt:/lw< by Z'>e_i“’tImPw—l—iOalw
=1 1 2e ] (w+10)

= /0 l(w)[ (_;uw2 L) e Im P(w 4 140) + <__Z-ng _iw> e Im P(—w + i0) | dw
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Applying (A.1) again, we see that P(—w 4 i0) = P*(w + i0). Hence,

T —Ww w T

Gi(t) = 2 Re/ooo l(w) < Y, ‘ ) e "' Im P(w + i0)dw = 2 Re/oOO lw)e ™Pw). (A.2)

Step (ii). Second, we obtain the asymptotics for the matrix operator

Plw) = (_;"wz Z}) Im P(w + i0)
Using (2.8) and (2.9), we see that
P(w) = Po(w) + Pr(w), w— 40 (A.3)

where Py(w) is the operator with the matrix integral kernel

Po(w,z,y) = <8 264> :

and, for the remainder P, (w), we obtain
Pr(w) = 0W**),  Plw)=0w*),  Plw)=0w™*), w—+0 (A4)

with respect to the norm of L(F,; F_,) with o > 5/2.

Step (iii). Further, consider the contribution of the first term in (A.3) into the right-hand side
of (A.2). Integrating by parts N times, N =1,2,3,..., we obtain

>~ . 11> 1
/O e (w)dw = =+ = i e (W)dw = -+ = = Ot™N), t — oo, (A.5)
since 1(0) = 1 and [*)(0) =0, k =1,2,.... Hence,
2 >~ —iwt —N
= Re l(w)e " Podw = Go(t) + Ot™), t— oo.

0

s

Step (iv). Finally, Let us prove that the contribution of the remainder P,.(w) into the right-hand
side of (A.2) is O(t~7/4). This results from the following lemma (cf. [7, Lemma 10.2]).

Lemma A.1. Let B be a Banach space, let F € C(0,b;B) satisfy F(0) = 0 and F(w) = 0
for w = b >0, and let F' € LY(§,b;B) for any § > 0. Moreover, let F'(w) = O(w™"*) and
F'"(w) = O(w™>/*) as w — 0+. Then

/ e P (w)dw = O@t™4), t — oo.
0

APPENDIX B. PROOF OF LEMMA 2.8

Differentiating G(t, z) for |z| < ¢, we obtain

. . o ; . . 1 3t2
G (t,z) =G (t, 2) = o =) G7(t,2) = 2/ (2 — |2]2)3 + 21/ (2 — |22)5
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Hence, (2.13)—(2.15) imply that, for |o| < 1,

02G) (t,2)] = (026G (t,2)| < Ct72, |2 <t/2, t>1, (i,)) # (1,2)

Further,

1 1 1
12
t, —_—(7——), <t

Then the Lagrange formula implies

1G22t 2) S Clt° < Claft™, 2] < t/2

Differentiating G}2(t, 2), we obtain

12 _ 121 PR

Hence, the bound (2.41) follows.

1.

10.

11.
12.

13.
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15.
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