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Abstract We consider the Hamiltonian system of scalar wave field andglesnonrelativistic particle
coupled in a translation invariant manner. The particldss gaubject to a confining external potential.
The stationary solutions of the system are a Coulomb type\ireld centered at those particle positions
for which the external force vanishes. We prove that sohgtiof finite energy converge, in suitable local
energy seminorms, to the set of all stationary states in the long time lintit> +c. Further we show
that the rate of relaxation to a stable stationary state tisrohéned by spatial decay of initial data. The
convergence is followed by the radiation of the dispersi@vevwhich is a solution to the free wave
equation.

Similar relaxation has been proved previously for the cdselativistic particle when the speed of
the particle is less than the speed of light. Now we extendethiesults to nonrelativistic particle with
arbitrary superlight velocity. However, we restrict ouves by the plane particle trajectories i RThe
extension to general case remains an open problem.

1 The research was carried out at the IITP RAS at the expendeedRaissian Foundation for Sciences (project 14-50-
00150).
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1 Introduction

We consider the Hamiltonian system of a real scalar figld) on R3, and an extended nonrelativistic
particle with the center positiape R? and with the charge densib(x— ). The field is governed by the
wave equation with a source. The patrticle is subject to theeviiald and also to an external potentigl
which is confining in the sense ¢f (1.9). The interaction leetwthe particle and the scalar field is local,
translation invariant, and linear in the field. We study threg-time behavior of the coupled system. Our
main results are the asymptotics

q(t) — 0, 4(t) =0, t— +foo, (1.2)

and the convergence of the field to the corresponding Coutopdiential. Moreover, we establish the
rate of the convergence in the case whens a nondegenerate local minimum of the potential

Let r1(x) be the canonically conjugate field §gx) and letp be the momentum of the particle. The
Hamiltonian (energy functional) reads then

1,
H(9,0,7p) = PP +V(@ + 5 [(MOP+ 00X dx+ [9(pix-a)dx  (1.2)
Taking formally variational derivatives ifi(1.2), the cdegh dynamics becomes

d)(X?t) = T[(th)7 h’(X,t) = A¢(X7t> _p(x_q(t)>7
(1.3)
60 =P, B =~DV(AD) + [ 9(x1)Tp(x—g(t))dx

For smoothp (x) vanishing at infinity the Hamiltonian can be rewritten as

H(9,6,75) = B2 +V(@)+ 5 (TP +I01809 8 p(x—q)] P)dxt 5(p.8%0),  (14)

where

<p A lp) = // p|x_ [ dxdy<0 (L.5)
Thus the energy (11.4) is bounded from below(jp, A~1p)| < e which provides a priori estimates for
solutions to[(1.B), and hence guarantees the existencelmdigiolutions. Otherwise, the dynamics is not
well defined. For examplép,A~1p) = —o for the point particle withp(x) = 6(x):

(5,0715) — —(2m) 3 / k—lzdk: oo, (1.6)

This “ultraviolet divergence” was discovered first for theimt particle in classical electrodynamics,
where —(p,A~1p) is proportional to the energy of the particle in its own elestatic field. Respec-
tively, the infinite energy[(116) for the point particle istreatisfactory since it also means its infinite
mass. This infinity inspired the introduction of the “exteddelectron” by Abrahami [1]. Our system
(@.3) is a scalar analog of the Abraham electrodynamics thigrextended electron [23,128].

The stationary solutions for (1.3) are easily determineehd@e

p(y—q)

3
4my_)qdy, X,0 € R”. .7)

S0 = -



LetZ = {q € R®: 0OV(q) = 0} be the set of critical points for. Then the set of all stationary states is
given by
< ={(¢,m.0,p) = (%,0,0,0) := K| qeZ}. (1.8)

One natural goal is to investigate the domain of attractowf and in particular to prove that each finite
energy solution of_(1]13) converges to some stationary state= (sq,,0,0+,0) € .~ in the long time
limit t — +oco.

To state our main results we need some assumptioksamdp. We assume that

V € C3(R3), ‘I‘im V(q) = oo. (1.9)
ql—e
PECT(R%), p(x)=0 for [x| >Ry, p(x) = pr(|x). (1.10)

Moreover, we suppose that the following Wiener conditioldep
p(k)#0  for ke RS, (1.11)

It is an analogue of the Fermi Golden Rule: the coupling tpfx— q) is not orthogonal to the eigen-
functionsek* of the continuous spectrum of the linear part of the equdtar[26,27]). As we will see,
the Wiener conditio (1.11) is very essential for our asyatiptanalysis.

For technical reasons, we restrict ourselves to the casa thieeparticle moves in the plane, i.e. we
suppose tha(t) = (q1(t),g?(t),g3(t)) € R® such that
¢t)=0, teR. (1.12)

For example, this condition holds if initial fieldf(x) = ¢ (x,0) and mp(X) = 11(x,0) are symmetric in
x3, and
*(0)=p3(0)=0 and A,V (x},x%,0)=0, for (x},x%) € R2. (1.13)

In the first part of the paper we prove that the sétis an attracting set for each trajectorfyt) =
(¢(t), m(t),q(t), p(t)). Namely, we consider initial data(0) = (o, T0, o, Po) With

$o € C*(R%, meCYR? (1.14)
such that
O¢o(X)| + [10(X)| + [X[(|E0¢o(X)| + [Omo(X)|) = O(|x| ),  [x| = «, where 0 >3/2,  (1.15)

which guarantees the finiteness of the endrgy (1.2). Fisshnave the relaxatiof (1.1). Further, we prove
the long-time attraction
Y(t)—= ., t— foo. (1.16)

where the convergence of the fields holds in local energyrsemmis. If additionally, the se¥ is discrete,

then [1.16) implies
Y(t) = &, t— oo, (1.17)

where the stationary stat€g. € . depend on the solutiori(t) considered.



In the second part of the paper we specify the rate of conmesgim [1.1V) to a stationary stafg,
in the case wherg, € Z is a non-degenerate minimum of the potential, i.e.,

d?V(qy) > 0. (1.18)

whered?V(q., ) is the Hessian. We suppose that the initial fields belongeaaigighted spaceH @ L2
with somea > 1 (see Definition 2]1). Then for argy> 0

G(t) = o(It|*7%), at) =+ + o (t| "), [($(t), m(t)) — (S 0l gz 12, = OM7TF), t— oo,
(1.19)
Moreover, in this case the scattering asymptotics hold,

(p(x,1), m(X,1)) = (Sq,,0) +W(t) DL +r(xt). (1.20)

HereW(t) is the dynamical group of the free wave equatidns gH* @ L? is the corresponding asymp-
totic state, and
IF ()l grore = O] *E),  t— oo, (1.21)

The investigation is inspired by fundamental problems @& field theory and quantum mechanics.
Namely, the relaxation of the acceleratign {1.1) is knowmaakation dampingin classical electrody-
namics since Lorentz and Abraham [1], however it was proeedHfe first time in[[28] 22] for the case
of relativistic particle withq'= p/+/p?+ 1. Second, the asymptotids(1.17) give a dynamical model of
Bohr’s transitions to quantum stationary states, see ttedlslin [17,18].

Our extension to the nonrelativistic particle is not sthdigrward and important in connection with
the Cherenkov radiation. The main difficulty is due to thegsiar nature of the radiation foq(t)| > 1.

Traditionally the classical Larmor and Liénard formul@és (14.22)] and[[6, (14.24)] are accepted
for the power of radiation of a point particle. These fornsutantain the factofl — 8 - )3 (cf. our
formula (5.4)) wherg8 = v/c andw is the direction of the radiation. Heve= ¢(1) is the particle velocity
at the “retarded timet andc is the propagation speed of the wave field in the dispersivdiune These
formulas are deduced from the Liénard-Wiechert exprassior the retarded potentials neglecting the
initial fields. Moreover, these formulas neglect the backifeaction though it should be the key reason
for the relaxation. The main problem is that this back fiedation is infinite for the point particles. In
(L.3) we set = 1. Generallycis less than the speed of light in vacuum, so the particlecitédsq(t) > 1
are possible. Then the fact@t — 8 - w)~2 in the Larmor formula becomes infinite for some directions
.

A rigorous meaning to these calculations for relativistictizle has been suggested firstlin![23], 22]
for the Abraham model of the "extended electron” under therw condition[(1.11). The survey can be
found in [28].

For the nonrelativistic Abraham type model (1.3) with thet&sded electron” the radiation remains
finite due to the smoothing by the coupling functipnNevertheless, the cag#gt)| > 1 rises many open
guestions.

Our main novelties in present paper are the following.
l. Global attraction of finite energy solutions to statignarates for the case of nonrelativistic particle.
Il. Asymptotics [1.19)-+£(1.21) in the weighted Sobolev netior the case of nonrelativistic particle.



Let us comment on previous results in these directions. Tdtebattractions(1.16) and (1J17) were
proved in [22]2B] for the system of type (IL.3) with relattigsparticle and for the similar Maxwell-
Lorentz system. In[20] the global attraction to solitonswaoved for the systerh (1.3) without external
potential under the Wiener conditidn (1111). In][11] thisuk was extended to similar Maxwell-Lorentz
system. In[[V]-10] the global attraction to solitons is yed for the systeni (11.3) and similar systems
with the Klein-Gordon and Maxwell equations with smallin [12]-[16] the global attraction to solitary
waves is proved for the Klein—Gordon and Dirac equationgl=mlitoU (1)-invariant nonlinear oscilla-
tors.

The asymptotics of typé (1.119)—(1]21) were establishe@2j for the case of relativistic particle in
local energy seminorms for initial fields with compact suppdn [21] we have proved the asymptotic
stability of the stationary states for the systém](1.3) anleighted Sobolev norms.

In a series of papers, Egli, Frohlich, Gang, Sigal, and &dffave established the convergence to
a soliton for the system of type (1.3) with the Schrodingguation instead of the wave equation. The
main result of[[5] is the long time convergence to a solitothvai subsonic speed for initial solitons with
supersonic speeds. The convergence is considered as a feasite Cherenkov radiation, se€ [5] and
the references therein.

The asymptotics of typé (1.20) were proved by Soffer and ¥tein for nonlinear Schrodinger equa-
tions with a potential [29, 30], and for translation invatimonlinear Schrodinger equations by Buslaev,
Perelman and Suleml[2, [3, 4].

Now let us comment on our methods. For the proofof](1.1) wenade the energy dissipation by
decomposingp into a near and far field. Energy is radiated in the far fieldhc8ithe Hamiltonian is
bounded from below, such radiation cannot go on forever andriin "energy radiation functional”
has to be bounded. This radiation functional can be writeea aonvolution. By a Wiener Tauberian
Theorem, usind(1.11), we conclude(1.1) éprTherefore[(1]1) also holds farsince|q(t)| is bounded
by someq, < c due to [1.9). Finally, we deduck (1]16) ahd (1.17) froml(®dgl integral represen-
tations for the fields. This strategy is close [tol[22], 23, 28\vever, the singularity of the radiation at
|q(t)| > 1 requires suitable modifications in application of the Viefauberian Theorem. We suggest
the modification for the plane particle trajectories (1.I)e extension to general case remains an open
problem.

We prove the asymptoticls (1]19)—(11.21) by a developmerftfriethods of [22] and controlling the
nonlinear part ofl(1]3) by the dispersion decay for the lireea equation which we established(in|[21].
Let us emphasize however, that the asymptofics [1.19YE)he quite different from the asymptotic
stability proved in[[21].

The plan of our paper is as follows. # we introduce appropriate functional spaces and formulate
our main results. I3 we refine known results on the long range asymptotics of teedrd-Wiehert
potentials. In§4 we calculate the energy radiation integral. We use thiséba in §5 to prove the
velocity relaxation. Irffg we prove the attraction to stationary statesdrwe consider the linearization
at stationary state. I8 we prove a version of strong Huygens principle for nonlirgestem[(1.8). In

64910 we deduce the asymptotits (1.19)=(1.21).




2 Existence of dynamics and main results
We consider the Cauchy problem for the Hamiltonian systeB) (&hich can be written as
Y(t)=F(Y(t), teR, Y(0)=Yo. (2.1)

HereY(t) = (¢(t), m(t),q(t), p(t)), Yo = (do, T, o, Po), and all derivatives are understood in the sense
of distributions.

Now we introduce a suitable phase space.li%die the real Hilbert spade?(R3) with scalar product
(-,-) and norm|| - || 2, and letH! denote the Sobolev spatt = {y € L?: |Oy| € L2} with the norm
W]l = |O@|l 2+ ||@| 2. Fora € R let us define byL the weighted Sobolev spack$ with the
norms|[flyz = |1+ )" ¥ 2.

Denote by #1 the completion of real spac@ (R®) with the norm||J¢ ()| 2. Equivalently, using
Sobolev's embedding theorenHg= {¢ (x) € LS(R3) : |0¢(x)| € L2}. Denote by #i} the completion
of real spac€y (R?) with the norm|(1+ [x))¥ 0 (X) |, 2-

For anyR > 0 denote by|¢|| 2(g, the norm inL?(Bg), whereBr = {x € R®: x| < R}. Then the

seminorms|é [|y1(ge) = 1106 [l 2(8g) + 19 ]lL2(8r) are continuous onk'.

Definition 2.1. i) The phase spacé is the real Hilbert spacesH! & L2 @ R® @ R3 of states Y=
(Y, m,q, p) with the finite norm

IYlle = 0@z + 7| 2+ [al + |pl.
i) &k is the spac&” endowed with the Fchet topology defined by the local energy seminorms
IYllg=[1¢llh1Bs) + 17Tl 2gg) + 10l + [P, VR>O0. (2.2)
iii) & with a € R is the Hilbert spaceH} @ L2 © R®® R3 with the norm
Ylla = [IYllee = 10@llz + 7l z +lal +[pl. (2.3)
iV) .Zq is the spacaH} @ L2 of fields F= (y, i) with the finite norm
IFlla = [IFlzm = I8¢z + 7 2. (2.4)

Note that we use the same notation for the norms in the s@acas in the spacé, defined in[(2.B).
We hope it will not create misunderstandings since it willaheays clear from the context if we deal
with fields only, and therefore with the spaég, or with fields-particles, and therefore with elements of
the spacey,.

Note that both space% and& are metrisable, lg! is not contained i? and for instancé S| 2 = .

On the other handy, € &. Therefore#£’ is the space of finite energy states. The Hamiltonian funatio
(@.4) is continuous on the spaéeand is bounded from below. In the point charge limit the lobeund
tends to— by (1.8).

Lemma 2.2. (see [22, Lemma 2.1]) Let conditioris (11.9) ahd (1.10) holierm™
(i) For every ¥ € & the Cauchy problend (2.1) has a unique solutigh)¥: C(R,&’).



(i) For every te R the map Ut) : Yo — Y(t) is continuous both o#” and onék.
(iif) The energy is conserved, i.e.

HNY(t)=H(Yy) forteR. (2.5)
(iv) The following a priori estimates hold
IYt)lls <C(Yo), teR. (2.6)

(v) The time derivatives'§(t), k= 0,1,2,3, are uniformly bounded, i.e. there are constags> 0,
depending only on the initial data, such that

Iq¥)| < forteR. (2.7)
Our first main result is the following theorem.

Theorem 2.3. Let conditions[(19)+(1.12) an@(1]14)-(1.15) hold. Thenthe corresponding solution
Y(t) € & to the Cauchy probleni(2.1)
i) The attraction holds

YO) T , t— to, (2.8)
ii) If additionally, the set¥ is discrete, ther{(218) implies similar convergence

6

Y(t) — Sy, t— too. (2.9)

Our second main result refine the asymptoticd (2[8)4 (2rdhital fields from the Sobolev weighted
spaces.

Theorem 2.4. Let conditions[(T19)E(Z.11) hold, and lef{ty € C(R, &) be a solution to the Cauchy
problem [Z.1) with ¥ € &, wherea > 1. Suppose that

Y B, tow (2.10)

where the limit point g € Z satisfies[(1.18). Then
i) For everye >0

Y1) =Sy, 1l _q =0t "7F), t— oo (2.11)
i) For every e > 0 the scattering asymptotics hold,
(p(x,1), m(X,1)) = (Sq,,0) +W(t)PL +r(xt), (2.12)
whered, € gH1@ L2, and
IF(®) lgnzore = Ot HHE), t— oo, (2.13)



3 Lienard-Wiechert asymptotics

The solution to the non-homogeneous wave equation fromysters [1.B) is the sum of two terms. The
first is the retarded Liénard-Wiechert potential{3.1) ethis the solution to the non-homogeneous wave
equation with zero initial data. The second term is the smhutio the homogeneous equation with the
initial data of the total field. This term is given by the Kitabff formula [3.13B).

The second term does not does not affect the long-time asjitpof the solution due to the strong
Huygens principle. Thus, exactly the retarded Liénar@d&Nert potential is responsible for the long-time
asymptotics.

In this section we refine the resulfs [22,] 23] on the long timd bng range asymptotics of the
Lieénard-Wiechert potentials

_i/dye(t—IX—yD
4m x=

These asymptotics will play the key role in subsequent ¢aficn of the energy radiation which is used

in the proof of the relaxatioi (1.1). Furthermore, we est@rthe energy radiation corresponding to the
Kirchhoff integral [3.1B).

First, we prove asymptotics of the retarded potentialsénthve zonéx| ~t — . These asymptotics
and their proofs are similar to that of Lemma 3.2[0of|[23].

¢r(xt) = ply—alt—Ix=y),  m(Xt)=dr(xt). 3.1)

Lemma 3.1. Let conditions[(1)9) and(1.10) hold. Then there exists>D such that the following
asymptotics hold uniformly in¢ [T;, T| for every fixed T> T,

(% [X4+t) = TwX),t)X1+(x?), (3.2)
O (%, X[ +1) = —(X)THw(X),t)|x| 2+ (X ?) (3.3)

as|x| — o with a functionm(w,t). Herew(x) = x/|x|.
Proof. The integrand of (3]1) vanishes fiyf > T; := 0y + Rp. Then fort — [x| > T, one has
X=Y <X+l <t=Tr+Tr <t,
and hence(311) implies that
1 :
t)=— — = _Op(y— : 4
) = = [ dy g Dly — a(n) - o(x), (3.4)
wheret =t — [x—y|. Similarly, fort — x| > T,
_ 1 : -2
Ogrxt) = dy g nOp(y—a(n) 40+ )
= —wX)TE(x)+O(X?), (3.5)

. X— : . :
sincen = ﬁ = w(x) + 0(|x| ") for boundedy. Now we substitutéx| +t instead ot in representa-

tions (3.4),[(3.b) to get asymptotids (B.2), (3.3) for T,. Thent becomes
T=|X+t—|x—y=t+wX) -y+O0(x H=T+0(x 1), T=t+w-y, (3.6)

7



since

— I X=Y| = — 2—2 2 ﬁ O -1
X| = [X=Y| = |X] = /|| =2x-y+|y|]* ~ [X || +2|X|z w(X) Y+ O([X77).
Hence [(3.4) implied(312) with

ne.t) =~ [ dyOply—a(r))-4(r) @.7)
Then [3.5) gived (3]13) immediately. O

Note that asymptotic§ (3.2) £(3.3) hold without conditifinI2). However, this condition allows us
to represen{(3]7) in a more efficient way forclose to(0,0, +1), see next lemma. Namely, let us denote

o— { 0, g1<1 (3.8)
€+

V1-(O)2 g >1

with an arbitrary small &< € < 1—+/1— (7;) 2. Then forw = (w*, w?, w?) with |w3| > © we obtain

|w-g| = |g][cogw,§)| < Tyy/1— (?)? < V1-02< 1 (3.9)

Lemma 3.2. Let conditions[(TJ9)[{1.10) an@{1]12) hold. Then for anwith |w3| > © one has

() = 4 [ dyply-alm) (3.10)

Proof. We observe that
Oyp(y—a(T))-4(T) = Op(y—a(T)) - 4(7) (1 - w-q(T)).
Then [3.9) implies

[ayoety—amy-am = [ dymymy—qm)-q(f)ﬁ

= / dyp(y—a(T s 0 _dm (3.11)

N Z oyl 1—-w-4(T)’ '

Differentiating, we get
o ¢ _ w4
,-Zld_wl—w-q_(l—wwz' (3.12)
Then [3.7) agrees evidently with (3110). O
Denote(¢k (), i (t)) :=W(t)[(do, Th)], wherepk (X,t) is the Kirchhoff integral

k(1) = ﬁ/ﬁ(x) d?y To(y) <4m/ d?y ¢o(y ) (3.13)

and 7i (x,t) = ¢k (x,t). HereS(x) denotes the sphergy: |y— x| =t} andd?y is the corresponding
surface area element. Below we will use the following lemma:

8



Lemma 3.3. Let (¢o, ) satisfies[(1.14) and (1.1L5). Then there exjstIo such that for every R- 0
and every T>Top >0

/R+T dt/ @ ([m(x 02+ [k (x D) <o, (3.14)
R+To xR

Here and below = SR(0)
Proof. Formula [[3.IB) implies

Pk (X, 1) = / d?z mp(x+12) +—/ d?z Go(x+t2) +—/ d?z Ogo(x+12) - z
Therefore
Ok (x,t) = /dzz Omp(x+12) +—/dzzD¢o(x+tz +—/d zOx(O¢o(x+12) - 2).

Here all derivatives are understood in the classical seAssimilar representation holds fou (x,t).
Hence, taking into account the assumption (IL.15), we obtain

1
TR (1), \D¢K(x,t)|§C%ts/ dz|x+17795, o> 3/2. (3.15)
& s

Further, foro # 2 we have

21
d2 t o-s___ =" t— Zfafs_t 2—0-s —0.1
/ 2+t (0+s— 2)|x|t(( X)) (t+ ) )’ s=5,
Therefore,
R+T R+T
t R4 20 t R4720'
R+Tp SR R+T0
R+T B2 2.2
< _ _ _ p\2-20 )
_Cl/dtKlth) +(1 t) +1](t-RZ P <
R+To

O

4 Scattering of energy to infinity

In this section we establish a lower bound on the total enexdiated to infinity in terms of a "radiation
integral”. Since the energy is bounded a priori, this inéébas to be finite, which is then our main input
for proving Theorem 2]3.

Proposition 4.1. Let conditions[(1J9) [(T.10), {1.114). (1115) hold, and I€t)¥= (¢ (t), ri(t),q(t), p(t)) €
C(R, &) be the solution td (112) with initial data(®) = (¢o, T, qo, Po). Then

/Ooodt/Sldzw|7_T(w,t)\2<oo. 4.1)



Proof. Step i) The energy/Zg(t) at timet € R in the ballBr with a radiusR > Ty + R, is defined by

() 2/ dx ( |7T(xt)|2+|D¢(xt)|>+ p2(1) +V(q +/ dxp(x p(x—qt)). (4.2)

Let us fix aR > 0 and consider a total radiated enetg(R+ To) — .7#Z&r(R+ T ) from the ballBgr during
the time interva|R+ To, R+ T|, whereT > Top > 0. This quantity is bounded a priori, becaugg(R+ To)
and.#Zg(R+T) are bounded by (2.6). Hence,

JR(R+To) — HRR+T) < | < oo, (4.3)

wherel does not depend ofy, T andR.

Step i)y Note that the functiorp (x,t) = ¢ (x,t) + ¢« (x,t) is C differentiable in the region > |x| by
(1.I5), [3.1) and(3.13). Hence, differentiatibg {4.2) and integrating by parts, we get

—%”R / d?x w(x) - m(x, ) dp(x,t), t>R (4.4)
Now (4.2) and[(4.18) imply
RET
—/ dt / d?x w(x) - mI(x,t) 0 (x,t) < I. (4.5)
R+To *
Step iii). Let us show thdi4l5 leads fo(#.1) in the linfRs—+ « and thenT — «. Indeed, substituting
M=Te+Tk, ¢ =¢r+¢x (4.6)
into (4.5), we obtain
R+T )
= [t [ X0 (RO + O+ O+ D) < 1. 47)
+To

Then Lemmab_3]1 ad 3.3 imply for every fix€d> Tp := T,
T
/ dt / &2 [T, )2 < 1+ TOR™D), (4.8)
Tr S

wherel; < o does not depend oh andR. This follows by the Cauchy-Schwarz inequality. Taking the
limit R — oo and thenT — o« we obtain[(4.11). O

5 Relaxation of the particle acceleration and velocity

In this section we deduce the relaxatigft) — 0, ¢j(t) — 0 ast — o using Propositioh 4]1. First, the

function .
w-qt+w-y)

(1- -4t +w-y))?

is globally Lipschitz-continuous iw andt for |w?| > © due to [3.9) and the bounds (2.7) wikk= 2, 3.
Hence, Proposition 4.1 implies that

(5.1)

) = 4 [ dyply-d(t+e-y))

lim Ti(w,t) =0 (5.2)

t—o0
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uniformly in w € Q(0) := {w € S;: |w?| > O}. Denoter(t) = w-q(t) € R, s= w-y, andpa(q®) =
/dqldqu (o, %, g%), and decompose if(5.1) tlydntegration along and transversaldo Then

F(t+s)

T(w,t) = /dspa(s—r(tJrs))m

Here we substitute@l = 6(1) = T —r(7), which is a nondegenerate diffeomorphism sineer < 1 due
to (3.9), and we set

F(z(6))
SN TN ©
Now we extendy(t) smoothly to zero fot < 0. Thenp xg,, (t) is defined for alt and agrees with( w, t)
for sufficiently larget. Hencel(5.R) reads as a convolution limit

tIi%rrolopa*gw(t) =0, we Q(O). (5.5)

Now note that[(2]7) wittk = 2,3 imply thatg,,(60) is bounded. Hencé(3.5) arld (1.11) imply by Pitt’s
extension to Wiener’s Tauberian Theorem, [cf] [25, Thm.19]7(

g@mg‘*’(e> =0, we Q(O). (5.6)

Lemma 5.1. Let conditions[(T19)£(1.12) anf (1]14)-(1115) hold, andvi¢t) € & be the corresponding
solution to the Cauchy problem(2.1). Then

lim ¢j(t) = 0. (5.7)

t—o0

Proof. The limit (5.8) holds for anyw € S; with |w?| > © (see [3.B)). MoreoveB(t) — « ast — oo,
Hencefr(t) = w-¢(t) — 0 ast — o for anyw € Q(O). ]

Remarks 5.2. (i) For a point chargep(x) = d(x) we havep,(s) = (s). Hence, [(55) implied (5.6)
directly, without the application of the Wiener Tauberiamedrem.

(i) Condition (I.11) is necessary for the implicatidn (5=5(5.4). Indeed, if[(1.11) is violated, then
pa(&) = 0 for someé € R, and with the choice @) = exp(i¢ 0) we havep, « g(t) = 0 whereas g does
not decay to zero.

Corollary 5.3. Let conditions of Lemnia 3.1 hold. Then

tI|_r>rgoq( )=0. (5.8)
Proof. (5.7) implies[(5.8) sincég(t)| < g, due to [[2.7) withk = 0. O
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6 Transitions to stationary states

Here we prove our main TheordmR2.3. First we show that the set

o ={S: q=(q".*,0) € R? || <)} (6.1)
is an attracting subset. It is compactdp since< is homeomorphic to a closed ball in®R
Lemma 6.1. Let conditions of Theorem 2.3 hold. Then

Y(t) s o, t— £, (6.2)
Proof. It suffices to verify that for everir > 0

1Y (1) = Sy llr = [ (t) — Syt) lHa(ggy + 7T(t) lL2(Bg) + [P(t)| — O @St — co. (6.3)
Let us estimate each term separately.
i) Convergence (518) implies thgi(t)| — 0 ast — co.
ii) The integral representatioh (3.4) implies that figr< Randt > R+ T, T, =0y + Rp, we have
1
X—=Y|

Here the integral is bounded uniformlytin- R+T; for X € Bg, and thereforé (318) implies thgig (t) [ 2, —
0 ast — . Hence,[| 7(t)[| 2g,) — O by (4.6) and[(3.15).

iif) The integral representatiof (3.1) implies for R+ T; and|x| < Rthat

Pr(Xt) = Sy () = —/ dy (p(y— gt — x—=y))) —ply - q(t>)) -

yi<Te ATy

mxyl< € max (60| [ dy = {Op(y—a(t—[x-y))I
] YI<Tr

TEft—R-Ty t

The differenceg(t — [x—y|) —q(t) may be written as an integral depending onlygon) for 7 € [t — R—
Tr,t], which tends to zero ds— co uniformly in x € Bgr due to [5.8). Hencd¢: (t) — dq)ll 2, — O

ast — co. Then||¢(t) — dq)llL2(sz) — O by (4.6) and[(3.T5). This proves the claim, sinc&(¢(t) —
b))l L2(Bs) May be estimated in a similar way. W

Now we prove the convergencés (2.8).

Lemma 6.2. Under conditions of Theoreim 2.3 the convergence holds
Y(t) % 7, t— too, (6.4)

Proof. Lemmal6.]l implies that the orb@®(Y) := {Y(t) : t € R} is precompact irég since< is the
compact set ife. Let us denote b2 the set of all omega-limit points of the orbit ifi: Y € Q means
by definition that
Y(t) EY, t— o (6.5)

It suffices to prove tha® C ., i.e. that any omega-limit poitk = &, with someq;. € Z.

First, Lemmd 611 implies thaf € 7. Further,Q is invariant with respect to the dynamical group
U (t) with t € R due to the continuity o) (t) in &. Hence, there exists@-curvet — Q(t) € R® such
thatU (t)Y = Sy, according to Definition[{6]1). However, f&) to be a solution off{1]3) we must
haveQ(t) =0, and henc€(t) = g+ € Z. ThereforeY = §,, € .. O
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At last, we formalize the implication (2.8)- (2.9) by the following definition. Let” be a subset of
a metrisable spacé.

Definition 6.3. .7 is a trapping setinZ, if for every continuous curve(Y) € C(R, .7 ) with a precompact

orbit O(Y) the convergence (Y) 7, T ast— oo implies the convergence(ly) 7. T ast— o to some
pointT e 7.

For example every discrete set it R a trapping set in R

Lemma 6.4. Let the conditions of of Theordm P.3 hold and let Z be a tragpit inR3. Then there exist
stationary states Sc< .7 depending onsuch that[(2.B) holds.

Proof. The setZ is the image of the se¥” under the map : (¢, ,q,p) — g. This map is continuous
& — R3and itis injection on”. Therefore¥ is a trapping set ik, becausé is a trapping setin R

Hence [2.B) implied (Z219). O

7 Linearization at stationary state

In the rest of the paper we prove Theorem 2.4. If the partlelose to a stable minimum df, we
expect the nonlinear evolution to be dominated by the liredrdynamics. In this case the rate of the
convergence (219) corresponds to the decay rate of inigklsfi For notational simplicity we assume
isotropy in the following sense
a0}V (d;) = vgaj, i,j=1,23 vp>0. (7.1)

Without loss of generality we takg, = 0. LetS = (s,0,0,0) be the stationary state df (1.3) corre-
sponding tay, = 0. To linearize[(113) ak, we setd (x,t) = so(X) + Y(x,t). Then [1.8) becomes

LIJ(X?t) = T[(X,t), T[(X,t) = AW(X,t) —|—p(X) _ p(X— q<t))7

a(t) = p(t). PO = ~OV(a(V) + [ dxgixt) Dp(x—q() 7.2)

+ [ dxs([Op(x—a(t) ~ Op(x)].

We denoteX(t) =Y (t) — S = (Y(t), m(t),q(t), p(t)) € C(R, &) and rewrite the nonlinear system (7.2)
in the form

X(t) = AX(t) + B(X(t)). (7.3)
Here the linear operatdx reads
A (@, ma,p)— (1, AY+0p-q, p, —(V§+ Vf>Q+/d3xw(X)Dp(X)>,

with
1

vigj = 3 P28 = — /dsXﬁiSo(X)djp(X)- (7.4)

The factor X3 is due to a spherical symmetry ptx) (see[(1.1D)). The nonlinear part is given by
B(X) = (0. p(-P(x-a)~Tp(x) -4, O, ~V(q) +via+ [ dxy(x)[Tp(x~a)~Cp(x)
+ /dSXDSO<X)[p(x)_p(X_Q)_Dp(x) ~Q])- (7.5)
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Consider the Cauchy problem for the linear equation

Z(t)=AZ(t), Z=(¥,N,Q,P), teR, (7.6)
with initial condition
Z|t—0 = Zo = (Wo,Mo, Qo, Py). (7.7)
System[(7.6) is a formal Hamiltonian system with the quadtdamiltonian
1
H(2) = 5P+ B+ VD@ + [ (NP +| WX -29(0p(0) Q). (7.8)

which is the formal Taylor expansion o#(Yp + Z) up to second order & = 0.

Lemma 7.1. Let condition[[1.I0) holds andyZ &. Then

(i) The Cauchy probleni (7.6), (7.7) has a unique solutié) £ C(R, &).
(i) For every t, the map ©lt) : Zo — Z(t) is continuous both o#” and &¢.
(iif) The energy.7g is conserved, i.e.

H(Z(t)) = H(20), teR. (7.9)

iv) The estimate holds
IZM)]s<C, teR (7.10)

with C depending only on the norjy|| s of the initial state.

The key role in the proof is played the positivity of the Haimlian [7.8):
2 #0(Z) = P? 4 V202 3 2 2
6(2) = P2+ Q%+ [ dX (NGO + 009 + p(9Q)? = .

Thus [Z.1D) follows from[{7]9) becausewaf > 0. The positivity of 77 is also obvious fron(114).
In [21] we proved the following long-time decay of the liniz&d dynamics in the weighted Sobolev
norms.

Proposition 7.2. Let conditions[(1.70)E(Z.11) hold, and leg Z &, with somea > 1. Then

IUo(t)Zol| - < C(p,a)(1+[t) " “|Zofla,  teR. (7.11)
Similar decay also holds for the dynamical gradit) of 3D free wave equation.

Proposition 7.3. (cf. [24, Proposition 2.1] and [19]. Let¢o, o) € .#¢ with somea > 1. Then

IW(t)(¢o, T0)[|-a < C(a)(1+[t))“II(¢0, T0)lla;  tER. (7.12)

We will use both these decays in the next section.
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8 A nonlinear Huygens principle

The following lemma is a version of strong Huygens princifolethe nonlinear syster (1.3). Lbt, be
a fixed numbenv, > 3R, + 1.

Lemma 8.1. Let conditions of Theorefn 2.4 hold and &t> 0 be an arbitrary fixed number. Then for
sufficiently large t > 0 there exists a solution

Ya(t) = (0+(X,1), TL(X1), 0 (t), p:(t)) € C([ts, ), &)

to the systeni (11.3) such that
(i) Y« (t) coincides with Yt) in some future cone,

P.(xt) =d(xt) for |x <t—t,,

g«(t) =q(t) for t >t,. (8.1)
(i) Y«(t.) admits a decompositiontt.) = S+ Ko + Zo, where 8 = (Wo, Mo, Qo, Po) satisfies
Wo(x) =Mp(x) =0 for |x| > M,, (8.2)
1Zo]la < O, (8.3)
and Ky satisfies
Uo(T)Ko|l—a <C(1+t.+T1)"%, T>0, (8.4)
where C= C(a) does not depend od
Proof. The convergencé (2.11.0) with. = 0 implies that for everg > 0 there exist, such that
lqt)|+a(t)| <& for t>t,. (8.5)
We may assume thgt > 1/¢. Denote
toe=te+Rp, tig=toe+1 tog=t1,++Rp, 3=t +E+R,. (8.6)
Then there exist a functiog (-) € C1(R) such that
Qe(t) = { q(t()): : i:(l)z and |ge(t)|+1]Ge(t)] <€ for all te R (8.7)

by suitable interpolation. Now we define the modificatiy(x,t) of the solutiong (x,t) = @, (x,t) +

Pk (X,1):
de(X,t) = Pre(X,t) + P (x,t) for xc R® and t >0, (8.8)

where

Pre(xt) = —/ d3y

For|x| <t—t2¢ and|y| <R, + €, we have

4mX_wPW—qAP%X—WD- (8.9)

t—x—y| >t—(x|+|y]) >t—(t—tre + Ry + &) =t1.
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Then [8.9),[(3.11), and (8.7) imply
Pre(X,t) = ¢r(x.t) for [x <t—toe. (8.10)
Further, for|x| >t —t. and]y| <R,, we obtain
t—[x—y| <t—(]X|—]y]) <t—(t—t: —Rp) =toe.
Thenge(t — |[x—y|) = 0 by (8.7), and hence

Pre(X,t) =so(x) for |x| >t—t. (8.11)
Moreover,¢ ¢ (-,-) € C1(R*), and [87) implies
sup  (|@re(Xt)|+[O¢re(x,t) — Oso(X)| + | Pre(Xt) —So(X)|) = O(€). (8.12)

xeR3,teR

Now we defind, :=t3 ¢, and

Y. (t) = (e(t), 9e(t), (), p(t)), Ko= (k(t.), B (t.),0,0), Zo= ($re(t) — So, dre(ty),q(t.), pﬁté‘))g)
A
It is easy to check that andY.(t), Ko, Zo satisfy all requirements of Lemnila 8.1, provided- 0 be
sufficiently small.
First, Y.(x,t) is a solution to[(1.13) fot > t.. Indeed, forx| < € + R, one hag — [x—y| >tz —2& —
2R, =t1¢. Since, [8.6) implies thage (t — [x—y|) = q(t — [x—y|) and ¢¢(x,t) = ¢ (x,t) then. Hence,
Y, (t) = Y(t) in the regionx| < £ +R,. On the other hand, (8.5) arid (B.7) imply

P(X—0e(t)) =p(x—q(t)) =0 for [x] >e+R, andt >t..
Hence ¢ ¢ (x,t) satisfies the equation
P(x,t) =A¢p(x,t) for x| >e+Ry, andt > t.. (8.14)

ThereforeY, (t) satisfies[(1I3) in the regigm| > € +R,. Now (8.1) follows from[(8.) and (8.10), (8.2)
for M, = 3R, + 2¢ + 1 follows from (8.11), and (8]3) follows from (8.2) arid (8)12

It remains to prove[(8l4). We deduce the estimate from thaydE€12) for the linearized dynamics
U (t) and decayl[(7.11) fow/(t). DenoteU (1)Ko = (W(x,1),M(x,7),Q(7),P(1)). From [21, formulas
(4.18), (4.19), (4.25)] it follows that

(%)== (5w

fil(T) = (W(T) k(L) @k(t.)], Op) = (W(T +.) [, T, Op),

where

and
(W(1),MN(1)) =W(T +t) [, 7To]+/0 W(T—9)[0,Q(s)-Up]ds

Moreover, according to [21, formula (4.20)] fof (t) the decay holds
2O =0(th™, t—o, YN>DO.
Then the decay (8.4) follows. O
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9 The rate of convergence
Here we prove Theorem 2.4 i). Due ta (8.1) it suffices to prinee for anye > 0
IYe(t) ~ Soll—a = O(t7%), t— o, 9.)

DenoteX (1) = Y. (t, + T) — Sp. ThenX(0) = Ko + Zo and the integrated version 6F(7.3) reads
X(1) =Uo(T)Ko-+Uo(T)Z0 + [ dstb(1—9BIX(8)), T3>0, 92)
Further, [Z-T1) [{Z15)[(8.2) and(8.4) imply
X <C(( 74D 4 147 N Zol + [ ds(14T-9 S XS, ). T>0. (09

We fix an arbitrarye € (0,1/2) and introduce the majorant

m(t) = sup(1+s)¢[[X(s)[|-a- (9.4)

0<s<t

Let u be any fixed positive number, and 18t be the exit time:
Ty =sup{t >0:m(t) < u}. (9.5)

Multiplying both sides of[(9.3) byl + 1)?~#, and taking the supremum ine [0, T,], we get

(L+1)0°¢ / (1+1)9¢  mP(s)
< S
m(t) C((l-l—t* e Ot ) STy Ay 9m =

Note that for everg > 0

), T<T,. (9.6)

su (1+ D)7

At 1)
Hence taking into account thai(t) is a monotone increasing function, we get for sufficienthgéet.
that

—0, t,— oo, (9.7)

m(t) <C(5+Cn(1)), T<T,. (9.8)
This inequality implies tham(t) is bounded for < T, and moreover,

m(1)<Cid, T<T (9.9)

if & is sufficiently small. The consta®; in (9.9) does not depend oh. Due to Lemmd# 8]1 we can
choose, so large thad < 11/(2C;1). Then [9.9) implies thal = « and [9.9) holds for alt > 0 if t, is
sufficiently large. O
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10 Scattering asymptotics

Here we prove Theorem 2.4 ii). We prove asymptofics (2. 2213) fort — +o only since systeni(1.3)
is time reversible. Denot®(x,t) = (P1(x,t), P2(x,t)) = (¢(X,t), (X, t)) — (Sg,,0). Then asymptotics
(212)-[Z2.IB) are equivalent to

O(t) =W) P +r(t),  [[r(t)l|grere = O ), t— oo,
This is equivalent to
W(—t)D(t) = Do +r1(t), [[ra(t)||guree = O ), t— +oo (10.1)
due to the unitarity ofV(t) on gH® & L2. The first two equations of (1.3) imply
D1(x,t) = Pa(xt), Pa(xt) =AD1(xt) +p(X—0y) — p(X—q(t)).

Then
O =WS(0) ~ [ W(t-9[(0,p(x~a.) ~ plx—a(s))]ds (10.2)

Therefore,
W(-1)d(t) = B(0) - /0 ‘W(-sR9ds  R(9) = (0,p(x— ) — p(x— (), (10.3)

where the integral converges ifg® L? with the rated (1~ +1+¢). Indeed,
IW(=9)R(S)|| g1z = O(s %7%), O<e<a-1

by the unitarity ofW(—s) and the decay rat¢R(s)|| g1 2 = €(s~?*#) which follows from the condi-
tions (1.10) orp and the asymptoticE(2.111). Setting

[oe]

@ =0~ ["W(-9REds ()= [ W-9Rs)ds

we obtain [[I01).
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