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Abstract

We establish soliton-like asymptotics for finite energy solutions to the Schrodinger
equation coupled to a nonrelativistic classical particle. Any solution with initial
state close to the solitary manifold, converges to a sum of traveling wave and out-
going free wave. The convergence holds in global energy norm. The proof uses
spectral theory and the symplectic projection onto solitary manifold in the Hilbert
phase space.
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1 Introduction

We continue the study of coupled systems of wave fields and particles. In [10] the Klein-
Gordon equation coupled to a relativistic particle has been considered. Here we extend
the result to the Schrodinger equation coupled to a nonrelativistic particle. We prove the
long time convergence to the sum of a soliton and dispersive wave. The convergence holds
in global energy norm for finite energy solution with initial state close to the solitary
manifold.

We consider the Schrodinger wave function (z) in R3, coupled to a nonrelativistic
particle with position ¢ and momentum p, governed by

“L(x?t) = —A¢($,t> + me(xv t) + p(l’ - Q(t>)

ilt) = 5 [ [P ) V(o = alt) + vla,) V(o — o(t))]da,

reR? (1.1)

where m > 0. Denote ¥ = Rev, ¥y = Im, p; = Rep, po = Imp.
Then the system (1.1) becomes

zél(x, t) = —Ay(x,t) + m2o(z,t) + po(z — q(t)),
Un(z,t) = At (2,t) — m*(x,t) — pi(x — q(t)), r € R® (1.2)

1) = [ (0o = 4(0) + bl Ve — a(0))

This is a Hamilton system with the Hamilton functional

M vng.d) = 5 [ (I901@F + [0 + (@) + mlua(e)?) do

L.
+ [ (@it = @) + sl - ) )do+ i (13
We consider the Cauchy problem for the Hamilton system (1.2) which we write as
Y(t)=F(Y(t), teR; Y(0)=Y,. (1.4)

Here Y (t) = (¢1(t), va(t), q(t), p(t)), p(t) := ¢(t), Yo = (Yo1, Yoz, o, Po), and all derivatives
are understood in the sense of distributions. Below we always deal with column vectors
but often write them as row vectors. The system (1.2) is translation-invariant and admits
soliton solutions

Yoo(t) = (Y1 (x — vt — a), ez — vt — a), vt + a,v), (1.5)
for all a,v € R? with |v| < 2m. The states S, := Y,,(0) form the solitary manifold
S = {Say: a,v € R? v < 2m}. (1.6)
Our main result is the soliton asymptotics of type
U(x,t) ~ Yy (x —vet —ag) + Wo(t)py, t— too, (1.7)

for solutions to (1.1) with initial data close to the solitary manifold S. Here v,, =
Y1 + 1y, 2, Wo(t) is the dynamical group of the free Schrodinger equation, 1, are the
corresponding asymptotic scattering states, and the asymptotics hold in the global energy
norm, i.e. in the norm of the Sobolev space H!(R?). For the particle trajectory we prove
that

q(t) = vy, q(t) ~vet+as, t— foo. (1.8)



The results are established under the following conditions on the complex valued charge
distributions p:

L+ 2%, A +[2))?Vp, (14 |2)’VVp € L*(R?), (1.9)

with some # > 3/2. We require that all “modes” of the wave field are coupled to the
particle, this is formalized by the Wiener condition

a(k) = (27)42 / M p(2)dz £ 0 for all ke RS, (1.10)

It is an analogue of the Fermi Golden Rule: the coupling term p(x — ¢) is not orthogonal
to the eigenfunctions e** of the continuous spectrum of the linear part of the equation
(cf. [4, 21, 22, 23)).

Similar results were proved for the first time by Buslaev and Perelman [2, 3] for 1D
translation invariant Schrédinger equation, and extended by Cuccagna [6] for nD case,
n > 3. In [10] the Klein-Gordon equation coupled to a particle, is considered.

For the proofs of the asymptotics (1.7) and (1.8), we develop the approach [10] based
on the Buslaev and Perelman methods [2, 3]: the symplectic orthogonal decomposition of
the dynamics near the solitary manifold, the time decay for the linearized equation, etc.
Our problem differs from [10] in the following aspects:

i) Speed of propagation for the Schrodinger equation is infinite, and the solitons exist
only for the velocities |v| < 2m.

ii) We consider nonspherically symmetric coupled function p(x). In this case we need
additional arguments for the absence of embedded eigenvalues in the continuous spectrum.

iii) We also consider the coupling function p(z) without compact support. Respec-
tively, for the proof of the time decay for the linearized equation, we use the Jensen-Kato
results [14, 15] and the Agmon weighted norms [1].

Remark 1.1. The term m? in Schrédinger equation appears automatically in the non-
relativistic limit of the Klein-Gordon equation, and traditionally is removed by a gauge
transformation. We keep the term to provide the existence of the nonzero solitons.

2 Main Results

2.1 Existence of Dynamics

To formulate our results precisely, we need some definitions. We introduce a suitable phase
space for the Cauchy problem corresponding to (1.2) and (1.3). Let H® = L?, and H' be
the Sobolev space H! = {4 € L? : |Vy| € L?*} with the norm ||¢]|g1 = ||V || L2 + [|¢]| 2.
Let us introduce also the weighted Sobolev spaces HS, s = 0,1, a € R with the norms

19w = (1 + 2] ’

Definition 2.1. i) The phase space £ is the real Hilbert space H* & H' & R® @ R?® of
states Y = (11,19, q, p) with the finite norm

IYlle = 1 ller + 2l + gl + [pl-
i) E, is the space H) & H. & R* & R? with the norm
Yo = 1Y lea = 1¥1lla + [[¥2ll1a + lgl + [pl-
iii) ET is space H*> ® H? ® R3 @ R3 with the norm

IYIIE = il + o2l 2 + lal + 1p]-

HS.



For ; € L* we have

m? +1
2

1 m? 1
—Q—mZ)H/)jH%2 = 7”%’”%2 + Wi, (- —q)) < lsl1Z2 + §||PjH%2- (2.1)
Therefore £ is the space of finite energy states. The Hamilton functional H is continuous
on the space £ and the lower bound in (2.1) implies that the energy (1.3) is bounded from
below.

The system (1.2) reads as the Hamilton system

Y = JDH(Y), J = ) Y = (¢la ¢2> qap) € 87 (22)

o= O O

where DH is the Fréchet derivative of the Hamilton functional (1.3).

Proposition 2.1. Let (1.9) hold. Then

(1) For every Yy € € the Cauchy problem (1.4) has a unique solution Y (t) € C(R,E).
(11) For every t € R, the map U(t) : Yy — Y (t) is continuous on £.

(11i) The energy is conserved, i.e.

H(Y () = H(Yp), teR. (2.3)

Proof. Step i) Let us fix an arbitrary b > 0 and prove (i)-(iii) for Yy € &£ such that
IYolle < b and |t|] < e = ¢(b) for some sufficiently small €(b) > 0. Let us rewrite the
Cauchy problem (1.4) us

Y(t)=F(Y(t)+ F(Y(@®), teR: Y(0)=Y, (2.4)

where Fy : Y — ((—=A + m?)¥y, (A — m?)¥;,0,0). The Fourier transform provides the
existence and uniqueness of solution Y;(t) € C(R,E) to the linear problem (2.4) with
F, = 0. Let Uy(t) : Yy — Yi(t) be the corresponding strongly continuous group of
bounded linear operators on £. Then (2.4) for Y (¢) € C(R, ) is equivalent to

Y (t) = Ui (t)Yy +/ ds Uy (t — s)F5(Y (s)), (2.5)

because F5(Y(+)) € C(R,E) in this case. The latter follows from a local Lipschitz conti-

nuity of the map F, in &: for each b > 0 there exist a 3 = »(b) > 0 such that for all
Y, Z € € with ||[Y]le, || Z]le <,

| Fo(Y) = Fo(Z)|le < 5||Y — Z||¢.

Therefore, by the contraction mapping principle, equation (2.5) has a unique local solution
Y () € C([—¢,¢],&) with € > 0 depending only on b.
Step i) We use now energy conservation to ensure the existence of a global solution and
its continuity. First consider Yy € & 1= C5° @ C° @ R* @ R3. Then Y (t) € £ since
Ui (1)Yy, F5(Y(t)) € £ by (1.9). The energy conservation law follows by (2.2) and the
the chain rule for the Fréchet derivatives:

d

SH(Y (5) = (DH(Y(1)), Y (6) = (DH(Y(1), JDH(Y (1)) =0, t€R



since the operator J is skew-symmetric by (2.2), and DH(Y(t)) € L? ® L? ® R3 @ R? for
Y (t) € £F. The inequality (2.1) implies

1 m? 1 1
H > SVl + I3 + Sl = sl

Hence, by energy conservation, for |t| < e

1 2 m? 2 L 1 2
SIVwIEs + T3 + S 1pl? — —lell3 < HY(0) = H(Y¥D).

This implies a priori estimate
[l + [pl < B for |t] <e, (2.6)

with B depending only on the norm ||Yp||¢ of the initial data and on ||p|| 2. An arbitrary
initial data Yy € £ can be approximated by initial data from &£.. The corresponding
solution exists due to representation (2.5) by contraction mapping principle, and then
(2.6) follows by the limit transition.

Step iii) Properties (i)-(iii) for arbitrary ¢ € R now follow from the same properties for
small |¢t| and from a priori bound (2.6). O

2.2 Solitary Manifold and Main Result

Let us compute the solitons (1.5). The substitution to (1.1) gives the following stationary
equations

—iv - Viby(y) = (=A +m?)iby(y) + p(y)

p=v. 0=~ [ (V0,00 + Ver)p(w)) dy 27
Then the first equation implies
Ay (y) == [=A +m? +iv - VI (y) = —p(y), y € R, (2.8)

For |v| < 2m the operator A is an isomorphism H*(R?) — H?*(R?). Hence (1.9) implies
that
voly) = —A"p(y) € HY(R?). (2.9)

If v is given and |v| < 2m, then p, can be found from the second equation of (2.7).
The function v, can be computed by the Fourier transform. The soliton is given by
the formula
2 v2 - v
1 6_\/m _T‘I—y\ezg(x—y)p(y)d?;y

vl =77 [ — ]

(2.10)

Further, in Appendix A, we prove that the last equation of of (2.7) holds. Hence, the
soliton solution (1.5) exists and defined uniquely for any couple (a,v) with |v| < 2m. Let
us denote by V := {v € R?: |v| < 2m}, ¥,; = Ret),, and o = Im),.

Definition 2.2. A soliton state is S(0) := (Yy1(x — b), Pye(x —b),b,v), where o := (b,v)
with b € R3 andv € V.

Obviously, the soliton solution admits the representation S(o(t)), where
a(t) = (b(t),v(t)) = (vt + a,v). (2.11)

Definition 2.3. A solitary manifold is the set S := {S(0) : 0 € L :=R* x V}.



The main result of our paper is the following theorem.

Theorem 2.1. Let (1.9), and the Wiener condition (1.10) hold. Let 3 > 3/2 be the
number from (1.9), and Y (t) be the solution to the Cauchy problem (1.4) with the initial
state Yo which is sufficiently close to the solitary manifold:

po < 2m, dy = distg, (Y5, S) < 1. (2.12)

Then the asymptotics hold for t — +o0,

(t) =ve + O([t] %),  q(t) = vit + ax + O(|t]/?); (2.13)
W(x,t) = Yy (v — vt —ag) + Wo(t)pL + re(x, t) (2.14)

with
lre ()l = O(Jt|71/?). (2.15)

It suffices to prove the asymptotics (2.13), (2.14) for t — 400 since the system (1.2)
is time reversible.

3 Symplectic Projection onto Solitary Manifold

Let us identify the tangent space to &, at every point, with £. Consider the symplectic
form Q defined on £ by Q = /d% () A dipo(x) do + dg A dp, i.e.

Q(Y1,Yz) = (N1, JYs), Y1, €€, (3.1)

where
(Y1,Y2) := (Y11, ¥12) + (Y21, ¥22) + q1G2 + p1p2

and (111, ¥12) = /¢11(93)¢12(x)d93 ete. It is clear that the form € is non-degenerate, i.e.

Q(Y1,Y3) =0 forevery Yo€€& = Y; =0.

Definition 3.1. i) Y1 1Y, means that Y1 € £, Yy € &, and Y is symplectic orthogonal to
Ys, i.e. Q(Y1,Y3) =0.

ii) A projection operator P : € — & s called symplectic orthogonal if Y1 1 Ya for
YieKerP and Y5 € ImP.

Let us consider the tangent space 7g(,)S to the manifold S at a point S(o). The
vectors 7; := 0,,5(0), where 0,, := 0y, and 0,,,, := 0,, with j = 1,2,3, form a basis in
7,S. In detail,

T =7(v) = 0,5(0) = (—0%u(y), —0tw(y), €, 0) | .
mia = Tal0) = 0,8(0) = ( (), Otualy). 0. ;) | I BEH G2

where y := x — b is the “moving frame coordinate”, e; = (1,0,0) etc. Let us stress that
the functions 7; will be considered always as the functions of y, not of x.
The formulas (2.10) and the conditions (1.9) imply that

T;,(v) €&, veV, j=1,...,6, VYa<g. (3.3)



Lemma 3.1. The matriz with the elements Q(1(v), 7;(v)) is non-degenerate for any v €

V.

Proof The elements are computed in Appendix B. As the result, the matrix Q(7, 7;)
has the form

0 QF (v
Qv) == (U7, 75))1j=1,..6 = ( —Qtw) 0 (v) ) , (3.4)
where the 3 x 3-matrix Q7 (v) equals
Q" (v)= K+ E. (3.5)

Here K is a symmetric 3 x 3-matrix with the elements

. bk (82 4+ m2) (a2 + [00f?) + o) (i — o)) b
ij =

(2 T m2)? — (k)2 (3:6)

where the “hat” denotes the Fourier transform (cf. (1.10)). The matrix K is the integral
of the symmetric nonnegative definite matrix k ® k = (k;k;) with a nonnegative weight.
(The last statement is true since k2 4+ m? > |(kv)| for |v] < 2m, and [ty + ith|? =
1ot |24 [z |2 — i (o110 g — o2y, ) > 0.) Hence, the matrix K is also nonnegative definite.
Since the unite matrix F is positive definite, the matrix Q* (v) is symmetric and positive
definite, hence non-degenerate. Then the matrix (7, 7;) also is non-degenerate. |
Let us introduce the translations T, : (¢1(+), ¥a(+), ¢, p) — (1(- — a), (- — a),q + a, p),
a € R3. Note that the manifold S is invariant with respect to the translations.

Definition 3.2. i) For any o € R and p < 2m denote by E,(p) = {Y = (¢1,¢9,q,p) €
Ea i p] < D} We set £(p) := E(p).
i) For any v < 2m denote by X(v) = {o = (b,v) : b € R |v| < v}.

The next Lemma provide that in a small neighborhood of the soliton manifold § a
“symplectic orthogonal projection” onto S is well-defined. The proof is similar to the
proof of the Lemma 3.4 in [10].

Lemma 3.2. Let (1.9) hold, o € R. Then
i) there exists a neighborhood O, (S) of S in &, and a map I1 : O,(S) — S such that I1
is uniformly continuous in the metric of £, on On(S) NEL(D) with p < 2m,

IIY =Y for Y €S8, and Y —S4t75S, where S =1IY. (3.7)
ii) On(S) is invariant with respect to the translations T,, and
I7,Y = T,IIY,  for Y € O4(S) and a € R

iii) For any p < 2m there exists a v < 2m s.tIIY = S(o) with o € X(v) for Y €
Oa(S) N &a (D)
i) For any U < 2m there exists an r,(0) > 0 s.t. S(o) + Z € Ou(S) if 0 € X(v) and
1Z]la < ra(D).

We will call IT a symplectic orthogonal projection onto S.

Corollary 3.1. The condition (2.12) implies that Yo = S + Zy where S = S(0¢) = I1Yj,
and
| Zollp < 1. (3.8)



Proof Lemma 3.2 implies that ITY; = S is well defined for small dy > 0. Furthermore,
the condition (2.12) means that there exists a point S; € S such that ||Yy — Si||z = do.
Hence, Y, S1 € Op(S)NEs(p) with a p < 2m which does not depend on d, for sufficiently
small dy. On the other hand, ILS; = Si, hence the uniform continuity of the map II
implies that ||S7 — S||g — 0 as dy — 0. Therefore, finally, ||Zo|ls = ||Yo — S|z <
1Yo — Sillg+ ||S1 = S|lg < do + o(1) < 1 for small dy. [

4 Linearization on the Solitary Manifold

Let us consider a solution to the system (1.2), and split it as the sum
Y(t)=S(o(t) + Z(¢), (4.1)

where o(t) = (b(t),v(t)) € ¥ is an arbitrary smooth function of ¢ € R. In detail, denote
Y = (¢1,19,q,p) and Z = (U, ¥y, Q, P). Then (4.1) means that

U (x, t; = Yy (z —b(t)) + Vi(z —b(1),1),

q
= Yo = b(1)) + Wa(z = b(1), 1), p(t) = w(t)+ P(t)

Let us substitute (4.2) to (1.2), and linearize the equations in Z. Later we will choose
S(o(t)) =I0Y (t), i.e. Z(t) is symplectic orthogonal to Zg((1)S-

Setting y = x — b(t) which is the “moving frame coordinate”, we obtain from (4.2)
and (1.2) that

b = 0V (y) = b Vi (y) + Ti(y,t) — b VI (y, 1)

= —Dua(y) +mPhun(y) — AVa(y, 1) + m*Us(y, 1) + p2(y — Q)
vy = b Vita(y) — b Viha(y) + Wa(y,t) — b V(y,1)
= Atu(y) — m*aly) + AWy, 1) — m*Ti(y,t) — pi(y — Q) o

¢ = b+Q=v+P

b= 0+ P=—(V(y(y) +¥y.1), 0y - Q).

Let us to extract linear terms in Q. First note that p;(y — Q) = p;(y) — Q - Vp,(y) +

Nj(Q), j = 1,2, where N;(Q) = p;(y — Q) — p;(y) + @ - Vp;(y). The condition (1.9)
implies that for N;(Q) the bound holds,

IN;(@)llos < Cs(Q)Q%, j = 1,2, (4.4)

uniformly in |Q| < @ for any fixed Q, where 3 is the parameter from Theorem 2.1. Using
the equations (2.7), we obtain from (4.3) the following equations for the components of



the vector Z(t):

Uy(y,t) = —AUy(y, ) +m*Wa(y,t) +b- VUi (y,t) — Q- Vpa(y)

+ (b - U) : V"vbvl(y) — - Vv¢vl(y) + N2

Ua(y,t) = AU(y,t) —m>Ty(y,t) + b VUs(y,t) + Q- Vpi(y) .
45

+ (b_v)V¢v2(y)_vvv¢v2(y)_Nl
Q(t) = P+ (v—10)

P(t) = (Ti(y. 1), Vp;(y)) + (Vu;(y),Q - Vp;(y)) — 0 + Nu(v, Z)

where Ny(v, Z) = —(Vibyj, Nj(Q)) + (VU;,Q - Vp;) — (VU;, N;(Q)). Clearly, Ny(v, 2)
satisfies the following estimate

[Nu(v, 2)] < Cal, 7, Q)@ + W3]l 51Q1 + W] 1], (16)

uniformly in [v| < ¥ and |Q| < @ for any fixed T < 2m. We can write the equations (4.5)
as
Z(t)=AMZ({t) +T(t)+N(), teR. (4.7)

Here the operator A(t) = A, ., (t) depends on two parameters, v = v(t), and w := b(¢)
and can be written in the form

\Ifl w-V —(A — mz) —Vpg 0 \Ill
\112 . A — m2 w-V Vpl- 0 \112
Ay o | = 0 0 0 B o | (4.8)
P <>Vpl> <>Vp2> <V,’7bvj> Vp]) 0 P
Furthermore, T'(t) = T,,,,(t) and N(t) = N(t,0, Z) in (4.7) stand for
(W =) Vipyy — 0 Vyihy Ny(Z)
L= | W7 VIOV | Ny = | NI )
’ v—w 0
—v N4(U, Z)

where v = v(t), w = w(t), o = o(t) = (b(t),v(t)), and Z = Z(t). The estimates (4.4) and
(4.6) imply that

IN(o,2)|ls < C(@,Q)|1Z]1%4, (4.10)
uniformly in o € ¥(7) and || Z]|_5 < r_(?) for any fixed T < 2m.
Remark 4.1. i) The term A(¢)Z(t) in the right hand side of the equation (4.7) is linear
in Z(t), and N(t) is a high order term in Z(t). On the other hand, T'(t) is a zero order
term which does not vanish at Z(t) = 0 since S(o(t)) generally is not a soliton solution if

(2.11) does not hold (though S(o(t)) belongs to the solitary manifold).
ii) Formulas (3.2) and (4.9) imply:

T(t) == [(w—v)m + 073 (4.11)

=1

and hence T(t) € Ts,u)S, t € R. This fact suggests an unstable character of the
nonlinear dynamics along the solitary manifold.



5 The Linearized Equation

Here we collect some Hamiltonian and spectral properties of the generator (4.8) of the
linearized equation. First, let us consider the linear equation

X(t)=A,uX(t), teR, veV, wcR:. (5.1)

Lemma 5.1. (¢f. [10]) i) For any v € V and w € R? the equation (5.1) can be written
as the Hamilton system (cf. (2.2)),

X(t) = JDH, (X (1),  teR, (5.2)

where DH.,,, is the Fréchet derivative of the Hamilton functional

Hyw(X) = %/ [\vw? 2|y |? + V)2 +m2|\1/2\2}dy+/x112w VU dy
+ [ mQ- Vg + 3P~ 5@ Vou).Q- Vo) X = (%@ P) € €
(5.3)
i) Energy conservation law holds for the solutions X (t) € C*(R,E™),
Hyw(X(t)) = const, teR. (5.4)
iii) The skew-symmetry relation holds,
Ay X1, Xo) = —Q(X1, Ay w Xo), X1, X, €€ (5.5)

wv) The operator A, ., acts on the tangent vectors 7;(v) to the solitary manifold as follows,

Ap [T (V)] = (W =) - VT7;(v), AyulTira(v)] = (w —v) - V7iu3(v) + 75(v), j=1,2,3.
(5.6)

We will apply Lemma 5.1 mainly to the operator A,, corresponding to w = v. In
that case the linearized equation has the following additional essential features.

Lemma 5.2. Let us assume that w =v € V. Then
i) The tangent vectors T;(v) with j = 1,2,3 are eigenvectors, and Tj.3(v) are root vectors
of the operator A,,, corresponding to zero eigenvalue, i.e.

Ay o[mi(0)] =0, Ay[riss(v)] = 1(v), 7=1,2,3. (5.7)
ii) The Hamilton function (5.3) is nonnegative definite since

1

Hua(X) = 5

1
/ AWy + W) = AT2Q - V(py +ipy) 'z + S P2 > 0. (58)

Here A is the operator (2.8) which is symmetric and nonnegative definite in L*(R3) for
lv| < 2m, and AY? is the nonnegative definite square root defined in the Fourier repre-
sentation.



Proof. The first statement follows from (5.6) with w = v. In order to prove ii) we rewrite
the integral in (5.8) as follows:

1
5<A1/2(x1/1 +iWy) — A7V2Q -V (py +ipy), AY2(Ty +iy) — A7V2Q - V(py +1ip2))

- %(A(‘I’l +1Wy), Uy +iWs) — (¥, Q- V) + %(A_IQ “V(pr +1ip2), Q- V(p1 +ip2))
(5.9)

since the operator A'/? is symmetric in L?(R?). Now all the terms of the expression (5.9)
can be identified with the corresponding terms in (5.3) since

1 1
5<A(\Ifl +iWy), Uy + iWy) = 5<[—A +m? +iv- V(U +i0y), () +i0y))
1 1
= §<[—A + m2]\111, \111> + 5([—A + mz]%, \I/2> + <\112,U . V\If1>
and A~ (p1 +ip2) = —(Yu1 + 1hy2) by (2.8) and (2.9). O

Remark 5.1. For a soliton solution of the system(1.2) we have b=wv, v =0, and hence
T(t) = 0. Thus, the equation(5.1) is the linearization of the system (1.2) on a soliton
solution. In fact, we do not linearize (1.2) on a soliton solution, but on a trajectory
S(o(t)) with o(t) being nonlinear in t. We will show later that 7'(¢) is quadratic in Z(t)
if we choose S(o(t)) to be the symplectic orthogonal projection of Y (t). Then (5.1) is
again the linearization of (1.2).

6 Symplectic Decomposition of the Dynamics

Here we decompose the dynamics in two components: along the manifold & and in
transversal directions. The equation (4.7) is obtained without any assumption on o() in
(4.1). We are going to choose S(o(t)) := ITY (¢), but then we need to know that

Y(t) e O_5(S), teR, (6.1)

It is true for t = 0 by our main assumption (2.12) with sufficiently small dy > 0. Then
S(o(0)) =I1IY(0) and Z(0) = Y(0) — S(c(0)) are well defined. We will prove below that
(6.1) holds if dy is sufficiently small. Let us choose an arbitrary v such that |v(0)| < T < 2m
and let 0 =7 — |v(0)]. Denote by r_3(v) the positive numbers from Lemma 3.2 iv) which
corresponds to a = —f. Then S(o) + Z € O_4(S) if 0 = (b,v) with |v| < T and
|Z||-p < r_3(v). Note that ||Z(0)||_-s < r_p(v) if dp is sufficiently small. Therefore,
S(o(t)) = IIY(¢) and Z(t) = Y(t) — S(o(t)) are well defined for ¢ > 0 so small that
|v| <7 and ||Z(t)||-p < r—p(v). This is formalized by the following standard definition.

Definition 6.1. t, is the “exit time”,
te =sup{t > 0:||Z(s)||-p <7-5([©), |v(s)—v(0)] <9, 0<s<t}. (6.2)

One of our main goals is to prove that t, = oo if dy is sufficiently small. This would
follow if we show that

1Z(B)|—p < r_5(T)/2, |v(s) —v(0)] <6/2, 0<t<t. (6.3)

Note that B
Q)] <Q:=r_pv), 0<t<t,. (6.4)
Now N(t) in (4.7) satisfies, by (4.10), the following estimate,

INWIls < Cs@IZD]125, 0<t <t (6.5)



6.1 Longitudinal Dynamics: Modulation Equations

From now on we fix the decomposition Y (t) = S(o(t)) + Z(t) for 0 < t < t, by setting
S(o(t)) = IIY (t) which is equivalent to the symplectic orthogonality condition of type

(3.7),
Z(t) J( 'Zg(g(t))s, 0<t<t,. (6.6)

This allows us to simplify drastically the asymptotic analysis of the dynamical equations
(4.7) for the transversal component Z(t). As the first step, we derive the longitudinal
dynamics, i.e. the “modulation equations” for the parameters o(t). Let us derive a
system of ordinary differential equations for the vector o(¢). For this purpose, let us write
(6.6) in the form

QZ(t),7;(t) =0, j=1,...,6, 0<t<t, (6.7)

where the vectors 7;(t) = 7;(c(t)) span the tangent space Tg(;)S. Note that o(t) =
(b(t),v(t)), where
lu(t)] < v < 2m, 0<t<t,, (6.8)

by Lemma 3.2 iii). It would be convenient for us to use some other parameters (c,v)

t
instead of o = (b, v), where ¢(t) = b(t) — / v(7)dT and
0

é(t) = b(t) — v(t) = w(t) — v(t), 0<t<t,. (6.9)

We do not need an explicit form of the equations for (¢, v) but the following statement,
which can be proved similar to the Lemma 6.2 in [10].

Lemma 6.1. Let Y (t) be a solution to the Cauchy problem (1.4), and (4.1), (6.7) hold.
Then (c(t),v(t)) satisfies the equation

( (t) ) — N(o(t), Z(t),  0<t<t. (6.10)
where

N(o,2) = 0(|Z]%y) (6.11)
uniformly in o € ¥(0).

6.2 Decay for the Transversal Dynamics

In Section 11 we will show that our main Theorem 2.1 can be derived from the following
time decay of the transversal component Z(t):

Proposition 6.1. Let all conditions of Theorem 2.1 hold. Then t, = oo, and

O(pa Ea dO)

1205 < {7y e

t>0. (6.12)

We will derive (6.12) in Sections 7-11 from our equation (4.7) for the transversal
component Z(t). This equation can be specified using Lemma 6.1. Indeed, the lemma
implies that

1Tl < C@INZ ()25, 0<t<t, (6.13)

by (4.9) since w — v = ¢. Thus (4.7) becomes the equation

Z(t) = A(t)Z(t) + N(t), 0<t<t,, (6.14)



where A(t) = Ay, and N(t) := T(t) + N(t) satisfies the estimate
IN@®)ls < ClIZ@®)25, 0<t<t.. (6.15)

In all remaining part of our paper we will analyze mainly the basic equation (6.14) to
establish the decay (6.12). We are going to derive the decay using the bound (6.15) and
the orthogonality condition (6.6).

First, we reduce the problem to the analysis of the frozen linear equation,

X(t) = A X(t), teR, (6.16)

where A; is the operator A, ,, defined by (4.8) with v; = v(¢;) and a fixed ¢; € [0,¢.).
Then we can apply wellknown methods of scattering theory and then estimate the error
by the method of majorants.

Note, that even for the frozen equation (6.16), the decay of type (6.12) for all solutions
does not hold without the orthogonality condition of type (6.6). Namely, by (5.7) the
equation (6.16) admits the secular solutions

3

X(t) =) Cim(0) + ) Dyl ()t + 7143(v)] (6.17)

1

which arise also by differentiation of the soliton (1.5) in the parameters a and v in the
moving coordinate y = x — v;t. Hence, we have to take into account the orthogonality
condition (6.6) in order to avoid the secular solutions. For this purpose we will apply

the corresponding symplectic orthogonal projection which kills the “runaway solutions”
(6.17).

Remark 6.1. The solution (6.17) lies in the tangent space Tg(,,)S with o1 = (by,v;) (for
an arbitrary b; € R) that suggests an unstable character of the nonlinear dynamics along
the solitary manifold (cf. Remark 4.1 iii)).

Definition 6.2. i) For v € V, denote by I1, the symplectic orthogonal projection of €
onto the tangent space Tg)S, and P, =1 —1I,.

ii) Denote by Z, = P& the space symplectic orthogonal to TS with o = (b,v) (for an
arbitrary b € R).

Note that by the linearity,
IL,Z =Y TLy(v)7(v)Qn(v), Z), Z &, (6.18)

with some smooth coefficients IT;;(v). Hence, the projector IT,, in the variable y = z — b,
does not depend on b, and this explains the choice of the subindex in II, and P,,.
Now we have the symplectic orthogonal decomposition

& =T3S + 2, o= (b,v), (6.19)
and the symplectic orthogonality (6.6) can be written in the following equivalent forms,
Hv(t)Z(t) =0, Pv(t)Z(t) = Z(t), 0<t<t,. (620)

Remark 6.2. The tangent space 7g(»S is invariant under the operator A,, by Lemma
5.2 i), hence the space Z, is also invariant by (5.5): A, ,Z € Z, for sufficiently smooth
Z € Z,.



In Sections 12-18 we will prove the following proposition which will be one of the main
ingredients for proving (6.12). Let us consider the Cauchy problem for the equation (6.16)
with A = A, , for a fixed v € V. Recall that the parameter 3 > 3/2 is also fixed.

Proposition 6.2. Let the conditions (1.9) and (1.10) hold, |v| < T < 2m, and X, € £.
Then

i) The equation (6.16), with A = A,,, admits the unique solution e*X, := X(t) €
C(R, &) with the initial condition X (0) = X.

ii) For Xo € Z,N &g, the solution X (t) has the following decay,

Cs(v)

At
Xollog < ——2—
||6 OH B = (1 + ‘t|)3/2

| Xolls, teR (6.21)

7 Frozen Transversal Dynamics

Now let us fix an arbitrary ¢; € [0,t.), and rewrite the equation (6.14) in a “frozen form”

Z(t) = A Z(t)+ (A(t) — AN Z({t) + N(t), 0<t<t,, (7.1)
where A} = Ay () and
[w(t) —ov(ty)] -V 0 0 0
Af) — Ay = 8 hdﬂ—thV 8 8
0 0 (Vo — ton);): Vi) 0

The next trick is important since it allows us to kill the “bad terms” [w(t)—v(¢;)] - V in
the operator A(t) — A;.

Definition 7.1. Let us change the variables (y,t) — (y1,t) = (y + di(t),t), where

t
mayz/(m@—vm»w, 0<t<t. (7.2)
t1
Next define
Zi(t) = (Wi(y1 — di(t), 1), Walyr — di(t), 1), Q(1), P(t)). (7.3)
Then we obtain the final form of the “frozen equation” for the transversal dynamics
Zy(t) = A1 Zy(t) + By() Z1(t) + N1 (1), 0 <t <t, (7.4)
where Ny(t) = N(t) expressed in terms of y =y — dy(t), and
0 0 0 0
00 0 0
Bilty =19 ¢ 0 0
0 0 (V(%uw);—uir)i) Vi) 0

Lemma 7.1. (see [10]) For (V1,V,,Q, P) € &, with any o < [ the following estimate
holds:

(1 (g1 — i), Walyr — ), Q, P)lla < |(W1, Us, Q, P)lla(1+[da])*! d € R®. (7.5)
Corollary 7.1. The following bounds hold for 0 <t < t;

INi@)ls < N1Z@N7 (1 + (), I1B1() Z1 ()]s < OHZ(t)H—ﬁ/t 1 1Z(7)||? sdr -
(7.6)



8 Integral Inequality

The equation (7.4) can be written in the integral form:

t
Zu(t) = M2, (0) + / eMEI[B 71 (s) + Ny (s)]ds, 0<t<t. (8.1)
0

Now we apply the symplectic orthogonal projection Py := P,y to both sides of (8.1).
The space Z; := P& is invariant with respect to e/1* by Proposition 6.2 ii) (cf. also
Remark 6.2). Therefore P; commutes with the group e'* and applying (6.21) we obtain
that

||P Z1(0 Hﬁ LIy B121 )+ Ni(s)]||g ds
P21 (1) < OV TR

The operator P; = I —1II; is continuous in &3 by (6. 18) Hence, using 7.6 we obtain that

C(di(0))

P22 ()] -5 < m!l (0)lls

3 ! 1 h 2 2
+ @) [ G 12600 [ 120 e |2 s 0<e<n,
(8.2)
where d; (t) := supg<,<; |di(s)|.
Definition 8.1. t is the exit time
! =sup{t € [0,t,) 1 di(s) <1, 0<s<th (8.3)

Now (8.2) implies that for t; <t/

P20 < 20

! 1)3/2 {HZ(S)H—ﬁ/l ’|Z(T)||2—ﬁd7—+ ||Z(8)||2_g ds, 0<t<t. (84)

t
C
+ 1/0 (1+|t—s

9 Symplectic Orthogonality

Finally, we are going to change P1Z,(t) by Z(¢) in the left hand side of (8.4). We will
prove that it is possible using again that dy < 1 in (2.12). For the justification we reduce
further the exit time. First, we introduce the “majorant”

m(t) :== sup (1+8)%?|Z(s)||_5 , t€10,t). (9.1)

s€[0,t]
Let us denote by ¢ a fixed positive number which we will specify below.
Definition 9.1. t! is the exit time
t =sup{t € [0,t,) : m(s) <e, 0<s<t} (9.2)

The following important bound (9.3) allows us to change the norm of P;Z;(¢) in the
left hand side of (8.4) by the norm of Z(t).



Lemma 9.1. (cf.[10]) For sufficiently small € > 0, we have for t; <t/

1Z() s < CIP ()5, 0<t<t, (9.3)
where C' depends only on p and 0.
Proof. Since |dy(t)] <1 for t <t; <t <t then by Lemma 7.1 it suffices to prove that

[2:@)] - < 2[P1 21 ()|, O <t <t (9-4)

Recall that P1Z(t) = Z1(t) — IL,,)Z1(t). Then estimate (9.4) will follow from

M Z2(0) 5 < 124005 0<t<h (95)
Symplectic orthogonality (6.20) implies

Hv(t)71Z1(t) = 07 te [O7tl]7 (96)

where IL, )1 Z1(t) is Ty Z(t) expressed in terms of the variable y; = y 4 d;(t). Hence,
(9.5) follows from (9.6) if the difference IL,«,) — Iy, is small uniformly in ¢, i.e.

Moy — Mol < 1/2,  0<t<t. (9.7)

It remains to justify (9.7) for small enough ¢ > 0. Formula (6.18) implies the following

relation
1 Z1(t) = > TLy(v(t) 71 (0(0) U7 (0(t)), Z1(1)), (9.8)

where 7;1(v(t)) are the vectors 7; (v(t)) expressed in the variables y;. Since |d;(t)] < 1
and V7; are smooth and fast decaying at infinity functions, Lemma 7.1 implies that

751 (0(t) = 75 (v(®) ]l < Clda()|”, 0<t <ty (9.9)
for all j =1,2,...,6. Furthermore,
H(0() = 7io(t) = [ 0(s) - Vory(u(s))as.
and therefore
175 (v(?)) — 75(v(tn)ls < C/t 1 [0(s)lds, 0 <t<t. (9.10)

Similarly,

IL; (v (t))—IL; (v(t1) \—I/ s)-V, I (v ds\<0/ s)|ds, 0<t<ty, (9.11)

since |V,IL;(v(s))| is uniformly bounded by (6.8). Hence, the bounds (9.7) will follow

from (6.18), (9.8) and (9.9)-(9.11) if we establish that |dy(¢)| and the integral in the right

hand side of (9.10) can be made as small as we please by choosing £ > 0 small enough.
To estimate d;(t), we note that

w(s) —v(ty) = w(s) —v(s) +v(s) —v(ty) = é(s) + / 1 o(T)dr (9.12)



by (6.9). Hence, (7.2), Lemma 6.1 and the definition (9.1) imply that

Ayt \_|/ 5) — v(t)) ds\</tt1 (\c‘(s)u/:l wmm) ds

t1 t1
t s

1+s +7)3

since t; < 7. Similarly,

t1 ) t1 d
/t li(s)|ds < cm2(t1)/t i :8)3 <C2 0<t<t. (9.14)

O

10 Decay of Transversal Component

Here we prove Proposition 6.1.
Step i) We fix € > 0 and ¢/ = t//(¢) for which Lemma 9.1 holds. Then the bound of type
(8.4) holds with [|P1Z;(t)]|-s in the left hand side replaced by || Z(t)]|-s :

12 -5 < (1+t)3/2|| )l

+C/0 (1—|—|t—s\)3/2 [”Z(S)”—ﬁ/s ’|Z<T)||2-ﬁdT+I|Z(s)||2_4 ds, 0<t<t; (10.1)

for t; < t,. This implies an integral inequality for the majorant m(t) defined in (9.1).
Namely, multiplying both sides of (10.1) by (1 + ¢)*?2, and taking the supremum in
t €0,t1], we get

(1 41)3/2 m(s) "om?(r)dr m2(s)
m(ty) < CJ|Z(0)]|s+C sup}/0 ( [( /S ( + ds

tel0,t 1+ |t —s])32 [(1+ 5)3/2 14+7)3  (1+s)3

for t; < t!. Taking into account that m(t) is a monotone increasing function, we get
m(t1) < CIZ(0)[|s + Clm*(t:) +m? ()] I(t), ty <t (10.2)

where

I(t) = Sup}/ot( (1+1)372 {( 1)3/2/:1( AN S PP S

tel0,t T+ t—s))?2 [(1+s 14+7)3  (1+s)3

Therefore, (10.2) becomes
m(t) < CIZ(0)||p + CIm?(tr) +m*(t)],  # <t (10.3)
This inequality implies that m(t;) is bounded for ¢; < t”, and moreover,
m(ty) < Chl|Z(0)]|s, <ty (10.4)

since m(0) = ||Z(0)||s is sufficiently small by (3.8).
Step i1) The constant C} in the estimate (10.4) does not depend on ¢, ¢/ and ¢ by Lemma



9.1. We choose dy in (2.12) so small that || Z(0)||s < /(2C4). It is possible due to (3.8).
Then the estimate (10.4) implies that ¢ = ¢, and therefore (10.4) holds for all ¢; < ..
Then the bound (9.13) holds for all ¢t < #,. We choose € so small that the right hand side
in (9.13) does not exceed one. Then ¢, = t,. Therefore, (10.4) holds for all ¢; < t,, hence
the first inequality in (6.3) also holds if || Z(0)||s is sufficiently small by (9.1) and (9.14).
Finally, this implies that ¢, = oo, hence also ]/ =t/ = oo and (10.4) holds for all ¢; > 0
if dy is small enough. [ |

11 Soliton Asymptotics

Here we prove our main Theorem 2.1 under the assumption that the decay (6.12) holds.
First we will prove the asymptotics (1.8) for the vector components, and afterwards the
asymptotics (1.1) for the fields.

Asymptotics for the vector components From (4.3) we have ¢ = b+ @, and from
(6.14), (6.15), (4.8) it follows that @ = P + O(||Z|[? 5). Thus,

G=b+Q=0v(t)+¢ét)+ Pt)+ O(|Z] ). (11.1)
The equation (6.10) and the estimates (6.11), (6.12) imply that

< Cl (p7 v, dO)

D) + 1900)] < =0

t>0. (11.2)

Therefore, c(t) = ¢y + O(t™?) and v(t) = vy + O(t72), t — oo. Since |P| < || Z]|_p, the
estimate (6.12), and (11.2), (11.1) imply that

q(t) = vy + OF*?). (11.3)
Similarly,
t
b(t) = c(t) + / v(s)ds = vyt +a, + O, (11.4)
0
hence the second part of (1.8) follows:
qt) =b(t) + Q(t) = vit +ay +O(t1), (11.5)
since Q(t) = O(t~%/?) by (6.12).
Asymptotics for the fields We apply the approach developed in [12], see also [10]. For
the field part of the solution, ¥ (z,t) = ¥ (x,t) + itha(x, ) let us define the accompanying

soliton field as ) (z — q(t)), where we define now v(t) = ¢(t), cf. (11.1). Then for the
difference z(x,t) = (x,t) — ¥y (x — ¢(t)) we obtain the equation

iZ(z,t) = (—A +m?)z(z,t) — iv - Vb (x — q(t)).

Then
() = W(0)200) = [ Wolt = 9)li¥(s) - Vet - = a(s))lds (11.6)

To obtain the asymptotics (2.14) it suffices to prove that z(t) = Wy(t)yp, + ri(t) with
some ¥, € H' and ||ry(t)||;n = O(t~/2). This is equivalent to

Wo(=t)z(t) =, + ' (1), (11.7)



where |7, (t)||zr = O(t~/?) since WO(t) is a unitary group in the Sobolev space F by the
energy conservation for the free Schrédinger equation. Finally, (11.7) holds since (11.6)
implies that

Wa(—1)2(t) = 2(0) - / Wo(—s)F(s)ds,  F(s) = i¥(s) - Vthugo (- — (),

where the integral in the right hand side of converges in the Hilbert space F with the rate
O(t~%/2). The latter holds since |[Wy(—s)f(s)||m = O(s~%?) by the unitarity of Wy(—s)
and the decay rate ||f(s)||z = O(s™*/?). Let us prove this rate of decay. It suffices to
prove that [v(s)| = O(s7%/?), or equivalently [p(s)| = O(s™*/?). Substitute (4.2) to the
last equation of (1.2) and obtain

50 = [ [ = 50) + o = 50, 0] Tps(=b0) - QO = [ i (1) Vi )y
+ [ s ) V300 = @) = Vi) dy + / (.09 i(y ~ Q)

The first integral in the right hand side is zero by the stationary equations (2.7). The
second integral is O(t~%/?), since Q(t) = O(t~*/?), and by the conditions (1.9) on p.
Finally, the third integral is O(t~*/2) by the estimate (6.12). The proof is complete. M

12 Decay for the Linearized Dynamics

In remaining sections we prove Proposition 6.2 in order to complete the proof of the main
result (Theorem 2.1). Here we discuss our general strategy of the proof of the Proposition.
We apply the Fourier-Laplace transform

X(\) = /OOO e MX (t)dt, Re\ >0 (12.1)

0 (6.16). According to Proposition 6.2, we expect that the solution X (¢) is bounded in
the norm || - ||_3. Then the integral (12.1) converges and is analytic for Re A > 0. We
will write A and v instead of A; and v; in all remaining part of the paper. After the
Fourier-Laplace transform (6.16) becomes

AX(A\) = AX(\) 4+ Xy, Rel>0. (12.2)

Let us stress that (12.2) is equivalent to the Cauchy problem for the functions X (¢) €
Cy([0,00); E_p). Hence the solution X (t) is given by

X(\) =—(A-=XN"1X,, Re A > 0 (12.3)

if the resolvent R(A\) = (A — \)~! exists for Re A > 0.

Let us comment on our following strategy in proving the decay (6.12). First, we will
construct the resolvent R(A) for Re A > 0 and prove that it is a continuous operator in
£ 5. Then X(\) € £ 5 and is an analytic function for ReA > 0. Second, we have to
justify that there exist a (unique) function X () € C([0, 00); E_p) satisfying (12.1).

The analyticity of X()\) and Paley-Wiener arguments (see [16]) should provide the
existence of a £_g - valued distribution X (¢), ¢t € R, with a support in [0, c0). Formally,

1 S
— / e“' X (iw + 0)dw, teR. (12.4)
R

X(H) = 2m



However, to check the continuity of X (t) for ¢ > 0, we need additionally a bound for
X (iw + 0) at large |w|. Finally, for the time decay of X (t), we need an additional infor-
mation on the smoothness and decay of X (iw 4+ 0). More precisely, we should prove that
the function X (iw + 0)

i) is smooth outside w = 0 and w = £, where p = u(v) > 0,

ii) decays in a certain sense as |w| — 0.

iii)admits the Puiseux expansion at w = +.

iv) is analytic at w = 0 if X, € Z, :=P,€ and X, € &;s.

Then the decay (6.12) would follow from the Fourier-Laplace representation (12.4).

We will check the properties of type i)-iv) only for the last two components Q()\) and
P(\) of the vector X(\) = (¥1()\), Us(N), Q(N), P(X)). The properties provide the decay
(6.12) for the vector components Q(t) and P(t) of the solution X (¢). Then for the field
components Wy (z,t) and Wy(x,t) we will use wellknown properties of free Schrodinger
equation.

13 Constructing the Resolvent
Here we construct the resolvent as a bounded operator in £_g for Re A > 0. We will write

(U1 (y), ¥a(y), Q, P) instead of (U1(y, ), Ta(y, A), Q(\), P(N\)) to simplify the notations.
Then (12.2) reads

\:[11 \:[101

\:[12 \:[102
A— ) = —
A=-N1 9 Qo

P B,

It is the system of equations
vV (y) = (A =m?)Ws(y) — Q- Vo2 — AV (y) = Vo1 (y)
(A =m?*)Wy(y) +v-VU(y) + Q- Vpr — AVy(y) = —Vpa(y)
y € R®. (13.1)
P-2Q=-Q

—(V;(Y), pi(y)) + (Vb (y), Q - Vi (y)) = AP = —Fy

Step i) Let us study the first two equations. In Fourier space they become
—(ikv + Ny (k) + (k2 + m2)Wy(k) = =gy (k) — iQk o,
(13.2)

Let us invert the matrix of the system and obtain

—(ikv+ X)) KE+m2 O\ o o o1 —(ikv+ ) —(k2 + m2)
(—(k2+m2) —(ikv—i-)\)) = [(tkv+A) "+ (k" m7)’] ( kK2 +m?  —(ikv+ ) )

Taking the inverse Fourier transform we obtain the corresponding fundamental solution

O N R AT (133)



where

1 1
1 — 1
9x(y) = F=Y (k2 4+ m2)2 — (kv — i))2 =Y (k2 4+ m? — kv 4 i\ (k2 +m2 + kv — i))

(13.4)

Note that denominator in RHS (13.4) does not vanish for Re A > 0, k € R3. Moreover it
does not vanish for ReA > 0, k € C3? for sufficiently small | Im k|. Therefore gy (y) decays
exponentially by the Paley-Wiener arguments. Let us compute the entries of matrix G
explicitly:

—ikv — A
Gl = GX) =F" ; 13.5
() » () (k2 +m2)? — (kv —i))? (13.5)
- gl ( 1/2i B 1/2i ) _ e~ +lyl—izy B o7 lyl+i%y
YNE2+m? — kv 44X k2 +m? + kv — i) 8ir|y| 8irly|
21 1 k* + m?

Gly) = —Gi(y)=F"

(B2 + m2)2 — (kv — i))?2

- 1/2 1/2 et lil=i%y e lyl+idy
UNRZ+m? — kv +iX k2 +m? + kv — i\ 87y 37ly]

Y

where

2
ep =\ m? — UZ +i)\, Ress > 0. (13.6)

This implies

Lemma 13.1. i) The operator Gy with the integral kernel Gy(y — v'), is continuous
operator H'(R3) ® H*(R®) — H*(R3) ® H?(R?) for Re\ > 0.

ii) The formulas (13.5) and (13.6) imply that for every fized y, the matriz function Gx(y),
Re X > 0, admits an analytic continuation in X to the Riemann surface of the algebraic

2 _
function /p? + N\* with the branching points \ = %iu, where p:=m?* — %
Thus, from (13.2) and (13.3) we obtain the convolution representation

U = Gl W =GP W — (G2 V) - Q+ (G % V) - Q. (13.7)
Uy = Gy x U — Gy« Woy— (G)' V1) - Q@ — (GY % Vps) - Q.

Step i) Now we proceed to the last two equations (13.1):
—AQ + P = —Q, (Viby;, Q- Vpj) —(VU;, p;) — AP = =B, (13.8)
Let us rewrite equations (13.7) as ¥; = ¥;(Q) + ¥, (¥, Yge), where
Uy (Vo Vo) = =Gy # Wop — G % Wog,  U4(Q) = (—G32 « Vpr + Gy * Vo) - Q,

‘;[12(\1101, ‘;[102) = GiQ * \If01 — Gil * 11102, \IIQ(Q) = —(Gil * Vpl + G§\2 * V,og) . Q
Then (V¥;, p;) = (VU,;(Q), pj) + (V¥;(¥o1, Vpa), pj), and the last equation (13.8) be-

comes
(Vipy;,Q - Vi) — (VU(Q), p;) — AP = =Py + (VU (Vg1 Ugy), pj) =: — Py,

First we compute the term

(Vo Q- Vi) =Y (Vb Qi) = Y (Vi 01p;) Q1.

lj lg



Applying the Fourier transform F),_.;, we have by the Parseval identity and (19.3) that

D (O 0ps) = Y {—ikibg, —ikip;) (13.9)
J J

—(K* +m?)p1 + ikvps —ikvpy — (K2 + m?) s

- <kl (k:2 + m2>2 — (kU)z 7klp1> + <kl (k2 + m2)2 _ (k’U)2 7klp2>
kil (82 + ) (AP +1af?) + iCh) (9P = pup) b
a _/ (k2 +m?)? — (kv)? o

As the result, (Vib,;,Q - Vp;) = —LQ, where L is the 3 x 3 matrix with the matrix
elements L;. Now let us compute the term —(VV¥;(Q), p;) = (¥;(Q), Vp;). One has

(U;(Q),0ip;) = Z <<—Gi2 * Op1 + Gy % Oupa, 0ip1) — (G % Oyp1 + G Dypa, 32'02))@1

l

== Z Hil()\)Qh

and again by the Parseval identity we have

Hzl()\) L= <—G§\2 * &pl + G%\l * Glpg, &pl) — <Gi1 * &pl + G§\2 * 81,02, &pg) (1310)

= ([(K* +m*)p1 — (ikv + X)palgake, kipr) + ([(ikv + X)pr + (K* + m®) palgaka, ki)

bk (2 4 m2) (1] + [62?) + (ko + X) (1 = pan) ) dk
- / (k2 4+ m?)? — (kv —i))?
The matrix H is well defined for Re A > 0 since the denominator does not vanish. As the

result, —(VV,(Q), p;) = HQ, where H is the matrix with matrix elements H;. Finally
the equations (13.8) become

Q\ _ ( Qo _ A\E —F
M(N) ( p )=\ p ) where M(N) = LUHO) AR ) (13.11)
Assume for a moment that the matrix M()) is invertible (later we will prove this). Then
we obtain
QY _ 1 Qo
( p )= M7 (N) P ) Re A > 0. (13.12)

Finally, formula (13.12) and formulas (13.7), where @ is expressed from (13.12), give the
expression of the resolvent R(A\) = (A —X)"!, ReA > 0

Lemma 13.2. The matriz function M(X) (respectively, M~1(\)), ReX > 0 admits an
analytic (respectively meromorphic) continuation to the Riemann surface of the function

Vi + A2 e C.

Proof. The analytic continuation of M(\), exists by Lemma 13.1 ii) and the convolution
expressions in (13.10) by (1.9). The inverse matrix is then meromorphic since it exists for
large Re A. The latter follows from (13.11) since H(A) — 0, Re A\ — oo, by (13.10). O



14 Analyticity in the Half-Plane

Here we prove the following
Proposition 14.1. The operator-valued function R(\) : € — &€ is analytic for Re A > 0.

Proof. 1t is sufficient to prove that the operator A — X : £ — &€ has a bounded inverse
operator for Re A > 0. Let us recall, that A = A, , where |v| < 2m.

Step i) Let us prove that Ker (A — A) = 0 for ReA > 0. Indeed, let us assume that
Xy = (U1, Ua2, Qy, Py) € & satisfies (A — N\) X, = 0, that is X is a solution to (13.1)
with Uy = Uy = 0 and Qg = Fy = 0. We have to prove that X, = 0.

First let us check that Py = 0. Indeed, the trajectory X := X, eM € C(R, &) is the
solution to the equation X = AX that is (5.1) with w = v. Then H,,(X(t)) grows
exponentially by (5.8). This growth contradicts to the conservation of H, ,, which follows
from Lemma 5.1 ii) since X () € C*(R,E"). The latter inclusion follows from Lemma
13.1 since (W), Wyo) satisfies the equations (13.7) with Wo; = W = 0 and @ = Q).

Now MA@y = P\ = 0 by the third equation of (13.1), hence @, = 0 since A # 0. Finally,
Uy =0, Vo =0 by the equations (13.7) with @ = @\ = 0.

Step i) Let us represent A — A = Ay + T, where

v-V=X —(A=m?) 0 0 0 0 — - Vps 0

Ao A—m? ov-V—=X 0 0 T 0 0 -Vp1 0
0= 0 0 -\ 0 |77 0 0 0 E
0 0 0—A <'> Vpl> <'> Vpl> <v¢vj> 'ij> 0

The operator T is finite-dimensional, and the operator A;"' is bounded in & by Lemma
13.1. Finally, A — X\ = Ag(I + Ay'T), where A;'T is a compact operator. Since we know
that Ker (I + A;'T) = 0, the operator (I + Ay'T) is invertible by Fredholm theory. [

Corollary 14.1. The matriz M(X) of (13.11) is invertible for Re A > 0.

15 Regularity on the Imaginary Axis

First, let us describe the continuous spectrum of the operator A = A, , on the imaginary
axis. By definition, the continuous spectrum corresponds to w € R, such that the resolvent
R(iw+0) is not a bounded operator in £. By the formulas (13.7), this is the case when the
Green function G (y —y') loses the exponential decay. Thus, iw belongs to the continuous
spectrum if

lw| > p = m? — 112/4.

By Lemma 13.2, the limit matrix

. : wk -k
M(iw) := M(iw+0) = < L— H(iw+0) iwE ) : w e R, (15.1)
exists, and its entries are continuous functions of w € R, smooth for |w| < p and |w| > p.
Recall that the point A = 0 belongs to the discrete spectrum of the operator A by Lemma

5.2 1), hence M(iw + 0) (probably) also is not invertible at w = 0.

Proposition 15.1. Let p satisfy the condition(1.9) and the Wiener condition (1.10), and
|v| < 2m. Then the limit matriz M(iw + 0) is invertible for w # 0, w € R.



Proof We will consider separately three cases 0 < |w| < u, w = p, and |w| > u. We
can assume that v = (|v],0,0). Let us denote F(w) := —L + H(iw 4 0), M = m* + k?,
a=|p|*+|p2|*, b="1i(p1py — p2p;). Then the entries of the matrix F' become

1 1
o= k;k: dk | M - 15.2
= [ (3= (oo ~ =) 152
L lv|k1 +w B |v|kq
3 — (ol + ) N — (ol

B /k;z-kjdk; 1 ) 1 I
- o |\ M —Jolks—w Mok tw M—|lk M+ |k

1 1 1 1
+ b - - + .
(M—|’UV€1—W M+‘U|k?1+w M—|U‘]€1 M+‘U|k1)]

Since a is even, and b is odd we obtain that

+o00o
1
0
where
1 1 1 1
D= 15.4
h M—|v\k1—w+M+\v|k:1+w+M+\v|k:1—w+M—|v\k1+w( )
2 2
M — |’U‘]€1 M + ‘U|k17
f 1 1 . 1 1
2T M —(lki—w M4kt M—|lktw M+ lk —w
2 2
— + ,
M — |’U‘]€1 M + ‘U|k}1
Then by (15.1)
w 0 0o -1 0 0
0 w 0 0 -1 0
: 0 0 w 0 0 -1
det M (iw) = det F, —Fy —Fu iw 00
—F12 —F22 —F23 0 w 0
—F13 —F23 —F33 0 0 w
3 Fu Fip Fis
= —(,u6 — w4 ZF}] — w2 Z(EZF}] — FZ) — det F12 F22 F23 (155)
J=1 i<j Fiz Fys F33

since E] = Fﬂ
I. First, let us consider the case 0 < |w| < p. Then the invertibility of M (iw) follows
from

Lemma 15.1. For 0 < |w| < u, the matriz F' is positive definite.

Proof. First, let us note that all denominators in (15.4) are positive for |w| < p = m? —
v?/4, |v] < 2m. Indeed,

2 2

(m? + k)% = (@ + [olkn)? = ((k = /2 +m® = 7 =) ((k+v/2) +m® = T +w) >0



Second, f; > fo > 0if |v| < 2m and 0 < |w| < p. This is proved in Appendix C.
Finally, the Wiener condition implies

atb=|p (k) Fip(k)> >0, VkeR> (15.6)

Therefore af; + bfy > 0 and (15.3) is the integral of the symmetric nonnegative definite
matrix k® k = (k;k;) with a positive weight. Hence, the matrix F' is positive definite. [

IT. w = 4pu. Let us consider for example w = p = m? — %. In this case (13.10) reads:

o kik;(Ma — (kv + p)b)dk
Hij(ip) /<(k’1 |v|) +l{:2—|—k2><( v) +l{:2—|—k2—|—2ﬂ>

2

Now the integrand has a unique singular point. The singularity is integrable, hence
det M(iw) also is negative by the representations (15.5). Hence, the matrix M (iu) is also
invertible.

IT1. |w| > p. Here we apply an other arguments. Now the invertibility of M (iw) follows
from (15.5) by the following lemma (cf. [10])

Lemma 15.2. If (1.10) holds and w > p (w < —pu), then the matriz Im F(w) is negative
(positive) definite.

Proof. We consider the case w > u (the case w < —pu can be treated similarly). Let us
calculate the imaginary part of Fj;. Since Fj; = H;;(iw 4+ 0) — L;; and L;; is real, we will
consider only H;;(iw + 0). For € > 0 we have

. kiki(Ma+ (kv 4w —ig)b)dk 1 kik;(a+ b)dk
H" — J _ J
iliw +e) / M? — (kv +w —ig)? 2) M—Fkv—w+ie
2) M+ kv+w—ic

(15.7)

= H\(iw +¢) + H(iw + €).

It suffices to consider only the first summand in (15.7), since the second summand is real
for e = 0. Consider the denominator

D.(k) = kK> +m? — kv — w + ic.
Note that Dy(k) = 0 on an ellipsoid T},, where
= {k: k=5l = Ri= vo—p},

Then the Plemelj formula for C'!'-functions implies that

kikj(a + b)

ds, 15.8
|V Do (k)| 1o

Tm H (iw 4 0) = 7T/

Tw

where dS is the element of the surface area. Hence, the matrix Im H'(iw + 0) is negative

definite by (15.6). O
Now let us prove that the limit matrix M (iw + 0) is invertible. Recall that

Miw +0) = ( wk —E )

—F(iw+0) iwE



Then the equation

M(¢w+0)<§_§):o

becomes
w@—P=0, —FQ+iwP =0. (15.9)

Then (F + w?)Q = 0, which implies Q = 0 and then P = 0 since the matrix Im F is
negative definite for w > p. This completes the proofs of the Proposition 15.1.

Corollary 15.1. Proposition 15.1 implies that the matriv M~ (iw) is smooth in w € R
outside three points w = 0, +pu.

16 Singular Spectral Points

Let us recall that the formula (13.12) expresses the Fourier-Laplace transforms Q(\), P()).
Hence, the components are given by the Fourier integral

( ggg ) = %/ei“t/\/l_l(iwr@) ( ?32 )dw (16.1)

if it converges in the sense of distributions. The Corollary 15.1 alone is not sufficient for
the proof of the convergence and decay of the integral. Namely, we need an additional
information about a regularity of the matrix M~!(iw) at its singular points w = 0, %4,
and some bounds at |w| — co. We will analyze all the points separately.

I. First we consider the points +u.

Lemma 16.1. The matriz M~ (iw) admits the following Puiseuz expansion in a neigh-
borhood of +u: there exists an e+ > 0 s.t.

MM iw) =Y REwFu)"?, lwFpl<er, weR (16.2)
k=0

Proof. 1t suffices to prove a similar expansion for M(iw). Then (16.2) holds also for
M~ (iw), since the matrices M (ziu) are invertible. The asymptotics for M (iw) holds
by the convolution representation (13.10)

HZ()\) = —<G§\2 * alpl + Gil * 8lp2,82-p1) — <G§\1 * 81/)1 + G%? * alp2,81p2>. (163)

since ng admit the corresponding Puiseux expansions by the formula (13.5). O

I1. Second, we study the asymptotic behavior of M~1()) at infinity. Let us recall that
M™L(X) was originally defined for Re A > 0, and admits a meromorphic continuation to

the Riemann surface of the function y/m? — % + 4\ (see Lemma 13.2).

Lemma 16.2. There exist a matriz Ry and a matriz-function Ry(w), such that
1/ RO
M (zw)z:—i—Rl(u}), lw| > p+1, w € R,

where, for every k =0,1,2, ..

C
08 Ry (w)] < ﬁ w| > g+ 1, w € R, (16.4)



Proof. The structure (15.1) of the matrix M (iw) provides that it suffices to prove the
following estimate for the elements of the matrix H(iw) := H (iw + 0):

Ch

0 H5(i)| < -,
W=

weR, |w>p+1, j5=1,2,3. (16.5)
Note, that
1, _ 1, _
Gy« f = 2_2.(D1 Y= D3NS, Gl f = §(D1 YA+ D),
where
Di(N) = —=A+m? —iv-V+i)\, Dy(\) = —-A+m?+iv-V —i\, ReX >0,

and D;'()), j = 1,2 are bounded operators in L?(R?). The estimate (16.5) immediately
follows from a more general bound

Cr(R)

505 o+ 02, < =)

1z, weR, |w[>p+1 (16.6)

which holds for ¢ > 3/2. Namely, (16.5) follows by (1.9) from (16.6) applied to the
functions f(y) = dip,(y) € L2.
The bound (16.6) is proved in [1, the bound (A.2")] (see also [15, Thm 8.1]). O

III. Finally, we consider the point w = 0 which is most singular. The point is an
isolated pole of a finite degree by Lemma 13.2, hence the Laurent expansion holds,

M iw) =) Mw ™' + H(w), |w| < &0, (16.7)
k=0

where M), are 6 X 6 complex matrices, g9 > 0, and H(w) is an analytic matrix-valued
function for complex w with |w| < &.

17 Time Decay of the Vector Components

Here we prove the decay (6.12) for the components Q(t) and P(t).
Lemma 17.1. (¢f. [10]) Let Xy € Z, 5. Then Q(t), P(t) are continuous and

C(p>@> dO)
(L+ [¢))32

Proof. The expansions (16.2), (16.4) and (16.7) imply the convergence of the Fourier
integral (16.1) in the sense of distributions to a continuous function of t > 0. Let us prove
(17.1). First let us note that the condition X, € Z, 3 implies that the whole trajectory
X (t) lies in Z, g. This follows from the invariance of the space Z, s under the generator
A, (cf. Remark 6.2). Note that for X, not belonging to Z, s the components Q(¢)
and P(t) may contain non-decaying terms which correspond to the singular point w = 0.
Indeed, we know that the linearized dynamics admits the secular solutions without decay,
see (6.17). The formulas (3.2) give the corresponding components Qg(t) and Ps(t) of the

secular solutions,
(%) =-e(d)-so(3)e ()] o

Q)+ [P(H)] < t=>0. (17.1)




We will show that the symplectic orthogonality condition leads to (17.1). Let us split the
Fourier integral (16.1) into three terms using the partition of unity ¢;(w)+(a(w)+(3(w) =
1, welR:

( % ) - o / e(Gw) + Glw) + (W) M (iw +0) ( ?32 )d”

= L(t)+ L(t) + I3(t), (17.3)

where the functions (i (w) € C*°(R) are supported by
supp(; C {weR:¢g/2 < |w| <p+2}
supple C {weR:|w|>p+1} (17.4)

supp(s C {weR:|w| <ep}

Then

i) The function I,(t) decays, like (1 + [¢|)~%/2, by the Puiseux expansion (16.2).

ii) The function I5(t) decays faster than any power of ¢ due to Proposition 16.2.

iii) Finally, the function I3(t) generally does not decay if n > 0 in the Laurent expansion
(16.7). Namely, the contribution of the analytic function H(w) decays faster than any
power of t. On the other hand, the contribution of the Lorent series,

( ?32((;)) ) = i/ e Gy(w ZMk —i0)~ ( %2 )dw, teR,  (17.5)

is a polynomial function of ¢ € R, of a degree < n, modulo functions decaying faster than
any power of t. Let us note that the formula (17.2) gives an example of the polynomial
functions appeared from (17.5).

We have to show that the symplectic orthogonality condition eliminates the polynomial
functions. Our main difficulty is that we do not know anything about the order n of the
pole and the Lorent coefficients My, of the matrix M~!(iw) at w = 0.

Our crucial observation is the following:

a) The components (17.2), of the secular solutions, form a linear space Lg of the dimen-
sion dim Lg = 6.

b) The polynomial functions from (17.5) belong to a linear space £y of the dimension
dim £, < 6, since (Qo, P}) € RS.

c) Ls C Ly, since all the functions (17.2) admits the representation (17.5). The latter fol-
lows from the fact that the secular solutions (6.17) can be reproduced by our calculations
with the Laplace transform.

Therefore, we conclude that
Ly =Ls. (17.6)

It remains to note that the secular solutions are forbidden since X, € Z, 3. Hence, the
polynomial terms in (17.5) vanish that implies the decay (17.1).

More precisely, we know thatX (t) = P,X(¢) for all ¢ € R. On the other hand, the
identity (17.6) implies that X (¢) can be corrected by a secular solution Xg(t) s.t. the
corresponding components Qa(t) and Pa(t), of the difference A(t) := X(t) — Xs(),
decay. Hence, the components Q(t) and P(t), of X(¢) = P, X(t) = P,[X(t) — Xs(t)], also
decay. O



18 Time Decay of Fields

Here we prove the decay of the field components ¥y (z,t), Uy(x,t) corresponding to (6.12).
The first two equations of (6.16) may be written as one equation:

() = (~A+m?2+iv- V)T —Q(t) - Vp, (18.1)

where U(t) = Uy(-,t) +1Vs(+,t)). By Lemma 17.1 we know that () is continuous function
of t > 0, and

C(p,v,dy)
(14 [2])>

Hence, the Proposition 6.2 is reduced now to the following

Q)] < > 0. (18.2)

00);R?), and Wy € Hj. Then the

Proposition 18.1. i) Let a function Q(t) € C([0,
([0, 00); Hp) with the initial condition

equation (18.1) admits a unique solution ¥ (t) € C
W(0) = .
it) If Wo € Hj and the decay (18.2) holds, the corresponding fields also decay uniformly

m v _
C(p7 v, dOa ||\IIO||175)

V()15 <
|| ()Hl g = (1+\t|)3/2 ’

t>0, (18.3)
for |v| < v with any v € (0,2m).

Proof. The statements follow from the Duhamel representation
t
B(t) = W (1T, —/ W(t—$)Q(s)-Vpds,  t>0, (18.4)
0

where W(t) is the dynamical group (propagator) of the free equation
iU (t) = (A +m?+iv- V)U(1).
Lemma 18.1. Let [v| <T with any T € (0,2m). Then for ¥y € Hj.
W () Woll1,—5 < C@A+ [t) 2 Woll15, > 0. (18.5)

Proof. Note that W (t)¥, = e~"m*~1t*/Vteivz/2¢ (1) where ®(t) is a solution to free Schro-
dinger Equation ' .
id(t) = —AdD(t), ®(0) = /W,

It is wellknown that ®(¢) satisfies the estimate ||®(¢)|1,_5 < C(1+t])=%/2||®(0)|1.5, t > 0
(see for example [15]). O

Now (18.3) follows from the condition (18.2), and the Duhamel representation (18.4).
U

19 Appendix

A. Solitary waves

Let us to check the last equation of (2.7):

0= / (Vo (1) p1(y) + Vibua(y) p2(y) ) dy. (19.1)



Let us transfer to the Fourier representation. Set

~

(k) = (2m)=% | e* T (x)de.

It is easy to compute that
—ikmﬁvl + (k2 + m2)1ﬁv2 = —,52, (k?z + m2)1ﬁv1 + ikUQ;UQ == —ﬁl. (192)

Therefore

(k% +m?)p1 (k) + ikvpa(k)
(k2 +m2)2 — (kv)2

1&02(1{;) _ _Zkvﬁl(k) — (kQ + m2)ﬁ2(k) ) (193)

@vl(k) = — (k2 + mz)z _ (k;v)2

By Parseval identity (19.1) becames

N s = ki [= (k2 +m?)(|p1* + [ p2]?) + ikv(popy — p1po)]dk
0= /kj (1%1/)1 + wv2/}2)dk - / (k2 + m2)2 _ (kv)2 ’

which is true, since the integrand is odd.

B. Computing Q(7;, 7;)

Let us to justify the formulas (3.4)-(3.6) for the matrix Q. For j,I = 1,2,3 one has from
(3.2) and (3.1)

Q(15,11) = (01, Othya) — (0j¢v2, Othin), (19.4)
QUTj13, Ti43) = (v Vw1, OuPu2) — (Ov; V2, Ouyur ), (19.5)

and
(1, Tix3) = —(05%01, Oy v2) + (012, Ontbu1) + €5 - €. (19.6)

Differentiating (19.2) we get

ks kvt — ik; (k2 + m2)hye ik (k% + m?) oy + kikvihy

v-Av: 5 v-Av: ) .:1727 .
Oy, 1w (k2 +m2)2 — (kv)? O, thua (k2 + m2)2 — (kv)? J 3
(19.7)

Then for j,I = 1,2,3 we obtain from (19.4) by the Parseval identity that
0r,.m) = [ by k(i = dian) =0, (19.5)

since the function . = z&vlﬁw — @EUQZM is odd. Similarly, by (19.5) and (19.7)

kjkl<22'(k2 + m2)kv(|tho |2+ 2] — (K2 + m2)2+(kv)2)@2v0)dkz
Q(Tj+3>Tl+3):_/ =0.
(4 P = (R
(19.9)

Finally, by (19.6),

kiky ((k;2 + m2)(|tho1 |2 + |the2]?) + z’kmﬁm) dk
Q(Tj, Tl+3) = / + €; - €. (1910)

(k2 +m?)? — (kv)?
Now (3.4) - (3.6) are proved.



C. Positivity of f; and f

Here we check the inequalities which we have used in the proof of Lemma 15.1:

1 1 2
1) fi = ~
) K <M—|v\k1—w+M—\v|k1+w M—|v\k1)

1 1 2
+( + - )>o.
M+ ki —w M+ vlki+w M+ |vlk

2) f _< 1 n 1 B 2 )
TAM ki —w M=ok +w M —|olk
1 1 2
- + = ) >0 (19.11
<M+\v|k:1—w M+ vk +w M+ vk ( )

under the conditions |v| < 2m, 0 < |w| < p = m? — v?/4. First, let us note that the
expressions in each bracets is positive, since

Lt 2 20 -0
b—a b+a b (b+a)b—a)b

if b—a, b+a > 0, b > 0 and it immediately implies that f; > 0. Next, the first summand in
LHS of (19.11) obviously is not less than the second summand since |v|k; > 0. Therefore

fo>0and fo < fi.
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