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ABSTRACT. We improve previous results on dispersion decay for 3D Klein-
Gordon equation with generic potential. We develop a novel approach, which
allows us to establish the decay in more strong norms and to weaken assump-
tions on the potential.

1. Introduction. We are concerned with three-dimensional Klein-Gordon equa-
tion

Oz, t) = Ap(x,t) — m2(x,t) + V(z)b(z,t), zeR3 m>0. (1)
In vector form

iU (t) = KU(t), (2)

W=7 ) = (iamtsvin o)

Our goal is the improvement of previous results on dispersion decay of solutions.
We suggest a novel approach which allows us to establish the decay in more strong
norms and to weaken assumptions on the potential. We assume that V(z) is a
continuous real function, and

where

V(@) <C@)™?, 2R (z) =1+, (3)
for some B > 3. We restrict ourselves to the “regular case” when the point 0 is
neither eigenvalue nor resonance for the Schrodinger operator H = —A — V(z).

Equivalently, the truncated resolvent of the operator H is bounded at the point 0.
To formulate our result, we introduce weighted Sobolev spaces H: = HZ(R?)
with s, 0 € R, associated with the norms

[llms = 1) (V)* |2 < oo
We denote L2 = HO.

Definition 1.1. E, is the complex Hilbert space H! & L2 of vector-functions
¥ = (¢, w) with the norm

19z, =l +lImlLz < oo
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Our main result is the following
Theorem 1.2. Let (??) hold and o > 3/2. Then in the regular case,
(O LK) 5 m-, < CL+[E) T2, tER, (4)

where U(t) is the dynamical group of the equation (?7), and P.(K) is the Riesz
projection onto the continuous spectrum of K.

The Strichartz estimates for the 3D Klein-Gordon equations were obtained in
[?, 2, ?]; the long-time decay ~ ¢t~3/2 in local energy norms was established first
by Vainberg [?]. In [?, 7] we obtained the weighted energy decay (??) for o > 5/2
under an additional assumption on the decay of VV (z). Now we improve this result
to o > 3/2 assuming (?7) only.

For the 3D Schrodinger equation the dispersion decay in weighted norms has
been established first by Jensen and Kato [?]: for o > 5/2

le™ P.(H)| sz, <CA+[E)T2 teR ()

in the regular case. Later, Goldberg and Schlag [?] proved the dispersion decay in
L' — L norm:

e Pe(H) |11 poe = O(E]722), ¢ = oo, (6)

which implies (??) with o > 3/2.

The approach [?, ?] to the Schrodinger equation relies on the spectral Fourier-

Laplace representation

(o]

e P.(H) = 1 / e “"t R(w +1i0) — R(w — i0) | dw, (7)
27

0
where R(w) = (H — w)™! is the resolvent of the Schrodinger operator H. Low
energy and high energy parts are considered separately. The required dispersion
decay follows from the regularity of resolvent for small w and its decay in weighted
norms for large w (see [?, ?7]).

The methods [?] cannot be directly applied to the Klein-Gordon equation, since
the results of [?, ?] imply the boundedness of the corresponding resolvent R(w) =
(K — w)~! only (see the discussion in Introduction of [?]). Similarly, the methods
[?] are also inapplicable since the L' — L°° bound of type (??) fails for the Klein-
Gordon equation (see below).

Our approach relies on the Born expansion for the dynamical group U(t),

t

Z/l(t) = U()(t) —1 /uO(t - S)Vuo(s)ds

Sk—1
+( ) /Z/{O tf S1 /VUO S1 — 52 / VUO(Sk—l — sk)dsk...dsl +L{k(t),
0 0

where Uy (t) is the dynamical group of the free equation and V is the matrix (?7?).

The decay of type (??) for the first term Up(t) in weighted energy norms was
established in [?] using an analog of the strong Huygens principle. Then the decay
for the next terms follows by estimates for convolutions and by the condition (?7)
on the potential.
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The main difficulty is to prove the decay of type (??) for the remainder Uy(t),

(_1)k+1
21

Up(t) = / e “H[(RoV)*VRV Ry (w +i0) — [(RoV)* VRV R (w —i0))dw,

T

where I' = (—oo, —m] U [m, 00), and Ro(w) stands for the free resolvent correspond-
ing to V = 0. We derive this decay proving the time decay of Uy (t) and of Vi (t)
in L' ® L' — L>*° @ L*> norm. For the proof we develop a streamlined version of
the approach [?].

In conclusion, we note that for the free Schrodinger operator the decay of type
(??) in L' — L norm follows from the boundedness of its integral kernel for [t| > 1
and from the uniform decay of the kernel. Namely,

ei\zfy|2/4t

e At o = SUP |—— 775
| 215z p (4mit)3/?

z,yER3

~ [¢| /2. (8)

On the other hand, for Up(t) the decay in L' & L' — L* & L* norm does not hold
since its kernel is unbounded,

St =z —y) om0t |z —y) i (myE o —yP)
12 _ o m
U (t,w,y) = S VAN G

This difference reflects the distinct character of the wave propagation for the rela-
tivistic and nonrelativistic equations. Namely, the singularities of solutions to the
Schrédinger equation are concentrated at ¢ = 0 and disappear at infinity for ¢ # 0
due to infinite speed of propagation. On the other hand, in the case of Klein-Gordon
equation, the singularities move with bounded velocities, thus they are present for-
ever in the space.

Our paper is organised as follows. In Section 77 we recall the known spectral
properties of the Schroédinger resolvent. In Sections 77 and 7?7 we derive some
properties of the finite Born series. In Section 7?7 we prove our main result. In
Section ?? we apply our approach to the Schrédinger equation.

Let us note that the dispersion decay in weighted norms plays an important

role in proving asymptotic stability of solitons in associated nonlinear equations
[7,2,7,2,7].

2. The Schrédinger resolvent. Here we collect the properties of the resolvent
R(w) = (H — w)~! obtained in [?, ?] (see also [?] where the full proofs of these
properties can be found). We suppose that the condition (??) holds with some
£ > 1. Then

R1. R(w): L? — L? is a meromorphic function of w € C\ [0, 00); the poles of R(w)
are located at a finite set of eigenvalues w; < 0.

R2. Forw > 0and 0 > 1/2
|R(w +ie) — R(w£i0)|[p2 p2 —0, €—=0+.
R3. Let 8 > 3. Then for o > 1/2+k
IR @)lr2opz, = O(wl”2), |w| =00, weC\[0,00), k=0,1,2. (10)

R4. Let 8 > 2. Then in the regular case, R(w) is a continuous operator function
at w = 0 with the values in B(L2, L% ) for any 01,09 > 1/2 with o1 + 09 > 2.
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R5. Let 8 > 3. Then in the regular case, for w € C\ [0, 00),
HR(w)”Lz L2 = O(].), w—0, 0'1,0'2>1/2, o1+ 09 > 2, (11)
o1 —og
RO @) e = Ol ™), w0, o>1/2+k k=12 (12

In particular, all these properties hold for the free resolvent Ry(w) = (—A —w)~ L.

Denote R*(\?) = R(A\? £i0), RE(A\?) = Ry(\? +i0), X > 0. The integral kernel of
RE()?) has an explicit representation
RE(\?) = Zi:i;, A>0. (13)
The asymptotics (??7)—(??) imply
Lemma 2.1. Let (??) hold with 8 > 3. Then in the regular case
IOSBE O 1z, 5r2,, SCA+NT AZ0, (14)
where 01,02 > 1/2, 01 + 02 > 2 for k=0, and 01,00 > 1/2+k for k=1,2.
Proof. First, we have
105 RNz, p2 = O(1), A =0, (15)
where 01,09 > 1/2, 01 + 092 > 2 for k = 0, and 01,00 > 1/2 + k for k = 1,2.

Asymptotics (??) with k = 0 follow from (??). For k = 1,2 we apply the formulas
(see for example [?, Formulas (17.9), (17.11)])

R = Ry+ RVR| + R\VR+ RVR,VR,
R" =R+ RVR{ + R{VR+ RVR{VR+2R'VR{, + 2R'VR,VR.
Similarly, asymptotics (??) implies
ak

||WRi(/\2)||Lgl_,L302 =0\, A= o0, g1,00>1/24+k, k=0,1,2.

O

3. The Born series. Iteration the Schrodinger resolvent identity yields the finite
Born series

N
R* = (R;V)"Ry + (R;V)VR*VRF, N >0. (16)
k=0
For any N > 1 and A > 0 denote
My(\) = (Ry(W)V)NTTRE(N),
AN(N) = Ry (W)HVIIN(AMVRG (V) = (Ry (W)V)NR=(A)VRG (X?). (17)

Here we prove some properties of Hﬁ and Aﬁ which we will need below. We denote
by a4+ any number a + £ with an arbitrary small, but fixed € > 0.

Lemma 3.1. Let (??) hold with some 8 > 2. Then in the regular case,
IR () =Ty M2, 52, =0, A=0, N>1. (18)
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Proof. We have
IREO2) = Ry Oz, z2,  — 0,
IRT(N?) = R™(M)llz, 52, = 0, A=0
by R4. It remains to note, that V : L_;_ — L; is bounded for 5 > 2. O

Lemma 3.2. Let (??) hold with some 8 >3 and N > 1. Then in the regular case,

TN M)z, sz, +IOATTH (A )||L23+—>L2 + Iy (A )||L2+—>L2

<SCA+NN, o1,00>1/2, o1 +09>2. (19)
Proof. For N =1, (??) follows by (??). In the case N = 2, we get
IME Wz, ee, < IR <X“>||L§/2 1B O2)s o
C(1+A)"2
by (??). Further, (??) implies
VT (Wl o,

< I05R5 (W) 12 sz, WVilez s IO ey 2,
3+ 3+ 3+

IN

—>L2702||VHL273/2 3/2+ 3/2—

IN

2

2

+||RO<A2>||L2+%L2 Ve, o IOnRES ey, e, <O+ N)
27 2

10315 (V2 oz
2

2

< 0RRG (A2 IR HVHL2 -4 ||Ri()‘2)HL2+HL2

2

+OARG (A )||Lz S ||V||L2 , ory IOBTW)a L2,
2= 2+ 2t —2-
IRy (W)lles re, IIVHL2 . o2 BRIy L2, <CL+A)
2t 3 —2— 2t 2t 3
For N > 2, (7?) follows by induction. O

Lemma 3.3. Let (??) hold with some 8 > 3. Then for N > 2, in the regular case,
IAR(N) = AxMlzispe =0, [VARA) = Ay(A)llzisz= — 0, X = 0. (20)
Proof. 1) Let us prove the first limit (??). We split A}, — Ay as
AS — Ay = (Rf — Ry)VIILVRS + Ry VL, —TIy)VRE + Ry VIIZV(RE — Ry).
Then, for any f,g € L', we obtain
[(f, (AR (V) = Ay (N)g)] < (V(Rg (\) = Ry (A)) £, LTy (M V Ry (3)g)]
+H{(VRG (A) f, IIF () ~TIy (\)V R (A)g)]
+H(VRy (V) f, Iy WV (RS (A*) =Ry (A))g)|
< [V(Rg (W) =Ry W) fllez IR (M2, 2, [IVRG (W)gll Lz,
FIVREO) fllz, 10N T )Lz, oz, IVESO)gllsz,
HIVRg W) fllzz, Iy (Mlzz, 2, [IV(Rg (W) =Ry (A))gll Lz,
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since (RE)* = RJ. For any 0 < 0 < 8 — 1/2, we have
IVREQ)fI2, < / V2(2) ()2 / RE(\2, 2, y)  (y)dy[dx

20’ 23
<C//|f yo)llf (y2)] /|$ ] |x—y2|d )dyldyQ <Gilfl7:- (21)

Similarly, for any 0 < o < 8 — 3/2, we have

VRO~ REGADAR; < O [[ [P )l v ldzdndye
< O N|f13. (22)
since
sup [RE (V2 2,y) — By (\,a,y)| < OA. (23)

z,y€R?
Hence, the first limit (?7?) follows by Lemma ?7.
2) Now we prove the second limit (??7). We have
sup [V (RJ (X%, 2,y) = By (A%, 2,9))] < ON%,
T,y €R?

Hence, similarly to (??), we obtain for any 0 <o < 5 —3/2

[VV(RG(A\?) = RE (M) fllz < CN?|fllzr- (24)
Further,
+ /12 A -
VRSO <0 [W@( [ (ot ) W)
1
- [w / y|+|x_y|2)|V(x>|dx)dy
< 1+Amﬂu1 (25)

Hence, (??) implies for any 0 <o < 8 —1/2
IVEGONVVEF (A fllez < CIVVEG O fllr < G+ M) flle. (26)
Similarly, (??) and (??) imply for any 0 < o < 8 —3/2
IV (Rg (\) = R§ (\*))VV Ry (A) fll 2 CAIVVRG (X) f]|

CAM+ N[ fllzr- (27)
Taking into account (?7), (??)—(??), we obtain for any f,g € L

VAL~ A5 ()g)]

< IVV(Ry W) =Ry W) fllez, 1Ty (M, 2, VRS (A)gllrs,

HIV(RG (02) = RECEDVIRS O3 flluz T Wz, e IVREO)gllzs.

HIVRG W) VVERG () f ez, TNy (V) =Ty s (M2, sz2, VRS (A)gllzz,

HIVERG (W)VVRG N flleg, My (Mg, ez, VRS (W) =Ry (A))gllrs,

<
<

< CO+ N fllullgller (A+ 10T ~I5 - Wllez, a2, ) =0, A—0.
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4. Decay of A% ()\). In this and the next sections we omit the signs 4+ not to
overburden the exposition. For example, Ro(\?) means Ry (A2) or Ry (A2), Ax(\) =
AL (), etc.

Lemma 4.1. Let (??) hold with some 3 > 3. Then for N > 1, in the regular case,
IOFANN) It sz <CA+NN, X>0, k=0,1. (28)
Proof. The estimates (??) and (??) imply for any f,g € L! and k = 0,1
[{f, Ro(A\)VOSTLy (\V Ro(A?)g)| = [(VR5(A*) £, XTIy (\)V Ro (X))
< IVRSOA) Ny 1Tl e, VROl
<CA+N)"Yfe gl (29)
Further, for any 0 < o < 8 — 3/2, we obtain

IVosra()s1; < C [ ( [ Iftenldn) do < CulfIE (30)

Hence, (?7?) and (?7) imply for any f,g € L!
[{f, O3 Ro (W) VIIN (\)V Ro(A?)g)| = [(VOARG(A?) f, TIn (\)V Ro (M) g)|
< IVOsRG(A*)fllz, 1Ty (Mllzz, iz, [IVRo(A)gllLs,
<CA+NVfllzellgllzs-

Similarly,

[{f; Ro(W)VIIN (M VOARo(A*)g)] < C(1+N) "N fllrllgll -
Then (??) follows by definition (??) of Ay. O
Lemma 4.2. Let (??) hold with some 3 > 3. Then for N > 2, in the reqular case,

IOXVANN) || Lispe SCA+N)NT2 0 X>0, k=0,1. (31)
Proof. First, we prove some auxiliary estimates. The estimates (?7?), (??) and (?7?)
imply
(£, VRo(A*)VORTLy (W)V Ro (A)g))|
= (VRG(A)VVR5(A) f, OXTIn—1(\)V Ro(X*)g)|

< CIVREA\)VV RGN flzz 105 Ty —1(A) Iz ~zz, [VEo(\)gllL:
2 2

5_ 5
2

5 +
<CO+N)" 2 Sl llgle, k=0,1,2. (32)
Similarly, (??), (??) and (??) imply
(. VR (A*)V ORIy (Vs Ro (A?) )|
< CIVRS NV )VVRGO) fllzg, 103N 1My, 2, [VOARo(A*)glzs
<CA+N)""2Yfllllglzr, k=01 (33)
Further, for any 0 < o0 < 8 — 3/2,

IVOXVRo(N?) f[172 < c/v“‘(x)<x>2a(/ (A —)If(y)\dyfdx

1
[z—y|
<02 [ [l ([ @2 (0 =) (14 =)o) dinds
< CO+ AR (34)

|z —y1
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Then, (?7), (??) and (??) imply
[(f; 03V Ro(\)VIIN (A)V Ro(A?)g)]
<

CIVOVESO) fllzs NOATIN(M 2y ez, VRO )gllrs
< CL+N)"" Y fllpllgler, &=0,1. (35)

It remains to note that (??) for VAy follows from (??) with & = 0, and (??) for
O\VAp follows from (??) with £ =1 and (??), (??) with k = 0. O

Now we prove the decay of some related functions which we will use below. For
A > 0, denote

AR(N) = Ry(\)VOAIy_(MVRF(A?),
AE(N) = (GF\)'VIER(AVRE(N?),
AF(N) = RFOWHVIE(NVGEW), (36)

where G*()\) is the operator with the kernel

eEir(e—yl~ly)
A > 0.

)

GF(\, z,y) =
Nwy) =F—

Lemma 4.3. Let (??) hold with some B > 3. Then for N > 1, in the regular case,
IOSAN M2tz HIONAN V)|t oo HIOXAN (N[ p1 e < CA+A) TN, k=0,1.

Proof. 1) First consider the first summand. The required estimate for A is exactly
(??) with k = 1, hence it remains to consider dyAy. The estimates (??), (??) and
(??) imply

[(f. AN (Ng)| < IVOARGN*) fllzz, IOATN(N]lzs ez, IVRo(A)gllzy

2

+ VRGO fllzz, 103N Mz —r2, [VORo(A)gllrs,
3 E 3y

2
+ VRN fllz 13N (Mllze r2, [VRo(A)gll Lz
S+ 3+ -3 3+

2

IN

CA+XN"Nfllzrlgllzr-
2) Now consider Ax and Ay. Note that
|OXG (N, z,y)| < |z|F/(47), k=0,1,2,...
Then similarly to (??), we obtain for k=0,1and 0 <o < 8-k —3/2
IVOXGN) fllzz < CIflzr- (37)
Hence, (?7?), (??) and (??) imply
[(FANNGL < IV fllze TNz, oz, IIVRo(A)gll 1z,
< COO+N)"Mfll gl

IVOXGO*) fllzz TN (Mllzs —r2, [IVRo(A)gllrg
2+ a2t T2 2t

+ VGO iz, TNz, pz, [VOARN(N)gll e,
+ VGOl 10T Ny e, (VRO()gllzs,

< CO+N) £z gl

(£, OzAn(N)g)|

IN

2
_3_

2
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The estimates for Ay can been obtained similarly. O

Corollary 1. Under the conditions of Lemma 77, the integral kernels 8’§1~XN Nz y),
AN\, x,y) and AN (N, z,y) of the operators D% A (N), 87;[\1\[()\) and 05 An(N)
respectively, belong to L>°(RS), and

IO AN (X, s M os (o) + [OXAN (A, -5 ) poe o) + IO AN (A, -, )| oo rey < C(L+A) T
Proof. The distributional kernel A(z, y) of any bounded linear operator A: L!(R3) —
L*>(R3) belongs to L>°(R%), and

[AC; Lo sy = [[All L1 (®3)— Lo (®2)-
This follows from the estimate |(A, ¢)| < C|@| 11 (re) for ¢ € L'(R®) and from the
duality (L*(R®))* = L*°(RS). O
Lemma 4.4. Let (??) hold with some B > 3. Then for N > 2, in the regular case,

JOXVAN Ve + IRVAN 21z + [AVAN V)]l 1+
<CA4+N)"N2 k=01 (38)

Proof. 1) The estimate for the first summand in (??) follows from (??) with k = 1,2
and (?7?), (?7?) with k = 1.
3) Consider the second summand in (??). Note that, |V,G(\, z,y)| < |A|/(47), and
then [|[VVG(A)fl[zz < CX||f]|zr for 0 > o < 8 —3/2. Hence, (??7) and (?7) imply

[{f, VG (\)VIRIN (A V Ro(A*)g))|

< CIVVEMN flley IATIN (Vg ez, VRN )gllrz

3

< L@+ NI fllzllgllzr,  k=0,1.
Here we denote G = (GT)*. Similarly, (??) and (??) imply
[{f, VG VILy (A VOrRo(X?)g)]
S CIVVGEN) fllzz NN Mz, 22, ||V5,\R()()\2)!JHL§+
<G+ N f e llglz, k=0,1.
Further, |0\V,.G(\, z,y)| < CA|z|. Then for any 0 < ¢ < § —5/2, we have

2
IVOVGOSIIE, < ON2 / ()2rr2=2a ( / FWldy) dz < C2|f .
Hence,

[{(f,O\VGL(NVIIN(\)V Ro(A\?)g)|
< CIVAVENfllz ITnMzg 2, [VRo(A)gllrz

1

2

< G+ NI f Iz gl e
2) It remains to consider the third summand in (??). The estimates (??), (??) and
(??) imply
[(f, VRoA)VARTIN (VG (N)g)]
< OV ROV RSO i 0KTIx ANz oze IVEWNgllzs

3

<G+ N2 flipllgll, k=01
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[(f, VRy M) VIIN (N VNG (N)g)]
< CIVRoW)VV Ry fllzg, MWz ozz, IVOXGNgllzz |

< Cr(1+ NV £l lglle-
Finally, (?7) and (??) imply
(£, AV RyAHVIIZ(A)V G (N)g)]
< CIVOT RO flzz Ty (W2 oz, IVGO)gllsz
SCA+ N F e llgll e
O

Corollary 2. Under lfhe conditions of Lemma 77, the integral kernels of the opera-
tors 0KV AN(N), O5VAN(N) and OEVAN(N) belong to L>°(RC), and
Hal)fvaN(A, " ')HLOO(]RG) + Hal)fvafAN(Aa " ')HLOO(]RG) + ||6§V$AN()‘7 ) ')”Lx(RG)
<O+ NN
5. Dispersion decay for the Klein-Gordon equation. The required dispersion

decay for the free Klein-Gordon equation has been obtained in [?, Lemma 18.2] (see
also [?, ?7]). Namely,

WU le, -6, <COA+ |t|)_3/27 teR, o>3/2 (39)
Now consider the perturbed Klein-Gordon equation. We use the representation
1 )
U()P(K) = /e"‘”t(R(w +1i0) — R(w — i0)) dw.

T o
r

Substituting the Born series

i i 0 0

R = ;(—1)%7301/)%0 — (RoV)*RVRy, where V(z) = ( Vi) o ) . (40)

we obtain .
UBP(K) = YU (1) = W(D),

where "

(6) = g [ ((RaV) Ralw + 0) ~ [(RaV) Rl — i0))dw, 07 <6,

r
W(t) = i / e ([(RoV)*RVRg](w + i0) — [(RoV) RVRo](w — i0))dw.
r

Proposition 1. Let the conditions of Theorem 77 hold. Then
U B, sm, <CA+[)2, teR, o>3/2, 1<j<6. (41
Proof. Let ¥y € E, with 0 > 3/2. Denote ¥;1(t) = U;(t)To.

Lemma 5.1. (¢f. [?, Lemma 3.8], [?, Lemma 36.6]). The convolution representa-
tion holds

t
U (t) :i/ Uo(t — T)VT,(7) dr, teR, j>1, (42)
0

where the integral converges in E_, with o > 3/2.
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We have || ¥ ||, < C(1+|t])~2||[Wo|z, by (2?). Applying (??) to the integrand
in (??) with j = 1, we obtain for o € (2, g]
OV, _ GIG@le, _ Cal¥lls,
B ) L N (S [ )L e R S R SR A

Therefore, integrating here in 7, we obtain for o > 3/2

_3
1W2(t)lle_, < CL+[t) "2 Yo, -

Further, we get by induction

[Uo(t =)V (T)|[2_,

12;®)llp_, < CO+It)* Vol o>3/2 j=3.
Hence (?7) follows. O
It remains to prove the decay of type (??) for W(t).
Theorem 5.2. Let the conditions of Theorem 77 hold. Then
W), < CltI7%, il > 1.

We prove this theorem in the next two subsections.

5.1. The decay in L' — L* norm. Here we prove a decay of W(t) in L'® L' —
L°° @ L*° norm.

Proposition 2. Let the conditions of Theorem 7?7 hold. Then
_3
WO lr@rr—regr= < Clt[72,  |t| > 1. (43)

Proof. The resolvent R(w) = (K—w)~! can be expressed in terms of the Schrédinger
resolvent R as follows

wR(w? —m? iR(w? —m?
(w? —m?) (2_m3>_

Rw) = ( —i(1+w?R(w? —m?)) wR(w ’
Then

W(t) = 1 eiwt< v, i)([(ROV)6RVR0}((w—i0)2—m2)

271 —w®  w

— [(RoV)°RV Ry]((w+1i0)*—m?)) dw

R Ny A — ) AdA
_»%m§;!£¢ TEEMLN)(AG 0) ~ AT ) e (44)

where AZ()) is defined in (??), and
M) = VA2 4+ m? i
EVT i+ m?) 2V w2 )

Due to Lemma ?7?, the integrand in (??) is a differentiable operator function of A > 0
with values in the space of bounded operators mapping L' into L>. Moreover, due
to Lemmas 7?7 and ??, we can integrate by parts in (77):

WD) = 5 D /0 TR, (ML) () - A7) A (45)
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In the case when the derivative falls on My (), we can integrate by parts one more
time and get the factor ¢t=2 then. Hence, it suffices to consider the case when the
derivative falls on Agt. More precisely, it suffices to prove that

_1
IZ()|| sz < ClE72, [t > 1,

where
() = / e~V (0T (\)dA.
0
All other combination of signs “4+” and “-” in (??) can be considered in the same

way. Denote
A A
) = VAT 2, 6o(0) = VR e = Mg 0 = e - AL g
Then the integral kernel of Z(¢) reads,

I(t x y) :/M+(/\) (e—i¢'1 (/\)tAér(A’% y>_~_e—i¢2(>\)t[\ér ()\71,7 y)+€—i¢3(k)tAg(A7x, y)) d\.
0

We will use the following version of Van der Corput lemma

Lemma 5.3. (¢f. [?, Chapter VIII, Proposition IT and Corollary]) Consider the
oscillatory integral

b
1(t) = / 0 F(A)d,

where ¢(N\) is real-valued function and f € CY([a,b]). If ¢" () # 0 for X € [a,b]

then
b

1(t)] < Ct2[g(b)| £(b)] +/ g NdA], t =1

a

where g(\) = [ min |¢”(k)|]"2.

a<k<A

Note, that the lemma remains valid for a = —oco and b = co.
The second derivative of the phase functions ¢;(\), j = 1,2,3, defined in (?7),
satisfies

m2

¢\ = N >0, AeR, [p/(N]7F < (202 /m, A >m.

Moreover, |[M4 ()| + [0xMx(X)| < C(1 + N)?. Then Corollary ?? and Lemma ??
imply

IZ(0) 1 sz = IT(E )l oy < Cle| / (LX) 2dr< Gt e > 1.
0
O

5.2. The decay of the derivatives.
Proposition 3. Let the conditions of Theorem 77 hold. Then
YWY ()| 11 <CIE72, || >1, j=1,2.

Here WY denotes the ij entry of the matriz operator V.
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Proof. Similarly to (?7)

, 1 T ; Ad\
YWY (1) = — /ﬁw“me“AVA*A—MA .
(t) 27”;0 JOV(Ag (V) d))m

By Lemmas 7?7 and Lemma ?7?, we can integrate by parts and obtain

YWY (t) = ﬁ Zi: + /O T emivATER, (ME )T (AF () = A5 () )dA.

In the cases when the derivative falls on Mij()\), we can integrate by parts one
more time and get the factor t~2 then. Hence, it suffices to consider the case when
the derivative falls on VA6i. As before, we consider only the “4++” case, and prove
the decay ~ |t|=1/2 in L°°(RS) for the integral kernels of the operators

Ji(t) = /O e VAT (V) OAVAL (N)dA.
The corresponding integral kernel reads
Ji(t,z,y) = / Mj_j()\) (e*i‘bl()‘)tV]\g'()\,x,y) + e*i%()‘)tVAg'(/\,x,y)
0

+ eii%()‘)tV/v\g()\,x,y)))d)\.
Applying Corollary ?? and Lemma 7?7, we obtain

150 e ey < Clel~ / (L4 X)32dh < Cle %, Jt] > 1.
0

Theorem 7?7 is completely proved.

6. Application to the Schrédinger equation. We apply our technique, giving
a short proof of the result of Goldberg and Schlag [?].

Theorem 6.1. Let condition (??) with B > 3 hold. Then in the regular case,
e Pe(H) | a e < CHT2, [t > 1.

2 .
Substituting the Born expansion R* = Y (REV)/RE 4 (RTV)2R*VRT in the
j=0
representation (?7), we obtain
2
eMP(H) = S;(t) + Laft),

Jj=0

where Sp(t) = e At, and

S(t) = 5 [ HERT@VIR @) — (B @V) Ry @))de, =12,
0

o0

1 —tw — — —
Lot) = 5 - | e "((Ry (w)V)*R* (w)V Ry (w) — (Ry (W)V)?R™ (w)V Ry (w))-
0
We have ||So(t)||p1pe < C|t|=2 for [t| > 1 by (?2). Now we prove the decay

~ [t|73/2 for S;(t), 7 = 1,2 and for Lo(t) separately.
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6.1. The decay of S;(t) and Sa(t).
Lemma 6.2. Let condition (??7) with 8 > 3 holds. Then for j = 1,2
1S;(Dllpiosree < ClEI72, e 2 1.

Proof. Let x(A) be the smooth function such that x(A\) =1 if |[A\| < 1and x(A\) =0
if [A\| > 2. It suffices to prove that

_3 .
sup |5t L) [ < O3, 21 j =12,
>1

where
o0

Si(t.1) = = [ UDIURTODVY RSO ~ (B; O3V By O3)adr. (47
0
Using (??), we obtain

sup |[[REVRI—RyVRy](M\, z,9)] < C\ sup /(|V(z)| + Vi)l Jdz < CA,
T,yER3 z,yER3 |1' - Z| |y - Z‘

sup |[(R{V)’R{)—(Ry V)*Ry 1(N, 2, y)
zy€R3

< O sup // IV )V |+ [V (x1)V (y1)] +IV(ﬂfl)V(yl)l)dl,ldylSCA_
wyE R Iwﬁyﬂlyﬁy\ lz—z1l|lz1—31]  |r—2|ly—w]

Hence, we can integrate by parts in (?7):

oo

S;(t, L) = N X(A)[(RS(AQ)VVRS(AQ)—(RJ(/\Q)V)jR(T(AQ)] dA
27t L

1
= —(T; (t,L) =T (t,L)).
o (T (1) ~ T (1, 1)
It remains to note that for |¢t| > 1,
supsup|T (t,L,z,y)| < Clt|~Y2%, j=1,2. (48)
L>1 =,y

Indeed,

C V(z it
T (¢, Ly, )| < f' ” |z—y|(|z)—x|(/ e (A)tX/(/\/L)d/\>dZ|

| ( V(z) V(z) )(/OOO e~ ()\/L)dA)dz\

N N
oo

V(z)|[V(y)l /
ji L — ‘ sz ()\t / L
‘ 2 (tv ,x,y)\ = ‘//|ZE $1H$1—y1||y1—y\ J )‘/ )d)‘)dxldyﬂ

z1)V(y1) N V(z1)V(y1) V(x1)V(y1) )
|l’1—y1\|y1—y| lz—z1||z1—y1|  |z—21]lYy =11

A

+ C| /dxldy

X

( / e HEO (/D))

where 1/}1 W= N F M|z ]+ |=yl) /t, 3 (N) = N FA(Je—a1 |+ |1—y|+lyi—y]) /1)t
with 6% 1/) (A) =2, j=1,2. Then (??) follows from Lemma ??. O
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6.2. The decay of Ly(t).
Lemma 6.3. Let the conditions of Theorem 77 hold. Then
|Lo(lzimr= < ClH72, 1] > 1.
Proof. Using the definition (??), we represent La(t) as
£alt) = [N A0 - A5 ()
Due to Lemma ??, the integrand is a differentiable operator function of A > 0 with

values in the space of bounded operators mapping L' into L>. Moreover, due to
Lemmas 77 and 7?7 with N = 2, we can integrate by parts,

N e IS SN
L) = g [ 0005 () ~ AT (M)A = 5@ (0 - Q7).
It remains to prove that
sup |Q* (t,z,y)| < Cle| ™%, |t/ > 1. (49)
I7y
We have

QE(t,z,y) = / (e‘“’lt[&f()\,x,y) + e_i‘P;tAQi()\,%y) + —|—e_i“’3it[\2jc()\,x7y)))d)\7
0

where @1 (A) = =A%, 05 (A) = =X2 F Aaz|/t, o5 (A) = =X2 F Ay|/t, and A, A, A are
defined in (?7?). Applying Corollary ?? and Lemma ?7?, we obtain

sup|Q (t, 2. y)| < Ol / (L4 )2 < O, | > 1.
z,y 0
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