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Abstract

The globalattractionto stationary states is established for solutions to 3D veapeations with concentrated non-
linearities: each finite energy solution converges as +o to stationary states. The attraction is caused by nonlinear
energy radiation.

1 Introduction

The paper concerns a nonlinear interaction ofrted wave fieldwith a point oscillator. The system is governed by the
following equations

P(x,t) =AP(xt)+ {(t)d(x)
lim (@(x,t) — {(t)G(x)) = F({(1))

x—0

xeR3, teR, (1.1)

whereG is the Green’s function of operaterA in R3, i.e.

1
G(x) = ma

All derivatives here and below are understood in the sendéstifbutions. The nonlinearity admits a potential
F({)=U'({), {eR, UEeC*R). 1.2)

We assume that
U({) >, {— oo (1.3)

Furthermore, we assume that the &¢& {q € R: F(q) = 0} is nonempty. Then the system ([1.1) admits stationary
solutionsqG(x), whereq € Q. We suppose that the s8tsatisfies the following condition

[a,b] Z Q forany a<b. (1.4)
Let gH(IR®) be the completion of the spaCg (R3) in the norm|| Dy (x) |L2(r3)- Equivalently, using Sobolev’s embedding
theorem, B11(R%) = {f € LS(R®) : |Of| € L2(R®)}, and

11l s(r3) < CIOF||L2(gs)- (1.5)

Denote
gH2(R3) := {f € sHY(R®), Af € L’(R%)}, teR.

We consider Cauchy problem for systdm {1.1) with initialadéx, 0) = ((/(x,0), )(x,0)) which can be represented as
the sum ofregular component from H?(R3) @ gH(R3) andsingular component proportional tG(x) (see Definition
[2.T). Our main goal is the global attraction of the solutifx,t) = (¢(x,t), P(x,t)) to stationary states:

W(x,t) = (q+G(x),0), t—Fo, 0+€Q,

*Research supported by the Austrian Science Fund (FWF) @it No. P27492-N25 and RFBR grants



http://arxiv.org/abs/1611.04463v2

where the asymptotics hold in lodat & L2-seminorms.

Similar global attraction was established for the first tina [6] [7, [8] for 1D wave and Klein-Gordon equations
coupled to nonlinear oscillators, ii) ihl[8,110] for nD Klef@ordon and Dirac equations with mean field interaction, and
iii) in [5] for discrete in space and time nD Klein-Gordon exdjon equations interacting with a nonlinear oscillator.

In the context of the Schrodinger and wave equations thet jpaieraction of typel(111) was introduced in[[1[ 2.4} 11,
[12], where the well-posedness of the Cauchy problem andoleup solutions were studied. The orbital and asymptotic
stability of soliton solutions for the Schrodinger eqoativith the point interaction has been establisheflin [3E Global
attraction for 3D equations with the point interaction wasstudied up to now. In the present paper we prove for the first
time the global attraction in the case of 3D wave equation.

Let us comment on our approach. First, similarly’td[8, 9, ¥ represent the solution as the suntispersiveand
singularcomponents. The dispersive component is a solution of devfiave equation with the same initial d&t&x, 0).

The singular component is a solution of a coupled system wéweguation with zero initial data and a point source, and
of a nonlinear ODE.

We prove the long-time decay of the dispersive componenbdallH? @ Hl-seminorms. To establish the decay
for regular part of the dispersive component, correspanttnregular initial data fronH? @ H?, we apply the strong
Huygens principle and the energy conservation for the fr@eevequation. For the remaining singular part we apply the
strong Huygens principle. The dispersive decay is causelégnergy radiation to infinity.

Finally, we study the nonlinear ODE with a source. We prow the source decays and then the attractor of the ODE
coincides with the set of zeros of the nonlinear functgn.e. with the seQ. This allows us to prove the convergence of
the singular component of the solution to one of the statigalution in localL? & L2-seminorms.

2 Main results
Model

We fix a nonlinear functiofr : R — R and define the domain
Dr = {t € LA(R®): Y(X) = Yreg(X) + {G(X), Yreg€ BH*(R®), { €R, mereg(x) =F({)} (2.1)

which generally is not a linear space. The limitin{2.1) idlwefined since B2(R3) ¢ H2.(R3) c C(R?) by the Sobolev
embedding theorem.
Let Hg be a nonlinear operator on the dom8ia defined by

Hry = Adreg, Y € Dr. (2.2)
The system[{1]1) fogs(t) € Dr reads
P(xt) =Hrw(xt), xeR3 teR. (2.3)
Let us introduce the phase space for equafiod (2.3). Dehetspace
D= {me L?(R3): m(X) = Theg(X) + NG(X), Theg€ BHY(R®), n € R}.
Obviously,Dr c D.
Definition 2.1. Z is the Hilbert space of the statés= ((x), 71(x)) € Dr @ D equipped with the finite norm
W% = ||D‘1Ureg||fz(R3> + HA‘I’reg”Ez(Ra) + HDTEegHEZ(RS) +1Z7+nf*
Well-posedness
Theorem 2.2. Let conditions[(1]2) and(1.3) hold. Then

(i) Forevery initial data¥(0) = (¢(0), ¢(0)) € Zr the equation[(Z]3) has a unique strong solutip(t) such that

(i) The energy is conserved:

A1) = 5 (10 P, + [ Dhelt) P2z ) + U (L (1) = const te R



(iii) The following a priori bound holds
I{t)] <C(¥(0)), teR (2.4)

This result is proved in[12, Theorem 3.1]. For the convecéeaf readers, we sketch main steps of the proof in
Appendix in the case > 0 clarifying some details of [12]. As the result the solutignix,t) to (2.3) with initial data
@Y (0) = Yo € D, P(0) = mp € D can be represented as the sum

W) = gr(x ) +Ps(xt), t=0, (2.5)
where thedispersive componeni; (x,t) is a unique solution of the Cauchy problem for the free waueaégn
Us (x,1) = APs (x,t),  Wi(x,0) = Wo(X), Ws(x,0)=mp(x), (2.6)
and thesingular componenps(x,t) is a unique solution of the Cauchy problem for the wave equatiith a point source
Ps(x,t) = As(x.t) + {(1)3(x),  Ps(x,0)=0, Ps(x,0)=0. (2.7)
Here{(t) € CL([0,)) is a unique solution to the Cauchy problem for the followingtforder nonlinear ODE
SO+ =A0), 20)=4 (2.8)
where
Alt):= )I(i%wf (xt), t>0, (2.9)

Next lemma implies that limi{{2]9) is well defined, and thexdstsA (0+) = tIir(r)1+/\ (t).
—

Lemma 2.3, Let(Wo, ™) € Z¢. Then

i) There exists a unique solutiapy € C([0; ), '-|20c) to (2.8).
ii) The limit in (Z3) exists and is continuous irEt[0, ).

i)y A € L2,([0,)).

Proof. i) We splity; (x,t) as
Ys (th) = wf,FEQ(th) + g(X,t),
whereys g andg are the solutions to the free wave equation with initial dgtgreg, T.reg) € 8H?(R?) & gH'(R3) and

(¢0G, {oG), respectively. By the energy conservatipfireg € C([0,), gH?(R3)). Now we obtain an explicit formula for
g(x,t). Note thath(x,t) = g(x,t) — & (t)G(x), whereé (t) = o +t{o, satisfies

h(x,t) = Ah(x,t) — & (t)(x) (2.10)
with zero initial data. The unique solution {0 (2.10) is tipderical wave

6(t—|x)
h(xt)=————2&(t— t>0 2.11
(68) = == =), t=0 (211)
where# is the Heaviside function. This is well-known formula]14cHon 175] for the retarded potential of the point
particle. Hence,

8t ) (Go+ (L= X)Go) , o+l

C(]0,), L .(R3)).
47T|X| 47T|X| € ([ 7°°)a |OC( ))

g(th) = h(X,t) =+ E(t)G(X) -

i) We have )
lim g(x,t) = {o/(4m), t>0. (2.12)
x—0
Moreover, for anyt > 0 the limys req(x,t) exists becauseH?(R3) c C(R3).
X— '
iif)y Due to [Z.IR) it remains to show thei reg(0,t) € L2 ([0, )). This follows immediately froni[12, Lemma 3.4].0]

loc



Stationary solutions and the main theorem
The stationary solutions of equatidn (2.3) are solutionthefform
Wa(x) = aG(x) € Lie(R®), qeR. (2.13)
Lemma 2.4. (Existence of stationary solutions). Functién (2.13) igaienary soliton to[(Z.B) if and only if
F(g)=0. (2.14)

Proof. Evidently, y/q(x) admits the splittingliq(X) = Yreg(X,t) + { (1)G(X), wheregkeg(X,t) = 0 and{(t) = q. Hence, the
second equation of (1.1) is equivalent[fo (2.14). O

Our main result is the following theorem.

Theorem 2.5 (Main Theorem) Let assumption$ (11.2], (1.3) ad {11.4) hold andyéx,t) be a solution to equatiofi(2.3)
with initial dataW(0) = (¢(0), ¢(0)) € Z¢. Then

(W), ¥(t)) = (Y., 0), t—£ew, greQ
where the convergence hold ig LR®) & L2 (R3).

It suffices to prove Theorem 2.5 for— +.

3 Dispersion component

We will only consider the solutio(x,t) restricted tat > 0. In this section we extract regular and singular parts from
the dispersion componen (x,t) and establish their local decay. First, we represent th@limata (¢(0), ¢(0)) =
(Yo, m0) € ZF as . .

(Yo, ™) = (Yoreg, Toreg) + (40G, 0G) = (¢o, No) + ({oXG, {oXG),

where a cut-of functiory € C3 (R3) satisfies

_J L =1
X (%) —{ 0 |X>2 (3.1)
Let us show that
($0, No) € HAR®) @ HL(R®). (3.2)
Indeed, )
(0, No) = (Wo— LoXG, To— {oxG) € L*(R®) B L*(R?),
On the other hand,
(0, 110) = (Yo reg+ do(1— X)G, Threg+ o(1— X)G) € BH?(R®) @ gH'(R).
Now we split the dispersion componapi(x,t) as
‘l’f (Xat) = ¢(Xat) + wG(Xat)a t> Oa (33)
where¢ ands are defined as solutions to the following Cauchy problems:
d(xt) =8¢ (xt),  (9.9)]_o = (¢o, No), 3.4)
Po(xt) =Dgs(xt), (Yo Pl o = (GXG,{oXG), (3.5)
and study the decay propertiesyaf and¢.
Lemma 3.1 For the solutionys(x,t) to (3.3) the strong Huygens principle holds:
Ys(xt)=0 for t > x|+ 2 (3.6)



Proof. The solutiongg(x,t) to the free wave equation with initial dat@, xG) € H(R?3) @ L?(R?®) satisfies the strong
Huygens principle due t6 [13, Theorem XI1.87]. Further,

Yo (x.t) = Loda(xt) + doda(x.1).
Then [3:6) follows.

The following lemma states a local decay of solutions to the Wave equation with regular initial data fréi(R3) &
HL(R3).

Lemma 3.2 Let¢(t) be a solution to[(3)4) with initial datgy = (@0, o) € H?(R3) & HY(R3). Then
(@), d)lhz2@ryanier — 0 t—e, VR>O, 3.7)
where B is the ball of radius R.

Proof. For anyr > 1 denotex; = x(x/r), wherex(x) is a cut-off function defined if(3.1). Le(t) andv(t) be the
solutions to the free wave equations with the initial dat@ and(1— x; )@, respectively, so that(t) = u; (t) + v (t). By
the strong Huygens principle

Ur(x,t) =0 for t > |x| +2r.

To conclude[(3]7), it remains to note that

(v (1), % ) ln2gryonier < CRIVE (), Ve (1) |l gnzrs)onirs) = CRNI(L = Xr) @l gz (rs)ont w3
< CRI(1—=xr)®llH2(r3)eH1(r3) (3.8)
due to the energy conservation for the free wave equatioral¥deuse the embeddingig(R?) c LS(R3). The right-hand
side of [3.8) could be made arbitrarily smaltif> 1 is sufficiently large. O
Finally, (3.3) , [3.6) ,[(3]2) and Lemnha 8.2 imply
||(‘l’f (t)adjf(t))"HZ(BR)@Hl(BR) =0, t— o VR>O0. (39)

4 Singular component

Due to [3.9) to prove Theoreln 2.5 it suffices to deduce the @mmnce to stationary states for the singular component
WYs(x,t) of the solution.

Proposition 4.1 Let assumptions of TheorémP.5 hold, andjigtt) be a solution to[{2]7). Then

(LIJS(t)’ wS(t)) — (‘l’qia O)a t— ©,

where the convergence holds i (R3) @ L2 (R3).

loc

Proof. The unique solution td_(2.7) is the spherical wave

6(t—Ix)

WS(th) = Z(t - |X|)a t> 07 (41)

cf. (Z10)-{Z.11). Then a priori bound (2.4) and equatio8)@nply that
(Ws(t), Ps(t)) € L>(Br) @ L*(Br), O0<R<t.

First, we obtain a convergence &ft).

Lemma 4.2. There exists the limit

where g € Q.



Proof. From [223) it follows that (t) has the upper and lower limits:
“_mt%mZ(t) = a., Wt*)ooz(t) = b

Suppose thaa < b. Then the trajectory (t) oscillates between andb. Assumption[[T}4) implies tha& ({p) # 0 for
some{p € (a,b). For the concreteness, let us assumef{gs) > 0. The convergencE(3.9) implies that

A(t)=ys(0,t) =0, t — oo 4.3)

Hence, for sufficiently larg& we have
—F(%)+A(t)<0, t>T.

Then fort > T the transition of the trajectory from left to right throudtetpoint{y is impossible by[(2]8). Therefore,
a=b=q,. FinallyF(q,) =0 by (Z38). O

Further,
Bt—|x)—1 t—o (4.4)

uniformly in [x| < R Then [4.1) and (412) imply that
‘.IJS(t) — q+Ga t— 0,
where the convergence holdslifi (R®). It remains to deduce the convergencelgft). We have

6t —[x) ;

Ps(x,t) = 27X J(t—1x), t>]x.

From [4.2),[(2.B) and (41 3) it follows thzit(t) — 0 ast — . Then
ds(t) =0, t—oo

a2
in L.

(R®) by (@3). This completes the proof of Proposition 4.1 andoraeiZ.5. O

A Appendix

Here we sketch main steps of the prdofl[12, Theorem 3.1]t Wiesadjust the nonlinearitly so that it becomes Lipschitz-
continuous. Define

ANWo) = sup{|Z| : { € R,U(J) < He (Wo) ) (A1)

whereWy = W(0) € ZF is the initial data from Thegrem.z
Then we may pick a modified potential functidi{) € C2(R), so that

{ U(Q)=U(Q), ] <NA(Wo)
(A.2)

U({) > Hr(Wo), [{|>A\(Wo),
and the functiorr ({) = U’(Q) is Lipschitz continuous:

IF(&) —F(&)| <Cll—Cf, LR (A.3)

We consider the Cauchy problem for{2.3)) with the modifiedlmearity F. According to Lemm&2]3 there exist the
unique solutionys (x,t) € C([0,), L2 .(R%)) to (ZB) andA (t) = lim @i (xt) € C([0,)). The following lemma follows
X—

by the contraction mapping principle.

Lemma A.1. Let conditions[(AR)E(AlI3) be satisfies. Then there existD such that the Cauchy problem
1. -
LO+FEm) =20, L0 =4 (A4)

has a unique solutiog € C*([0, 1]).



Denote
o(t—[x)

4mx|

WYs(t,x) = {(t—1|x), te][o,1],

with ¢ from LemmdA.1. Now we establish the local well-posedness.

Proposition A.2. Let the conditiond(Al2)E(A.3) hold. Then the functioix,t) := s (x,t) + Ws(X,t) is a unique strong
solution to the system

(;U(th) = A‘I’(Xat) + Z(t)é(x)
lim (g(x,t) = (H)G(x) = F({ (1))

x—0

xeR3 telo1]. (A.5)

with initial data
W(0)=yoeDg, Y(0)=meD,
and satisfies
(W), p() € Ze. te0]. (A.6)

Proof. Since((t) solves[(A.4) one has

47X 47X

(e(t—lxl)f(t—lxl) Z(t)):)\() 1;

lim (@(t,%)—Z ()G()) = A(t) + lim -0 =FEM). (A7)

x—0 x—0
Therefore, the second equation[of (A.5) is satisfied. Furthe
U=+ Ps= D +APs+ {0 =DY + (S

andy solves the first equation df (A.5) then. Let us chéckA.6)teNtbat the functionfreg1(x,t) = @(x,t) — {(t)G1(x),
whereG; (x) = G(x)e ¥, is a solution to

heg1(Xt) = Alrega (X,t) + (¢ (t) = (1)) Ga(¥)
with initial data fromH2 @ H1. Lemm&Z.B-iii) and equatiofi(A.4) imply thate L2([0, 1]). Hence,
(Yreg1(x,1), Preg1(x.1)) eHZ@HY, t€[0,1]
by [12, Lemma 3.2]. Therefore,
theg(%,t) = Y(x,t) = (1) G(X) = Preg1(X,t) + L (t)(G1(X) — G(X))

satisfies( Yreg(t), Preg(t)) € eH*(R?) @ gH(R?), t € [0, 7], and [A.B) holds then.
Suppose now thap = Jireg+ {G, such thal({, i) € Z, is another strong solution df(A.5). Then, by reversing the

above argument, the second equatior{ of(A.5) implies ¢hsolves the Cauchy problei (A.4). The uniqueness of the
solution of [A.4) implies thaf = {. Then, defining

o(t—[x)
4mx|

WYs(t,x) = {(t—1x), te][o,1],

for ) = U — Ysone obtains
G5 =~ s = Dlfreg— (Dps+8) = A(heg — (Ws— {G)) = A,
i.e (s solves the Cauchy problein (2.6). Henge,= s by the unigqueness of the solution [0 (2.6), and tiler . O
According to [12, Lemma 3.7]

HE(W(H) = [ @017+ || Direg(t) 1> +U ({ (1)) = const t € [0,1]. (A.8)
Lemma A.3. The following identity holds
U(t) =uiw), telor]. (A.9)



Proof. First note that
5 (Wo) > U({o)-

Therefore|{o| < A(Wo), and therJ (¢o) =U(Qo), 7 (Wo) = o (Wo). Further,
HE(Wo) = (W) > U(L (1), tel0,T].
Hence[(A.2) implies that
L) <A(Wo), te0,1]. (A.10)
O

From the identity[{AD) it follows that we can replaBeby F in Propositio A2 and i {Al8). The solutidH(t) =
(Y(t),Y(t)) € 2 constructed in Propositidn A.2 exists for0t < 7, where the time spanin LemmdA.l depends only
on/A(Wo). Hence, the bounf{A:10) &t= 1 allows us to extend the solutidH to the time intervalt,27]|. We proceed by
induction to obtain the solution for &ll> 0.
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