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On Long-Time Decay for Magnetic
Schrodinger and Klein—Gordon Equations'

(©2012r. E. A. Kopylova?

ITocrynuno B anpesne 2011 1.

We obtain a dispersive long-time decay in weighted energy norms for the solutions of the 3D Schrédinger
and Klein—Gordon equations with small magnetic potentials.

1. INTRODUCTION

In this paper, we establish a dispersive long-time decay in weighted energy norms for the solutions
to the 3D magnetic Schrodinger equation

i (x,t) = Hp == (iV — A(2))*9(x,t) + B(x)(a, 1) (1.1)
and the 3D magnetic Klein—-Gordon equation
o t) = (V+id(@) e ) —m*(a,t) = B@)p(e1),  m>0. (12)

Here z € R® and (V +iA(x))? = 323(V; +i4;(z))%. In the vector form, equation (1.2) reads
iU (t) = HU(t) (1.3)

where

W(t) = <$Eg> ,  H= <i((V + z‘A(x))ZO— m? — B(x)) é> '

For s,0 € R, let us denote by H? = H2(R?) the weighted Sobolev spaces with the finite norms
[l = [(2)7 (V) Bll 2 gsy < oo (@) = (1+ |22,
Denote F, = H! @ H?.
We assume that A; € C1(R3) and B € C(R3) are real functions, and

3
|B(z)[ + Z(\Aj(x)\ +|VA;(@)]) < dlz)™?,  zeR’ (1.4)

for some d > 0 and 3 > 3.
Our main results are the following:

I. For solutions 1(t) to the Schrodinger equation (1.1), the decay
[l = Ot™?), = *oo, (1.5)

holds for initial data v = 1(0) € H? if d > 0 is sufficiently small, 3 > 7/2 and o > 5/2.
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2 E.A. KOPYLOVA

I1. For solutions W(t) = (¢(t),%(t)) to the Klein-Gordon equation (1.3), the decay
N@)r, =03t?),  t—+o, (1.6)
holds for initial data Uy = ¥(0) € F, if d > 0 is sufficiently small, 3 > 3 and o > 3/2.

Let us comment on previous results in this direction. For the wave and Klein—-Gordon equations
with magnetic potentials, the decay ~ t3/2 was established primarily by Vainberg [10, 11] in local
energy norms for initial data with compact support. The decay of type (1.5) in weighted norms was
established by Jensen and Kato [7] for the Schrédinger equation with generic scalar potentials, and
by Murata [9] for more general PDEs of the Schrédinger type.

For the 3D Klein-Gordon equation with generic scalar potentials, the decay of type (1.6) in
weighted energy norms was proved in [8]. The Strichartz estimates for the magnetic Schrodinger,
wave, Klein—Gordon and Dirac equations with smallness conditions on potentials were obtained by
D’Ancona and Fanelli [3, 4]. The decay ~¢~! in the L> norm was established in [2] for the wave
equation with small magnetic and scalar potentials.

Let us comment on our techniques. To prove the decay (1.5), we extend the approach of [7]
to the magnetic Schrodinger equation with small potentials using the limiting absorption principle
and the high energy decay of the resolvent obtained in [2]. Further, to prove the decay (1.6), we
express the magnetic Klein-Gordon resolvent in terms of the magnetic Schrodinger resolvent. Since
the high energy decay for the magnetic Klein—-Gordon resolvent is absent, we apply the infinite Born
series and convolutions.

2. FREE SCHRODINGER EQUATION
The free Schrodinger equation with A =0 and B = 0 reads

ip(x,t) = Hotp := —Aup(x,t). (2.1)

The resolvent Ry(¢) = (—A —¢)~! of the free Schrédinger operator is an integral operator with the
integral kernel

Ro(C,x —y) = exp(i¢?|z —y|) /An|z —y|, ¢ €C\[0,00), Im¢Y?>0. (2.2)

We denote by £(B1, B2) the Banach space of bounded linear operators from a Banach space B
to a Banach space Bs.
The explicit formula (2.2) implies the following properties of Ry(¢), which are obtained in [1, 7|:

(i) Ro(¢) is an analytic function of ¢ € C \ [0, 00) with values in L(H, H?);
(ii) the limiting absorption principle holds:
Ro(A\+ic) — Ro(A£1i0), £—0+, A>0, (2.3)
in L(HY, H?,) with o > 1/2;
(iii) the asymptotic relations

1
IRo (Ol g (a0, m2 ) = O(1), (=0, 00> 3 o40' >2, (2.4)
R yolle Lk k=12 p
1B Ollcug ) = ©CZ ), (=0, o>z +k k=12... (25

hold for ¢ € C\ [0, 00);
(iv) the asymptotic relation

1-I+k
),

HR((Jk)(OHL(H;n,HT;l) =O(l¢|”

holds for £ =0,1,2,... and any o > k + 1/2.

|<|_)OO? CEC\[O?OO)7 120’1?2""’ (2'6)
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ON LONG-TIME DECAY 3

Corollary 2.1. For t € R and vy € HS with o > 1, the dynamical group Up(t) of equa-
tion (2.1) admits the integral representation

o0

Un(tho = [ e U [Ro(C +i0) — Ro(C — i0)] 4o dC (2.7)

211
0

where the integral converges in the sense of distributions of t € R with values in H? .

The decay (1.5) for the free Schrodinger equation can be deduced from an explicit formula.
Namely, Uy(t) is the integral operator with the integral kernel

Up(z,y,t) = (47rit)73/2ei“’”7y‘2/4t.
For small |t| < 1 we apply the charge conservation for the Schrodinger equation and obtain
[Uo()hollrz < U (D)ol Lz = Ivollzz < llvollrz
for any o > 0 and ¢g € L2. For large |[t| > 1 and o > 3/2 the operators
(@)~ Uo(t)(y) ™7 : TA(RY) — L2(R?)
are Hilbert-Schmidt operators and their Hilbert-Schmidt norms do not exceed C|t|=3/2. Finally,

Cllboll L2

s e R
(1+ [t])3/2

U (E)oll2 <

3. FREE KLEIN-GORDON EQUATION

In the vector form, the free Klein-Gordon equation reads

iU (t) = HoW(t) (3.1)

0= () o= (el o)

The resolvent Ro(w) = (Ho —w)~! can be expressed in terms of the resolvent Ry(¢) = (—A — )71

wRy(w? — m? iRo(w? — m?
Ro(w) = ( Bo ) Rof ) )> . (3.2)

where

—i(1 + Ww?Rp(w? — m?)) wRy(w? — m?)

Let us denote I' := (—oo0, —m) U (m, 00). Then properties (i)—(iv) of Ry(¢) and formula (3.2) imply
the following lemma.

Lemma 3.1. (i) The resolvent Ro(w) is an analytic function of w € C\ T with values
in L(Fo, Fo)-
(ii) The limiting absorption principle holds:
Ro(w +ie) — Rop(w £ 40), e—0+, wel,
in L(Fo, F_y) with o > 1/2.
(i) The asymptotic relations

Ro()l 2, 7.,y = O(1), wxtm—0, o>1, (3.3)
k 1_ 1
HRS)(w)Hﬁ(ﬁfﬂ):O(|wim|2 k), wtm—0, o> §+/€, k=1,2,..., (3.4)

hold for w € C\T.
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4 E.A. KOPYLOVA
(iv) The asymptotic relation
k
IR @l g, r oy = O, || =00, weC\T, (3.5)

holds for k=0,1,2,... and any o > k + %
Corollary 3.2. For t € R and Vo € F, with o > 1, the dynamical group Go(t) of equa-
tion (3.1) admits the integral representation

1 .
Go(t) g = 5 e "' Ro(w +i0) — Ro(w — i0)] ¥g dw (3.6)
N

where the integral converges in the sense of distributions of t € R with values in F_,.

Estimates (3.5) do not allow us to obtain the decay (1.6) for the free Klein-Gordon equation by
the partial integration in (3.6). This is why we deduce the decay in [8] (see also [6, Lemma 18.2|)
from explicit formulas. Namely, for o > 3/2 and for ¥y € F, the following bound holds:

CollWo|7,

Hgo(t)\pOH}Lg < Wy

teR, (3.7)
where Cy > 0 does not depend on o.

4. MAGNETIC SCHRODINGER EQUATION

Here we obtain spectral properties of the magnetic Schrédinger resolvent R(¢) = (H—¢)~!. Note
that under condition (1.4) with sufficiently small d > 0 and § > 3, the resolvent R(() is continuous
at ( =0, i.e., the point ¢ = 0 is a regular point of H in the sense of [7]. Then properties (i) and (iii)
of the free resolvent imply

Lemma 4.1 (cf. |7, Theorem 5.1]). Let condition (1.4) with sufficiently small d > 0 and 5 > 3
hold. Then

(1) R(¢) is an analytic function of ¢ € C\ [0,00) with values in L(HJ, H3);
(ii) the asymptotic relations

3

1RO 2 (ro,m2,y = O(1), (=0, o>g,
(4.1)

- 1
HR(k)(g)HE(Hg,HEU) = O(<1/2 k)a C - 0) k= 1>2a o> 5 + kv
hold for ¢ € C\ [0, 00).
The next lemma follows from the results of [2].

Lemma 4.2 (cf. |2, Proposition 3.4]). Let condition (1.4) with sufficiently small d > 0 and
6 > 2 hold. Then

(i) The limiting absorption principle holds:
R(\+ie) — RA£i0), -0+, A>0, (4.2)
in L(HS, H? ) with o > 1;
(ii) the asymptotic relation
RO emom =001 T), (=00, CeC\0,00), =01,  (43)
holds for any o > 1.
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ON LONG-TIME DECAY 5

Now we derive asymptotics for the derivatives of R(() for large .

Lemma 4.3. Assume condition (1.4) with sufficiently small d > 0 and > 7/2 holds. Then
the asymptotic relation

1-I+k
),

”R(k)(C)Hc(Hg,Hig) =0(l¢I” 2

holds for k =1,2 and o > 5/2.
Proof. Step (i). In the case k = 1 we use the identity

(—o00, ¢(€C\[0,00), [=1,0, (4.4)

R =(1- RW)R)(1-WR) =R)— RWR) — RyWR+ RWR,WR (4.5)

where

W =—-2iA-V —iV-A+|AP + B.

The relation implies the asymptotics (4.4) with k =1 and o > 3/2 by (4.3) and (2.6) with k = 1.
Namely, for the first term on the right-hand side of (4.5) this is obvious. Next let us consider the
second term. Choosing o’ € (3/2,3 — 3/2), for large w € C \ [0, 00) we obtain

—1

1t 1 2.1
IRW Ryl e < CICI™ 2 W R || o, < Cal¢|™ 72 HR()wHH;_ﬁ < GlCI™ 2 [Wllge, 1=0,1.

(4.6)
The remaining terms on the right-hand side of (4.5) can be estimated similarly. Hence, (4.4) with
k=1 and o > 3/2 is proved.

Step (ii). In the case k = 2 we apply the formula
R"=R{— RWR{ — ROWR+ RWR{(WR —2R'WR{, + 2R'WR{WR. (4.7)

The asymptotics (4.4) with k& = 2 and o > 5/2 for the first term on the right-hand side follows
from (2.6) with k = 2. The last two terms can be estimated similarly to (4.6) by using (2.6) and (4.4)
with £ =1 and (4.3).

Let us estimate the remaining terms. Recall that 8 > 7/2, and we consider o > 5/2 and large
¢ € C\ [0,00). Using (4.3) and (2.6) with £ =2 and [ = 0, 1, we find that

(a) for o’ € (5/2,8 — 1) the following bounds hold:

I < -1 1 < T < — 3=t
IRW Roll | < CICIT = (IWRgY g , < Cilel™ = [Rollmr |, < Calc]™ = [[Wllmrg,

/+ !

—1

_ 3=l _ 3=t _ 3=t
IBeW Bl < CICI 2 W Rl o, < CLICI™ 2 1R llpg, | < ColCl™ ™7 [l g
(b) for o’ € (1,3 — 5/2) the following bound holds:
_ 1=l _ 11
IRWRGW R || e < CIC|™ 2 [[WRGW Rep| o, < Ca¢|™ 2 ||R€J/WR?/)HH;_B

3—1 3—1 3—1
S ColClm = IWRY|lgo | < Cale]™ = Rl , < Calc]™ = [[9]lmg- (4.9)

/+ i

Hence, (4.4) with K =2 and o > 5/2 is proved. [
Finally, we obtain the decay (1.5) for the perturbed Schrédinger equation.
Theorem 4.4. Let condition (1.4) with sufficiently small d > 0 and 3 > 7/2 hold. Then

le™* g2 2 ) = OH), ¢ — %00, (4.10)
with o > 5/2.
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6 E.A. KOPYLOVA
Proof. Since Sp H = Sp,. H = [0, 00) for sufficiently small d > 0, Lemma 4.2 and the asymp-
totics (4.1) and (4.4) with k£ = [ = 0 imply similarly to (2.7) that

bty = - / e [R(C +i0) — R(C — i0)] o d.

27
0

Then we obtain the decay (4.10) using the asymptotics (4.1) and (4.4) by the methods of [7]. O

5. MAGNETIC KLEIN-GORDON EQUATION

Denote by R(w) = (H — w)~! the resolvent of the magnetic Klein-Gordon equation (1.2). The
resolvent R(w) can be expressed in terms of R(¢) similarly to (3.2):

wR(w? — m?) iR(w? — m2)> .

Riw) = <—i(1 + wW?R(w? —m?)) wR(w? —m?) (5-1)

Representation (5.1) and Lemmas 4.1-4.3 imply
Lemma 5.1. Let condition (1.4) with sufficiently small d > 0 hold. Then
(i) R(w) is an analytic function of ¢ € C\ T with values in L(Fo, Fo);

(ii) the asymptotic relation
IRWeF, 70 =001),  wEm—0,

holds for w € C\T and o > 3/2;

(iii) the limiting absorption principle holds:
R(A £ i) — R(\ £10), e— 0+, Mel,

in L(Fg,F_y) with o > 1;

(iv) for o > 1 the following bound holds:
IRer, 70 =0@1),  |w| =00, (€C\T.

Now we obtain the decay (1.6) for the perturbed Klein-Gordon equation.
Theorem 5.2. Let condition (1.4) with sufficiently small d > 0 and 3 > 3 hold. Then
le™ M iz, 7 ) = Ot 72/2), t — Foo,
with o > 3/2.

Proof. Step (i). Lemma 5.1 implies, similarly to (3.6), that

1 ,

o) = o / ¢ [R(w +i0) — R(w — i0)] To du (5.2)
i
r

for the initial state ¥(0) € F, with o > 3/2. Now we combine the spectral properties of the
perturbed resolvent and the time decay for the unperturbed dynamics using the following Born
perturbation series:

R(w) = Ro(w) — Ro(w)WRo(w) + Ro(w)WRo(w)WRp(w) — ..., weC\T, (5.3)
which follows by the iteration of R(w) = Ro(w) — Ro(w)WR(w). Here

0 0
w=(w o):
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ON LONG-TIME DECAY 7

We substitute the series (5.3) into the spectral representation (5.2) and obtain

py = U OO/-M [(Ro(w + i0)W)F " Ro(w +0) — (Ro(w — i0)W)* " Ro(w + i0)| @y d
" olw 1 olw 1 olw 1 olWw 1 0 aw

=> (-DF'u(t), teR. (5.4)
k=1

Further, we analyze each term Uj separately.
Step (ii). The first term Wy (t) = Go(t)¥p by (3.6). Hence, (3.7) implies that

Collvoll #
W (t < —— 20
|| 1( )H]:—a — (1+|t|)3/2’

Step (iii). The other terms W (t) can be rewritten as a convolution.
Lemma 5.3 (cf. [8, Lemma 3.8]). Suppose that

|0 (B)]lF, < Ce(l4+ )2, teR, o0>3/2, k=23,.... (5.6)

teR, o>3/2. (5.5)

Then the convolution representation
t
U (t) = i/gg(t — )WV (1) dr, teR, k=2.3,..., (5.7)
0

holds where the integral converges in F_, with o > 3/2.
Proof. We have

Up(t) = ﬁ / [e*iwmo(w +i0)W(Ro(w + i0)W)* 2R (w + i0)
R
e 'Ry (w — i0)W(Ro (w — i0)W)F 2R (w — iO)] Uy dw. (5.8)

Let us denote
GE(t) = 0(Ft)Go(t), \I/lil(t) = 0(£t)Vg_1(t), teR.
We know that
(Ro(w +i0)W)F2Ro(w +i0) g = iT}_ (w);
hence the first term on the right-hand side of (5.8) reads

1 ’ ~ 1 ‘ .
Up(t) = Py e ' Ro(w + iI0OWY} | (w) dw = Py e IRy (w + i0)W /esz\I/]i__l(T) dr | dw
R R R
L. o [ et , iwr g+
— % (Zat + l) mRo(w + ZO)W e \Ijkfl(T) dT dw (59)
R

The last double integral converges in F_, with o > 3/2 by (5.6) and (3.5) with £ = 0. Hence, we
can change the order of integration by the Fubini theorem. Then we obtain

t
i/go(t —T)OWVYy_1(1)dr, t>0, (5.10)

Uy (1 /got—T)W\I/ (7)dr =
0, t <0,
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8 E.A. KOPYLOVA

since
N 1 5 e w(t—T) '
go (t—T) = %(Zat“—l) mRO(W+ZO) dw
R

by (2.7). Similarly, integrating the second term on the right-hand side of (5.8), we obtain

0, t>0,
t
Uio(t) =14 | Gy (t —T)WVY, . (7)dr = 5.11
e2(?) / o ( W) i/go(t —TIWVY_q(T)dr, t<O. (5.11)
R
0
Now (5.7) follows since Wy () is the sum of the two expressions (5.10) and (5.11). O
Now we estimate W (¢) by induction.
Lemma 5.4. There exists a constant M > 0 such that
CoM*d"||w
NG —— [%oll.z, teR, o>3/2, k=23, .., (5.12)

(L+[h3>

with Co from (5.5).

Proof. First, let us consider the case k = 2. For any ¢’ € (3/2,min{c,3/2}), applying the
bounds (3.7) and (5.5) to the integrand in (5.7), we obtain

CoWui(n)|z,  ColWir(n)lre, B Cod[[r ()l
(L[t =72 ([t —=7)32 = L+t —7[)*?

Cd|[Yollr,

1Go(t — )W (T)]| 7, <

5.13
= Wit D2+ 1P 19
where 1) is the first component of ¥y. Integrating with respect to 7, we obtain
C1C3d||Wollz, — CoMd||Woll
Wo(t < < = z, teR, > 3/2, 5.14
|| 2( )H]:—a = (1 + |t|)3/2 (1+ |t|)3/2 o / ( )
with M = CyC4. Suppose that
C Mkfldkfl )
W1 ()7, < =2 [%ollz, teR, o>3/2 (5.15)

L+t
Then (5.3) holds with Cy = CoM*~'d*~!||W,|| -, and hence representation (5.7) for ¥y holds by
Lemma 5.3. Similarly to (5.13), we find from (5.15) that

Cowuy 1 (Dlx,  ColWeea(lzz,  Codltn-1 ()l ,

t— 1)WY < = <
HgO( T) k 1(7')”}10 = (1 + |t — T|)3/2 (1 + |t _ 7_|)3,/2 = (1 n |t _ 7_|)3,/2

CM*d* || oll7,
T =P

where 11 is the first component of ¥j_;. Integrating with respect to 7, we obtain (5.12). O
Finally, we choose a small d > 0 so that Md < 1. By (5.4) and Lemma 5.4, we see that

Col[Wollr, 1
(A+]7)%2 1= Md’

195, < teR, o>3/2

Theorem 5.2 is proved. [
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