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1 Introduction

In this paper, we establish a dispersive long time decay for the solutions to 3D wave equation
O(x,t) = A, t) + V(z)(z,t), zeR® (1.1)

in weighted energy norms. In vectorial form, equation (1.1) reads

iW(t) = HU(2), (1.2)

xy(t):(%;), H:(i(Aiv) 8) (1.3)

For s,0 € R, let us denote by H: = H?(R?) the weighted Sobolev spaces introduced by Agmon,
[1], with the finite norms

4]

We assume that V' (z) is a real function, and

where

iy = 1L+ )71+ V)29 12 < 0.

V(z)|+ |VV(z)| <O +|2))", zeR? (1.4)

for some 3 > 4. Then the multiplication by V(z) is bounded operator H! — H! .5 for any
s € R.

We restrict ourselves to the “regular case” in the terminology of [13] (or “nonsingular case”
in [19]), where the truncated resolvent of the Schrodinger operator H = —A+ V() is bounded
at the end point A = 0 of the continuous spectrum. In other words, the point A = 0 is neither
eigenvalue nor resonance for the operator H; this holds for generic potentials.

Let H' denote the completion of the complex space C5°(R?) with the norm ||V (x)]| 2.
Equivalently, using Sobolev’s embedding theorem, H' = {¢(z) € LS(R3) : |Vi(z)| € L2},
and

[llzs < Cllll - (1.5)

Definition 1.1. i) F is the complex Hilbert space H'® L? of vector-functions ¥ = (¢, ) with
the norm
[ W]lF = IVlrz + [ 2 < oo.

ii) F, is the complex Hilbert space H: & H? of vector-functions W = (v, 7) with the norm
1@, = 6]y + 1l < oo
Definition 1.2. For real o > 1 denote by (a) the number from N such that
() < a <1+ (a)

Our main result is the following long time decay of the solutions to (1.2): in the “regular
case” for initial data Wy = W(0) € F, with o > 2 we have

[PY @), = O(t7), v =min{(oc —1/2),0 —1,(6/2-1/2),5/2—1}, t— +oo (1.6)
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Here P. is a Riesz projector onto the continuous spectrum of the operator H. The decay is
desirable for the study of asymptotic stability and scattering for the solutions to nonlinear
hyperbolic equations. The study has been started in 90" for nonlinear Schrodinger equation,
[5, 20, 21, 23, 24], and continued last decade [6, 7, 16]. The study has been extended to the
Klein-Gordon equation in [10, 25]. Further extension need more information on the decay for
the corresponding linearized equations that stipulated our investigation.

Let us comment on previous results in this direction. Local energy decay has been es-
tablished first in the scattering theory for linear Schrédinger equation developed since 50” by
Birman, Kato, Simon, and others. For wave equations with compactly supported potentials,
and similar hyperbolic PDEs, Vainberg [27] established the decay in local energy norms for
solutions with compactly supported initial data. The decay in the LP norms for wave and
Klein-Gordon equations was obtained in [3, 4, 8, 15, 18, 28, 29].

However, applications to asymptotic stability of solutions to the nonlinear equations also
require an exact characterization of the decay for the corresponding linearized equations in
weighted norms (see e.g. [5, 6, 7, 25]).

The decay of type (1.6) in weighted norms has been established first by Jensen and Kato [13]
for the Schrodinger equation in the dimension n = 3. The result has been extended to all other
dimensions by Jensen and Nenciu [11, 12, 14], and to more general PDEs of the Schrodinger
type by Murata [19]. The survey of the results can be found in [22].

For the “free” wave equations with V(z) = 0 some estimates in weighted LP-norms have
been established in [2, 9]. For the 3D wave equation (1.1), the decay (1.6) in the weighted
energy norms was not proved until now. Let us note that the decay rate in (1.6) corresponds to
the spatial decay of the initial function ¥ (0) and potential V' (z) in contrast to the Schrédinger
case [13], where the decay rate is t~*/2. This difference is related to the presence of the lacuna
for the free 3D wave equation.

Now let us comment on our approach. The problem was that the Jensen-Kato [13] approach
is not applicable directly to the wave equations. The approach relies on the spectral Fourier-
Laplace representation

o0

1 )
P = 5 / — [R(w +i0) — R(w — 1'0)] Todw, teR (1.7)
i
0
where R(w) is the resolvent of the Schrédinger operator H = —A + V, and P, is the corre-
sponding projector onto the continuous spectrum of H. Integration by parts implies the time
decay of type (1.6) since the resolvent R(w) is sufficiently smooth and its derivatives 9 R(w)
have a good decay at |w| — oo for large k in the weighted norms. On the other hand, in the
case of the wave equation, the derivatives do not decay.
Let us illustrate this difference in the case of the corresponding free 3D equations:

i) the resolvent of the free Schrodinger equation is the integral operator with the kernel
civala—y|

Rs(w,z —y) = o p——

ii) the resolvent of the free wave equation is the integral operator with the matrix kernel

0 0 ewle—yl w o
wa,x_y)_(_w(x_y) 0)+74ﬂ|x_y|(_w2 w) (18)
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and the region of integration in the corresponding formula (1.7) is changed to (—o0, 00). Leading
singularity of the Schrodinger resolvent is y/w at w = 0. Hence, the contribution of law
frequencies into the integral (1.7) decays like =3/ in the Schrédinger case. In the case of
the wave equation, the resolvent is smooth function of w, hence the contribution of the law
frequencies decays like ~ ¢t~V with any N > 0.

Now let us discuss the contribution of high frequencies into the integral (1.7). For the
Schrodinger case, the contribution decays like ~ ¢t~V with any N > 0. This follows by partial
integration since the derivatives O Rg(w, x — y) decay like |w|™%/? as w — oo.

On the other hand, the kernel Ry (w,x —y) does not decay for large |w|, and differentiation
in w does not improve the decay (cf. the bounds (2.17) and (3.4)). Hence, for the wave equation
the integration by parts does not provide the long time decay.

This difference is not only technical. It reflects the fact that the multiplication by ¢V, with
large N, improves the smoothness of the solutions to the Schrodinger equation in contrast to
the wave equation. This corresponds to distinct nature of the wave propagation in relativistic
and nonrelativistic wave equations:

i) for a solution v (x,t) to the Schrédinger equation, main singularity is concentrated at ¢t = 0
and disappears at infinity for ¢t # 0 due to infinite speed of propagation.

ii) for a solution ¥ (z,t) to the wave equation, the singularities move with bounded speed, thus
they are present forever in the space.

Thus, the proof of the decay for the high energy component of the solution requires novel
robust ideas. This problem is resolved at present paper with a modified approach based on the
Born series and convolution. Namely, the resolvent R(w) of the operator H admits the finite
Born expansion

R(w) = Ro(w) — Ro(w)VRo(w) + Ro(w)VRo(w)VR(w) (1.9)

where Ry(w) stands for the free resolvent with the integral kernel (1.8) corresponding to V' = 0,

0 0
ande(v 0

expansion for the dynamical group U(t) of the wave equation (1.2),

) . Taking the inverse Fourier-Laplace transform, we obtain the corresponding

U(t) =Up(t) + i /t Up(t — 8)VUy(s)ds — iF* [Ro(w)VRo(w)VR(w)] (1.10)

w—t
0

where Uy(t) stands for the free dynamical group corresponding to V' = 0. The expansion
corresponds to iterative procedure in solving the perturbed wave (1.2). Further we consider
separately each term in the right hand side of (1.10):

I. As we noted above, for the first term Uy(t) we cannot deduce the time decay (1.6) from
the spectral representation of type (1.7). We establish the decay using an analog of the strong
Huygens principle extending Vainberg’s trick [27].

I1. For the second term we also cannot deduce the time decay from the spectral representa-
tion. However, the decay follows by standard estimates for the convolution using the decay of
the first term and the condition (1.4) on the potential.

ITI. Finally, the time decay for the last term follows from the spectral representation by the
Jensen-Kato technique since ||[VRo(w)V|| ~ |w| ™2 as |w| — oo that follows from the (expected)
lucky structure of the matrix VRy(w)V (see (3.7)).
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Our paper is organized as follows. In Section 2 we obtain the time decay for the solution to
the free wave equation and state the spectral properties of the free resolvent. In Section 3 we
obtain spectral properties of the perturbed resolvent and prove the decay (1.6).

2 Free wave equation

2.1 Time decay
First, we prove the time decay (1.6) for the free wave equation:

U(x,t) = Ap(z,t), zeR3 teR. (2.1)
In vectorial form equation (2.1) reads

iW(t) = HoW(t), (2.2)

o-() we(80)

Denote by Uy(t) the dynamical group of the equation (2.2). It is strongly continuous group
in the Hilbert space Fy. The group is unitary after a suitable modification of the norm that
follows from the energy conservation.

where

Proposition 2.1. Let ¢ > 1. Then for ¥q € F,
1o (t) Woll 7, < CL+ )~ Tollr,, teR. (2.4)

Proof. Step i) It suffices to consider ¢ > 0. In this case the matrix kernel of the dynamical
group Uy(t) can be written as Uy(x — y,t) where

Up(z,t) = ( ZEZE; ggz:g ) , z€R? (2.5)

and
ot —[2])
47t

Step ii) We consider an arbitrary ¢ > 1. Let us split the initial function ¥y in two terms,
Wy = Wy, + Vg, such that

Uz, t) = . t>0. (2.6)

16,7, + V07 < ClYllz, t21, (2.7)

and
o, (x) =0 for x| >1/2, and o, (x) =0 for [z| <t/3. (2.8)

First we obtain the estimate (2.4) for Uy(t)¥g,. For any f € H' the Holder inequality and
inequality (1.5) imply

£, = ( [0+ 1Py de) " < s ([ @ Py 72a) " <l (29
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since 30 > 3. Hence the estimate (2.4) for Uy(t)Vg , follows by energy conservation for the wave
equation, (2.8) and (2.7):

240 ()5l 7—, < CliU()¥5,ll7 < VG, N7 < CE7NNYG,ll7 < O Wollx,, t=1. (2.10)
Step iii) It remains to estimate Uy(t) Vg, for £ > 1. Formulas (2.5)-(2.6), and (2.8) imply
[Uo ()W) (2) =0, 2| < t/2.

Similar to (2.9) for f € H' such that f(z) = 0 for r = |2| < t/2 we obtain

1/3
2, < ([ @rtyomear) Cifl < 0o,

r>t/2

Hence, by energy conservation
Ido ()05 ol 7, <O U (8) W[l 7 <CETTH[ WG [l < CE7HH WG L, < CE7H W |,
Finally, the last estimate and (2.10) imply (2.4). O

2.2 Spectral properties

We state spectral properties of the free wave dynamical group Uy(t). For ¢t > 0 and ¥y = ¥(0) €
F, there exist a unique solution ¥(t) € Cy(R, F) to the free wave equation (2.2). Hence, W(t)
admits the spectral Fourier-Laplace representation

1 L
0(w(t) = — / e N R (w4 ie) Ty dw, tER (2.11)
i
R
with any € > 0 where 6(¢) is the Heavyside function, Ro(w) = (Hy — w)™! for w € C* :=
{w € C:Im w > 0} is the resolvent of the operator Hy. The representation follows from the
stationary equation wU*(w) = HoW¥T(w) + ¥, for the Fourier-Laplace transform Ut (w) :=

/ O(t)e™"W(t)dt, w € C*. The solution ¥(t) is continuous bounded function of ¢+ € R with
R

the values in F by the energy conservation for the free wave equation (2.2). Hence, Ut (w) =
—iR(w)¥q is analytic function of w € C* with the values in F, and bounded for w € R + ic.
Therefore, the integral (2.11) converges in the sense of distributions of ¢ € R with the values
in F. Similarly to (2.11),

1 o

O(—)¥(t) = —5— e W R (w — ie) Vg dw, tER. (2.12)
i
R

For the resolvent Ry(w) the following matrix representation holds

B wRy(w?) iRy (w?)
Rolw) = ( (1 P Ro6?) wRo(?) ) (2.13)
where el
iv/Clz—y
Ry((,x — ) ‘ CeC*t, Imc¢Y?>o0. (2.14)

" dnlr —y|
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Definition 2.2. Denote by L(By, By) the Banach space of bounded linear operators from a
Banach space By to a Banach space Bs.

The explicit formula (2.14) implies the properties of Shrédinger resolvent Ry(¢) which are
obtained in [13, Lemmas 2.1 and 2.2

i) Ro() is strongly analytic function of ¢ € C\ [0, 00) with the values in £(H; ", HY);
ii) For ¢ > 0, the convergence holds Ry(¢ + i) — Ry(¢ £1i0) as ¢ — 0+ in L(H, ', H' ) with
0,0/ >1/2, 0 + 0’ > 2 (see Appendix A).

In [17] we revise the Agmon-Jensen-Kato decay of the Shrédinger resolvent [1, (A.27)], [13,

(8.1)]:
Proposition 2.3. (¢f.[17, Proposition A.1]) For any r > 0 the bounds hold for m = 0,1 and
I=-1,0,1,

IR Ol pgragmsy < Clh,DICITIHP2 - w e C\R, ol 2r (215)

with o > 1/2+k for any k =0,1,2,....
Since Ry(w?) is smooth function in the neighborhood of w = 0 then Proposition 2.3 implies

Corollary 2.4. Form =0,1 and [ = —1,0,1 the bounds hold
1257 @) g smsty < CRYA+ ) ™02 w e CA\R. (2.16)

with o > 1 for k=0, and o > 1/2+k fork =1,2, ...

The formulas (2.13)-(2.14) and the bounds (2.16) imply the properties of Ro(w):

i) Ro(w) is strongly analytic function of w € C\ R with the values in L(Fg, Fo));

ii) The convergence holds Ry(w £ i) — Ro(w £1i0) as ¢ — 0+ in L(F,, F_,) with 0,0’ > 1/2,
o+ > 2.

iii) The bounds hold

IR e,y <C) <o, k=0,1,2,.., weC\R (2.17)
with o > 1 for k=0,and 0 > 1/2+k for k =1,2, ...

Corollary 2.5. Fort € R and Vo € F, with o > 1, the group Uy(t) admits the integral

representation

1 .
Up(t)Wg = — [ et [Ro(w +40) — Ro(w — i0)| Wy dw (2.18)

271

where the integral converges in the sense of distributions of t € R with the values in F_,.

Proof. Summing up the representations (2.11) and (2.12), and sending ¢ — 0+, we obtain
(2.18) by the Cauchy theorem and the bounds (2.17). O

Remark 2.6. The estimates (2.17) do not allow obtain the decay (2.4) by partial integration
in (2.18). This is why we deduce the decay in Section 2.1 from explicit formulas (2.5) and

(2.6).
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3 Perturbed wave equation

To prove the long time decay for the perturbed wave equation, we first establish the spectral
properties of the generator.

3.1 Spectral properties

According [13, p. 589] and [19, formula (3.1)], let us introduce a generalized eigenspace M for
the perturbed Schrodinger operator H = —A + V:

M={ve H£1/2—0 © (1+AV)y =0},

where Ay is the operator with the kernel Ag(x,y) = prp— Below we assume that
Tl —y

M = 0. (3.1)

In [13, p. 591] the point A = 0 is called then “regular point” for the Schrédinger operator H
(it corresponds to the “nonsingular case” in [19, Section 7]). The condition holds for generic
potentials V satisfying (1.4) (see [13, p. 589]).

Denote by R(¢) = (H — ¢)™1, ¢ € C\ R, the resolvent of the Schrodinger operator H.

Remark 3.1. i) By [19, Theorem 7.2], the condition (3.1) is equivalent to the boundedness of
the resolvent R(¢) at ¢ = 0 in the norm of £(H ', H' ) with a suitable o > 0.

ii) By Lemma 3.2 in [13], the condition (3.1) is equivalent to absence of nonzero solutions
Y e H' | with o < 3/2, to the equation H1) = 0.

iii) N(H) C M where N (H) is the zero eigenspace of the operator H. The imbedding is obtained
in [13, Theorem 3.6]. The functions from M\ N(H) are called zero resonance functions. Hence,
the condition (3.1) means that A = 0 is neither eigenvalue nor resonance for the operator H.

Let us collect the properties of R(() obtained in [1, 13, 19] under conditions (1.4) and (3.1):

R1. R(() is strongly meromorphic function of ¢ € C \ [0,00) with the values in L(H; ", H});
the poles of R(() are located at a finite set of eigenvalues ¢; < 0, j = 1,..., N, of the operator
H with the corresponding eigenfunctions wjl- (x), ...,w;j(x) € H? with any s € R, where &; is
the multiplicity of ¢;.

R2. For ¢ > 0, the convergence holds R(¢ + i) — R(( +1i0) as ¢ — 0+ in L(H, ', H! ) with
o > 1/2, uniformly in ¢ > p for any p > 0 ([13, Lemma 9.1}).

R3. The operator I + Ry(¢)V is invertible in £(H!_; H! ), with ¢ > 1 for sufficiently small
¢ € C\ (0,00). Hence, formula (2.14) and the identities

R=I+RV) 'Ry R=(1-RV)R)(1-VR), R'=|(1-RV)Rj— 2R’VR6] (1-VR)...
imply that there exists € > 0 such that for m = 0,1 and [ = —1,0,1 the bounds hold

HR(k)(C)||c(HgL;Hle) <C(e k), [(I<e
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witho >1fork=0and o >1/2+ k for k=1,2,....
R5. (cf.[17]) For any r,0 > 0, the bounds hold for m = 0,1 and [ = —1,0,1

RSO g(gpmsry < C(r,8,R)|CHTHP2 (e C\(0,00), [¢|>r, Jarg(| <m—6 (32)

with 0 > 1/2 4+ k for any &k =0,1,2, ....
The resolvent R(w) = (H — w) ™! can be expressed similarly to (2.13):

B wR(w?) iR(w?)
R(w) = < —i(1 + w*R(w?)) wR(w?) ) )

Hence, the properties R1 — R5 imply the corresponding properties of R(w):

Lemma 3.2. Let the potential V' satisfy conditions (1.4) and (3.1). Then
i) R(w) is strongly meromorphic function of w € C\ R with the values in L(Fo, Fo);
i1) The poles of R(w) are located at a finite set of imaginary aze

Y={wf =%(, j=1,...N}

),

wi P (x)
1, ceey Rjy

iii) For w € R, the convergence holds R(w *+ic) — R(w £1i0) as ¢ — 0+ in L(F,, F_,) with
o>1.
v) Let r < dist(32,0). Then the bounds hold

of eigenvalues of the operator H with the corresponding eigenfunctions <

]|R(k)(w)||g(fm£a) <C(rk)<oo, 0<|Imw|<r (3.4)
with o > 1 for k =0, and with o > 1/2+ k for any k =0,1,2, ....

Finally, let us denote by V the matrix

vz(‘(}g) (3.5)

and let W(w) := VRy(w)V. We obtain the asymptotics of W(w) for small and large w.

Lemma 3.3. Let the potential V' satisfy (1.4) with § > 140 fork=0and 8 >1/2+k+ 0o
for k=1,2,..., with some o > 0. Then the bounds hold

VP )2z, 7 < CR)(L+ [w]) 2 (3.6)

Proof. Bounds (3.6) follow from the algebraic structure of the matrix

0 0
(k) _ (k) _
W) VROV = (o o ). (3.7)
since (2.16) implies that for w € C\ R,
VR @)V fllmg < CIRE @)V fllmo_, < CORYA+[) IV fllay_, < CRYA+I) 2 L,

(3.8)
with 1 < f—o for k=0 and with 1/24+ k< f—ocfork=1,2,... O
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3.2 Time decay

In this section we combine the spectral properties of the perturbed resolvent and time decay
for the unperturbed dynamics using the (finite) Born perturbation series. Our main result is
the following.

Theorem 3.4. Let conditions (1.4) and (3.1) hold. Then for o > 2

He_itH_ Z €_intPJ||£(fg,}La) _ O(‘t|_7)7 v = min{[a—1/2],a—1, [ﬁ/2—1/2],6/2—1} (3.9)

wjED
as t — +oo. Here P; are the Riesz projectors onto the corresponding eigenspaces.

Proof. We use the Born perturbation series
R(w) = Ro(w) — Ro(w)VRo(w) + Ro(w)VRo(w)VR(w), weC\[[UX] (3.10)

which follows by iteration of R(w) = Ro(w) — Ro(w)VR(w). Let us substitute the series into
the spectral representation of type (2.11) for the solution to (1.1) with ¥(0) = ¥y € F, where
o > 3/2. Then Lemma 3.2 and bounds (3.4) with £ = 0 imply similarly to (2.18), that

U(t) = Y e IRl = — / et [R(w +i0) = R(w = 10)| Wy duw (3.11)
wjEY

1 ot [ . .

= 5 e Wt _Rg(w +i0) — Ro(w — ZO)} Uy dw
1 o

+ 5 [ € [ Ro(w + i0)VRo(w +i0) = Ro(w — i0)VRo(w — ¢0)] Wy dw
1 e

+ 5= [ | [RVRWVR (@ +i0) — [RoVRoVR](w - 2'0)} Uy dw

= Wy (t) + Wa(t) + Us3(t), teR
where P; stands for the corresponding Riesz projector

1
PV, = ——— R(w)Wodw

2mi |w—ws|=68

with a small 6 > 0. Further we analyze each term W separately.

3.2.1 Time decay of ¥,
The first term Wy () = Up(t) ¥ by (2.18). Hence, Proposition 2.1 implies that

12 (Ol < COA+ )Wl 7, tER (3.12)
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3.2.2 Time decay of ¥,
The second term Wy(t) can be rewritten as a convolution.

Lemma 3.5. The convolution representation holds
t
Uy (t) = i/blg(t —T)VV¥y(1)dr, teR (3.13)
0

where the integral converges in F_, with o > 2.

Proof. The term Wy(t) can be rewritten as

1 . .
Uy(t) = 5 / [e"“tRo(w +i0)VRo(w +i0) — e " Ro(w — i0)VRo(w — i0) | ¥y dw. (3.14)
R

Let us integrate the first term in the right hand side of (3.14) denoting
UT(t) == 0(£)U (1), TTF(t) = O(£) V4 (t), teR.

We know that Ro(w + i0)¥, = U7 (w), hence integrating the first term in the right hand side
of (3.14), we obtain that
1 . ~
Uo (t) = o e 'Ry (w +i0) VYT (w) dw
7r
R
1 —iwt . TWT\Ty+
= — [ e Ro(w+ zO)V[ e (T)dT} dw
2 R
R

— %(i@t+z’)2/%Ro(w—l—z’O)V[/Re“T\Iff(T)dT}dw. (3.15)

The last double integral converges in F_, with o > 2 by (3.12), and (2.17) with £ = 0. Hence,
we can change the order of integration by the Fubini theorem. Then we obtain that

t
Z/ Uy(t — 7)YV (T)dT , t>0
0
0 , t<0

Uy (t) = i/RUOJF(t — 1)V (r)dr = (3.16)

since

1 . . e—iw(t—’r) .
Ui (=) = 50, + 2)2/ o Rl 4 10) de

by (2.11). Similarly, integrating the second term in the right hand side of (3.14), we obtain

R

0 , t>0
Wao(t) = z’/RZ/{O‘(t — 1)V (1)dT = i/tuo(t VB £ <0 (3.17)

0
Now (3.13) follows since Wy(t) is the sum of two expressions (3.16) and (3.17). O
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Lemma 3.6.

W2 (t) ]|z, < CA+[t) [ Woll7,, v = min{fo— 1@ -1}, tek (3.18)

Proof. We apply Proposition 2.1 to the integrand in (3.13). For 2 < ¢ < [3/2 we obtain

Cve(llz _ Cl@llz, _ CllWollz,

olt = VIOl S =)ot = W ot = T = el (1 T

and for o > (3/2

ClVU (1)l 75,

[Uho(t = T)VUL(7)]| 7, < Ut = T)VIL(T)]7_ 0 < AR

_ @)y,

< Cl[Woll 5, Cl| %ol £,
A+t —rD2t A+ fe—r) T A+ )T~ A+t —7)2 A+ |72
Hence (3.13) implies (3.18). O

<

3.2.3 Time decay of V;

Let us rewrite the last term in (3.11) as

Us(t) = 5 /e_i”t/\f(w)\lfo dw, (3.19)
T

where N (w) := M(w +i0) — M(w — i0) for w € R, and
Mw) == Ro(w)VRp(w)VR(w) = Ro(wV(w)R(w), we C\R. (3.20)
Let us obtain the properties of the operator function N.

Lemma 3.7. For 0 < k < min{f —3/2,0 — 1/2} the bounds hold

IN® M er 7 < CHR)A+ w72, weR. o)
Proof. We have
k!
MY = Z R Wk R (k) %)
ki+ko+ks=k kl'k?'ki’)‘

and Lemma 3.3 and bounds (2.17), (3.4) imply for 0 < |[Imw| < r that

IREVIWEIRED () fll£, < [REVIWEIRE (W) fl| 2, < Cky) [IWFIRED (W) £ 7,

C(k‘l k‘g) k C(’f’ ]{31 k’g k’g) C(’l“ k‘l k‘g k‘g)
< ) R( 3) < ) ) ) < ) ) )
— (1 + |C&J|)2H (w)fH]:—ol — (1+ |C&J|)2 Hf”fol — (1 + |C&J|)2 Hf||-7:o'
if we choose o, o1,  such that
> > 1,1f]€1:]€3:0 ﬁ 1"—0'1,if]{?2:0
7= 1/2 + max{ky, ks}, if k1 > 0 or k3 >0 1/2+ ky + o, if ko > 0
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All these inequalities hold if we choose o > max{1,1/2+ k}, 8 > 3/2+ k, and
1<01<min{a,ﬂ—1/2—k}, if ki=k3=0,

1/2 + max{k:l, ]{53} <o < min{a,ﬂ — 1}, if ko =0,
1/2 + max{ky, k3} < oy <min{o, 5 —1/2 — ko}, if ko >0 and max{ky, ks} > 0.

Now we prove the desired decay of W3(t) from (3.19).

Lemma 3.8.

Ws(@)ll 7, < CA+ ) Woll7,, v =min{f(o —1/2),0 = 1,(6/2-1/2),5/2 -1}, 15(6 R)-
3.23

Proof. First, in the case 2 < 0 < [3/2 there exists k > 1 such that 1/24+ k<o <1/24+1+k
Then > 14 2k > 3/2 + k, and by Lemma 3.7

NO(w)) € LY(R; L(Fy, F-,))-
Then we can apply k times integration by parts in (3.19) to obtain
13|, < CRYA+[t) " Tollz,, teR. (3.24)
If, additionally, 1/2+ k < 0 < 1+ k, then
1)l 7, < CER)A+ ) [ Tollr,. teR. (3.25)
Since k = (o — 1/2) (see definition 1.2), then
135, < CR)A+[t))~ 202, teR.

Second, in the case 4 < (8 < 20 there exists £ > 1 such that 2k +1 < § < 2k 4+ 3. Then
1/24+k <o and 3/2+k < 2k+ 1 < . Hence by Lemma 3.7 again we can apply k times

integration by parts to obtain (3.24).
If, additionally, 2k + 1 < 8 < 2k + 2, then

13()l5, < CRA+[) 2ol teR. (3.26)
Hence,
1W3(t) |5, < CR)(1+ [t) BB 1w 2 ¢ € R,
This completes the proof of the lemma and Theorem 3.4. O

Corollary 3.9. The asymptotics (3.9) imply (1.6) with the projector

Pe=1—> P (3.27)

BRISDY
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A Appendix: Weighted estimates

1
Lemma A.1. The operator K(x,y) with the integral kernel K(x,y) = =yl belongs to
r—Yy
‘C(L317L2—02) with 01,09 > ]_/2, o1+ 09 > 2.

Proof. We must prove that for any v; € Lgi y1=1,2

(K1, 4ba)] < Ol oz, leballzz, (A1)

We have .
(K1,13) :/szl(k)ﬁ@%(k)dk: / o ¥ / =L+

ki<t Jki>1

Evidently, Iy < C||11]|2]|¥2]| 2. It remains to estimate [;. By the Hélder inequality

e [y a)"( [ )" <c( [irinea)”

|kl<1

1 1
where — + — =1, 1 < ¢ < 3/2, and p > 3. Furthermore, again by the Holder inequality

p q
. . 1 1 1 1 1 _
L] < Ol lvellze < Cllillpmllvellzre, —+—=- —+—=1, i=12
P P2 p bi
with p; > 3, and 1 <r; < 3/2, 1 =1,2. Next we obtain
o o o 1 1 1
1ille =N A+l A+ )7 il e < CNA+ 2 zeil[Willzg, < Cllilleg,, —+5 =, si<6
if 0;8; > 3. Let us verify that such constants exist. We have o; > 1/2 and
>3 1<ai 1<a,-+1 1>1 o; 1>1 o1+ 09 - 3
sl _7 - _7 - 5 _7 _ a _’ - - ) 5 7 _ N
o; Si 37 1 3 2 p 2 3" p 3 p 3 — (o1 + 09)

Finally, let us choose o1, 05 > 1/2, and 07 + 09 > 2. Then we take

I<p< —m———.
P30 + o)
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