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1 Introduction

In this paper, we establish a dispersive long time decay for solutions to 2D linear Dirac equation
with the Maxwell potentials:

(e, ) = HY(o,1) 1= [ia- V4 B+ V@lb(e0) | o
{ (z,0) = Yo(z) ' €R (1.1)

where ¥ (z,t) € C*, m > 0 and a = (a1, ). The Hermitian matrices 8 = o and ay, satisfy
the following relations:

ay = o, B
{ ooy + oy, = 2051 ' k,i=0,1,2. (1.2)

The standard form of the Dirac matrices ay and g is

e(30) e (Uh) e () w

We assume the following conditions:
E1. The potential ¥ € C*°(R?) is a Hermitian 2 x 2 matrix function such that

[0V ()] < Cla)(@) 1l (2)7 = (1+ |«*)"2 (1.4)

with some p > 5.
E2. The operator ‘H presents neither resonance nor eigenvalue at the thresholds.

Note that conditign E2 corresponds to the “regular case” in the terminology of h](%li%or “non-
singular case” in [[13]). Under condition E2 the operator H has a finite set of eigenvalues
w; € (—m,m), j = 1,..,N. Denote by P, the Riesz projection onto the corresponding
eigenspaces and by
P;=> P and P.:i=1-P, (1.5)
j

the projections onto the discrete and continuous spectral spaces of
For 5,0 € R, denote by H?(R?) the weighted Sobolev spaces (see [[1]) with the finite norms

[ull gy @2y = [[{2)° (V) ul| 22y < oo

Denote H; := H>(R*) ® C?, L7 := HJ. Our main result is the following long time decay of the
solutions to (hT)
1P ()12, = O(t| ™ log™* [¢]),  t — £oo (1.6)

for initial data 1y = (0) € L? with o > 5/2. xa
The decay in weighted norms has been established first by Jensen and Kato h]()ﬁ—for the
Schrodinger equation i{l the, di“jﬁ%bqn n = 3. The result was extended to all other dimensions
T jel,jez, . 1
y Jensen and Nenciu [4, 5] 7], and to more general PDEs of the Schrodinger t 19 la Murata
3]. For the Klein-Gordon equations the dispersiv gecay has been proved in [9[-[TI]; for 3D
Dirac equation in%ﬁ, and for 1D Dirac equation inepf[%] For 2D Dirac equation the decay was
not obtained before.
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Let us comment. on our techniques. We extend our approach %ﬁgto the Dirac equation.
Note that decay (II.6) violates for the free 2D Dirac equation corresponding to V(x) = 0 when
the solutions slow decay, like ~ t~!. The slow decay is caused by the “ resonance functions”
Um(z) = (1,0) and ¢_p(z) = (0,1) corresponding to the edge points -m.of the continyoug
spectrum of the free Dirac operator Hy = —ia - V + m/3 (see Remark B.T). Hence, decay (IT.
cannot be deduced by perturbation arguments from the corresponding estimate for the free
equation.  eka Dir

Following hlgﬂfwe consider low energy and high energy components of solution to (h_f)
separately. The high energy component decays like t=V with any N > 0. The proof relies on
the Mourre estimates and the minimal escape velocity estimates obtained by Boussaid in
the context of the 3D Dirac operator.

For the | W energy component, the decay ~ t~!log™?t follow, e‘b a suitable modification of
the methodsﬁﬁj,—m Our main novelties are the asymptotics (%T%of the perturbed resolvent
near the points 4 in the nonsingular case (i.e., under Condition E2) and “2D version” of
Jensen-Kato-Zygmund lemma (Lemma 13777011 ‘E&S—and—half partial integration”.

Our paper is organized as follows. In Section 2 we obtain the time decay for the soluti%%o
the free Dirac equation and state the spectral properties of the free res Lelnt. In Section B we
obtain spectral properties of the perturbed resolvent and prove decay (%

2 Free Dirac equation
First, we consider the free Dirac equation:

i) (x,t) = Hoh(z, ) == —ia - V(x, t) + mpBap(z,t). (2.1)

Dir0
Denote by Uy(t) : ¥(-,0) — (-,t) the dynamical group of equation (2.lrl ). It is a strongly
continuous group in L? := L?(R?) ® C?. The group is unitary due to the charge conservation.

2.1 Spectral properties

M
We state spectral properties of Uy(t) applying known results [T, 13] on spectral properties of
the free S(P;lrl%hnger dynamical group. For ¢t > 0 and 1y = ¢(0) € L?, the solution (t) to free

equation ( admits the spectral Fourier-Laplace representation
1 L
000 = e [ Rt iy s, 1€ R 2
i

R
with any e > 0 where 6(t) is the Heaviside function, Ro(w) = (Ho —w) ™" is the resolvent of the
operator Hy. The representation follows from the stationary equation wiy*(w) = Hotp™ (w)+ithg
for the Fourier-Laplace transform ¢+ (w) = /G(t)ei“tw(t)dt, where w € C* := {Imw > 0}.
R
The solution (t) is a continuous bounded function of ¢+ € R with the values in L?. Hence,

Ut (w) = —iRo(w)ty is an analytic function of w € C* with the values in L?, bounded for
w € R + ie. Therefore, integral (Z.ZIE converges in the sense of distributions of ¢ € R with the
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Gint
values in L?. Similarly to (EIZI ),

O(=t)(t) = —5— / e W R (w — ie)y dw, tER. (2.3)
R

The resolvent Ro(w) can be expressed in terms of the resolvent Ro(¢) = (—0% — )" of the free
Schrédinger operator. Indeed, (II.2) implies

(Ho — w)(Ho +w) = (—ia- V+mpB — w)(—ia- V+mB +w) = —A+m? — w? (2.4)
Therefore,
Ro(w) = (—ia - V +mpB + w)Ro(w?* — m?) (2.5)
where Ry(() is the operator with the integral kernel

i 1 ,
Ro(¢,w = y) = TH (¢ la —yl) = - Ko(=ic = y)), C€CH Im¢? >0, (26)

Here Hél) is the modified Hankel function, and K is the Macdonald’s function. Denote by
L(B1, By) the Banach space é)if bounded linear operators from a Banach space B st} nach
space By. Explicit formula (b_6) obviously implies the properties of Ry(() (cf. [T, IT,

Lemma 2.1. i) Ry(C) is an analytic function of ¢ € C\ [0, 00) with the values in L(H®, H?);
i1) For ¢ > 0, the convergence (limiting absorption principle) holds

in L(H?, H? ) with o > 1/2.

i11) The asymptotic expansion holds
Ro(¢) = Aplog ¢ + By + O(¢*"), ¢ =0, ¢€C\[0,00) (2.8)

in L(HY; H?,) with o > 5/2. Here Ay, By € L(HY; H2,), with ¢ > 1, are the operators with
the integral kernels Ao(x —y), Bo(x — y) respectively, where

Aoz —y) = —7=, Bolz —y) = —5- — 5= log +-, z,yeR (2.9)

A7

Furthermore,
Ro(¢) = AT + O, R(Q) = Ao T? + O(CT™Y), ¢ =0, C€C\[0,00) (2.10)
in L(H?; H? ) with 0 > 5/2.
i) For any s € R, l = —1,0,1,2 and k = 0,1, 2... the asymptotics hold
RY(Q)=O(C =), ¢l =00, (€C\[0,20)
in L(HS; HETY with o > 1/2 + k.

£ RORO
Let us denote I' := (—o0, —m) U (m,00). Lemma }‘ZEF and formula (2.5) imply

I £|
ja s}

RORO
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Lemma 2.2. i) The resolvent Ro(w) is an analytic function of w € C\ T with the values in
L(L* L?).
i1) For w € T, the limiting absorption principle holds

Ro(w £ ie) - Ro(w £1i0), ¢ — 0+ (2.11)

in L(L2,L? ) with o > 1/2.
i11) The asymptotics hold

Ro(w) = AT log(w Fm) + B + O((w F m)3/*)

Riy(w) = AF(wFm)~' + O((wF m)~*) w—+m, weC\T. (2.12)

Ri(w) = —AF(w Fm)~> + O((w Fm) =)

in L(L2; L* ) with ¢ > 5/2. Here the operators

A5 = Op|(mB £ m) Ag

(2.13)
Bf = Op[(mﬁ + m)By + log(£2m) + m& V| — vy
belong to L(L2; L* ) with o > 1.
iv) For k=0,1,2,... and 0 > 1/2 + k the asymptotics hold
IR @)llerzre )y = O(1), w—00, weC\T. (2.14)

Corollary 2.3. For t € R and vy € L> with 0 > 1, the group Uy(t) admits the integral

representation

Uo ()t = QLM et [Roftw +i0) — Rofw — i0) o (2.15)
I

where the integral converges in the sense of distributions of t € R with the values in L* .

. . Gint Gints ) . |Gint}
Proof. Summing up representations (22) and (2-3), and sending € — 0+, we obtain (E_FST by

the Cauchy theorem and lemma 2:2. O

2.2 Time decay

. . . Dir0 . BEP
Here we prove time decay for the free Dirac equatio 1(n2{:! ). Estimates (2.14) do not allow to

obtain the decay of Uy(t)1y by partial integration in (2.15). We deduce the decay from explicit
formulas. We have

(O +a-V —imB)(0, —a-V +imB) =07 — A +m?.

Then
Up(t) = (0y + -V —imPB)G(t), (2.16)

cAA
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where G(t) = Op[G(z — y,t)], and G(z,t) is the retarded fundamental solution to the Klein-
Gordon operator 92 — A + m?:

cos my/t? — |z|?

Glet) = o-6(11 - ) (2.17)

We derive a time decay of U(t) from the time decay of dynamical group G(t) of the free Klein-
Gordon equation. The matrix kernel G(¢,z — y) of the group G(t) can be written as

G(t,x —y) G(t,z—vy)

g(t,x—y):<é<t’x_y) G’(t,x—y))’ T,y € R (2.18)

For any s € R, denote F, = H! ® L2
Proposition 2.4. The asymptotics hold

Gt)y=0@t"), t— o (2.19)
in the norm of L(Fy; F-s) with o > 1.

V
Proof. We apply the method from the proof of Lemma 18.2 from %8]% We split the function
U € F, in two terms, ¥ = ¥}, + U} such that

1Will7, + 197 < Cl¥|z, t>1, (2.20)

t t
Ui(z) =0 for |x|> 3 and U)(x)=0 for |z]< 7 (2.21)

We estimate G(t)V} and G(t)¥} separately.

Step i) First we estimate g(t)\I/gFrlllsing the energy conservation for the Klein-Gordon equa-
tion, and properties (2.21) and (b_ZU)
1GOOI, <GP |l7 < Ol |7 < Ot |||z, < Cot [Pl t=1, (222)

since o > 1.
Step 1) Now we consider G(t)W}. We split the operator G(¢) in two terms:

g(t) =1 -QG(t) +<¢G@), t=1,

where ( is the operator of multiplication by the function ((|z|/t) such that ¢ = ((s) € C{°(R),
((s) =1 for |s| < 1/4, and ((s) = 0 for |s| > 1/3. Obviously, for any «, we have

07¢(l2l/D)] < Cle) <00, E=1.
Furthermore, 1 — ((|x|/t) = 0 for |z| < t/4. Then
(1= QG Till7, < Ct7l|(1 = OGOVl |7 < Crit 7 [|GH) VY| 7,
FFn
Hence, by the energy conservation and ("270), we obtain

11 = OG5, < Cat™7||Wl|5, < Cst™7[|Will7, < Cst7H[¥[l5, t>1,  (2.23)

Gtz

[=]
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since o > 1.

Step i) Finally, let us estimate (G(¢)¥,. Denote x; the characteristic function of the ball
|z| <t/3. We Will use the same notation for the operator of multiplication by this characteristic
function. By (2.21), we have

CG(1)W} = CG (1) Vs (2.24)
G KG
Formulas (bzl%?) - &_% imply that for any « the bounds hold
109G (2, 1) < Cla,e)t™, |z| <et, t>1. (2.25)
Therefore,
021C(2l/)G (@ —y. x| < CL ol <1, t>1 (2.26)

since ((|x|/t) = 0 for |z| > t/3 and x:(y) = 0 for |y| > ¢/3. The norm of the operator
CG(t)x: : F» — F_o is equivalent to the norm of the operator

(@)77CG(E)xe{y) 7+ Fo = Fo.
The norm of the later operator does not exceed the sum in «, |a| < 1 of the norms of operators
9 [(x) ¢ (Mxi(y) 7] - L*(R*) & L*(R?) — L*(R*) & L*(R?). (2.27)

, az 1234 . . .
Estimates (&26) imply that operators (b.??) are the Hllbert—%%ndt operators since o > 1,
and their Hilbert-Schmidt norms do not exceed C't~!. Hence, (2.20) and (5_24) imply that

1CGWOWI7, < CtH [Tl < Cit H[¥]l7,, t>1. (2.28)
Finally, estimates (E_aZZ?)) and (E‘SZS) yield
1G]z, < Ct [ Woll7,, t>1. (2.29)
U
Formula (Bglfi) and decay (5%9) imply that

Corollary 2.5. The asymptotics hold
Us(t) =0, t— 00 (2.30)

in the norm of L(L?; L* ) with o > 1.

full
Therefore, the decay of the free Dirac group Uy(t) is weaker than ( T

3 Perturbed equation

To prove a long time decay for the perturbed equation, we first establish the spectral properties
of its generator H.

Gr2
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3.1 Spectral properties

Similarly to %3, Formula (3.1)], let us introduce a generalized eigenspaces M* of the operator
H:
M* ={peHl ;: (1+ByV)p e RAF), AFVy =0},
AA
where AF and B3 are defined in (ETB), and R(AZF) denotes the range of AF. Below we assume

that
M* = 0. (3.1)

Remark 3.1. i) Note that NE*(H) C M*, where NE(H) are the eigenspqees of the operator
H corresponding to the eigenvalues +m. Similar embedding is obtained in |[13, Lemma 3.2] in
the context of the Schrodinger, gperator. The functions from M*\ NE(H) are called resonance
functions. Hence, condition (3.1) means that A = +m are neither eigenvalues nor resonances
for the operator H.

ii) In the case V(x) =0 we have M+ = {(1,0)} and M~ = {(0,1)}, and hence the edge points
A = +m are resqpances for the operator H,.

dk dk
i11) Conditions (3.1) hold for “generic” potentials. (cf. ;9, 7(77)

Denote by R(w) = (H —w)™', w € C\T, the resolvent of the operator H. The next lemma
is the vector version of [13, Theorem 7.2].

Vv C
Lemma 3.2. Let conditions (Hll) and (E—l) hold. Then for any o > 1 and for sufficiently small
d > 0 the families {R(£m +¢): £m+ec € C\ T, |e| < §} are bounded in the operator norm of
L(LZ,L%,).

RO R-b
Asymptotics (BEFZT and lemma b_Z imply

1 C —
Proposition 3.3. Let conditions (Hll) and (E—l) hold. Then for w € C\ I' the asymptotics
hold

R(w) = A* + B*log™H(w F m) + O(log *(w F m))

R (w) = —BF(wFm) og > (wFm) +OwFm) tog*(wFm)) | w—Em (3.2

R"(w) = O((w F m)~2log *(w F m))
in L(L2, L* ) with o > 5/2. Here A*, B* € L(L?,L2,), o >5/2, are the integral operators.

Proof. For concreteness we consider the sign “+”. Lemma %T%implies that for any 1 < o < p/2
the operators (1 + Ro(w)V)™!' =1—R(w)V and (1 + VRy(w))™! =1 — VR(w) are bounded in
L(L*_,L*,) and in L(L2, Li%géc%ectively for |w —m| <, w € C\ T with sufficiently small
d > 0. Further, asymptotics (2.12) yield

R(w) = (H- Ro(w)V)_lRo(w) = (1+ Rg(w)V)_l (A(J{ log(w —m) + By + O(w —m)%) 53

1

R(w) = Ro(w) (14 VRo(w)) ™" = (A log(w —m) + Bf + O(w —m)1) (14 VRo(w))~
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asw — m in L(L?, L2 ) with o > 5/2. Hence, the boundedness of R(w), (1+ Ro(w)V)"!, and
(1 +VRo(w))! at the point w = m in the corresponding norms imply that

(1 + Ro(w)V) LA = O(log ™ (w — m)) B
w—tm, weC\T (3.4)
AZ(1 4+ VRo(w)) ' = O(log  (w — m))

in £(L%,L?,) with o > 5/2. Therefore,
|(1+ Ro(w)V)’l[l]Hng = O(log '(w—m)), w—=+m, weC\I, o>5/2 (3.5)
where 1 stands for the constant vector function f(z) = (1,1), and for any f € L? with 0 > 5/2
/[(1 FVRo@) " fl(2)dz = Olog '(w—m)), w—4m, weC\T.  (3.6)
Taking into account the identities
R =(1+ReV) '"Ry(1+VRy)™, R'= [(1 +RoV) 'Ry — 2R'VR,| (1 + VRo)™ !t (3.7)

GOO GO1
we obtain from (3.5) - (b_(j') the asymptotics

R'(w) = O((w—m) " log ?(w—m)), w—m, weC\T, (3.8)
R"(w) = O((w —m)2log *(w —m)), w—=m, weC\T. (3.9)
ff
Integrating (%‘8), we get
R(w) = A"+ 0O(log '(w—m)), w—=m, weC\T (3.10)
GOO GO1
in £(L2 o > 5/2. Now we can refine asymptotics (}3_5) and (i‘3‘6) Namely, asymp-

totics %_3 and .10) imply
(14 Ro(w)V) ' AG =Df log™" (w — m) + O(log™*(w — m)) _
w—m, weC\I' (3.11)
AT (1 4+ VRo(w))™ = DJ log™H(w — m) + O(log ?*(w — m))

A02
in L(L *%{DHE ) with o > 5/2. Note, that ?2 is one-dimensional operator. Substituting (%Tl)
and (2.12) into the first formula of (lg 7], we obtain asymptotics for the first deriv: tive

b ) E% 3 1S

Finally, integrating these asymptotics we obtain asymptotics ( for R(¢). Proposition
proved. O

Finally, for R(w) the limiting absorption principle holds:
Lemma 3.4. Let condition (%4) holds. Then for w € T" the convergence holds
R(w tic) - R(w £1i0), ¢ — 0+ (3.12)
in L(L2, L% ) with o > 1/2.

The proof of the lemma in the case of 3D Dirac equation one can d in h![é? For the 2D
equation the proof is similar. Note that under conditions (I.4) and (B.}),convergence (3.12)
for w close enough to +m and o > 1 immediately follows from lemma b_Z and the Lebesgue
dominated convergence theorem. Below we use the limiting absorption principle just for such
w and o.

AOO

GO

o

@«
(@}

E@llll

deriv2

Hh
h

AO

N
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3.2 Time decay

Our main result is the following.

[V C
Theorem 3.5. Let conditions h4) and (E—l) hold. Then for any o > 5/2 one has
le™ " Pull gz 2 ) = O(It] T log ™ |t]), ¢ — 0. (3.13)

We estimate propagation near thresholds and propagation far from thresholds separately.
Choose arbitrary x € C5°(R? C?) with the support in a sufficiently small neighborhood of
[—m,m]. Then

7 Pell ez a2, < e Pox(lews iz, + e H Rl = x(W)lewiz zz,)- - (319)
Propagation near thresholds.

[V C
Proposition 3.6. Let conditions AT4) and (E—l) hold. Then for any o > 5/2 one has
le™* Pox(H) | ciuz 2,y = Ot log ™ [t]), ¢ — Zoo. (3.15)

tl
Proof. Lemmas l37 and b% imply the representation (cf. (2 nI 5)):

271
r

e P (H) = i / et [R(w +1i0) — R(w — ZO)] X(w) dw (3.16)

in E(%#QU) with 0 > 1. Then we can apply “two-dimensional” modification of Lemma 10.2
from

dk
Lemma 3.7. (see /2 I, Lemma 3.12]) Assume B be a Banach space, and F' € C(a, b; B) satisfies
F(a) = 0 and F(w) = 0 forw > b > a, F' € L'(a + 6,b;B) for any § > 0. Moreover,
Fl(w) =0(w—a)'In"*(w —a)) as well as F"(w) = O((w — a)%log *(w — a)) as w — +a.
Then

/e‘““’F(w)dw =O(|t| ' In"|t]), t— +oo

a

Re . . :
Due to %.2}&, we can apply this lemma with F' = y(w )( ﬁO)ﬁl (w— ZO)), B =
L(L2,L? ) with 0 > 5/2 and appropriate values a and b to obtaln (3 [5). O
Propagation far from thresholds.
v
Proposition 3.8. Let condition h4) holds. Then for any o > 0 one has
le™ ™1 = x(H)llcz.zz,) = O(t77), ¢ — Foo. (3.17)

) . leplitt o _ _
Follow ng % we deduce asymptotics (&3.15} from the mynimal escape velocity estimates ob-
tained in [3, Theorem 2.1] for Dirac equation. Note that in [3] the 3D equation was considered,
however in the 2D case the proof is similar. Denote

1
A= —i§{HO_1V x4+ x-VHy'},

and let I, be the characteristic function of a set M.

Gin
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[V
Lemma 3.9. (Minimal escape velocity estimate) Let condition (}14) holds. Then there exists
0 > 0 such that for any v >0, v € (0,0) and a € R one has

Tacarope ™" (1= X(H))asall 2,12y < C{) 77, (3.18)
where C' does not depends on a and t.

3
Proof of Proposition E‘S We consider only integer ¢ = 1,2, ... since it is sufficient for our
purposes. For any ¢ > 0 one has

()77 = (A) " Leacey + O(Jt]77), [t 21
in £(L? L?). Hence,
(4)7e (1~ x(H)){A) 7 = {4) " Laco-syoze (1 — x(H))Las oyl 4) 7 + O(1t] ).
Choosing a = —@ and v = ¢ — 5 in Lemma %%, we obtain
1CA) =7 (1 = X(H)(A) ey = O(t]77),  t+o0.
Now (E%lg)c_lfollows since for integer o the operators (4) 2 ()7 and (z)7(A)™7 are bounded in
L(L?* L?) by the standard technique of PDOs (see. M
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