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Abstract

We consider nonlinear wave and Klein-Gordon equations with general nonlin-
ear terms, localized in space. Conditions are found which provide asymptotic
stability of stationary solutions in local energy norms. These conditions are
formulated in terms of spectral properties of the Schrodinger operator correspond-
ing to the linearized problem. They are natural extensions to partial differential
equations of the known Lyapunov condition. For the nonlinear wave equation in
three-dimensional space we find asymptotic expansions, as t — oo, of the solutions
which are close enough to a stationary asymptotically stable solution.

1. Introduction
We consider the asymptotics as t —» oo of solutions to nonlinear wave and
Klein-Gordon equations and systems in the whole space R", of the type
ii(x, t) = Au(x, t) — m*u(x, t) + f (x, u(x, 1)), (x,t)eR"*1, (1)
We assume that m = 0,n = 1, u(x, t) e R? for (x, t) e R**1, and f(x, u) is a smooth

enough vector-valued function.

Remark 1.1. Equation (1) is a system of d real scalar equations. The case of wave
equations with scalar complex solutions corresponds to d =2.
We assume the nonlinear term f'(x, u) has a real potential V (x, u) € C*(R" x R%:

fx,u)y=—V,(x,u) for (x,u)eR"xRL 2)
Thus (1) formally is a Hamiltonian system with the Hamiltonian functional
H(u, 1) = [[3]0]? + 3 Vu? + Fm?|ul? + V(x,u)] dx. 3)
Let S(x) be a stationary solution to (1), that is,

0 = AS(x) — m*S(x) + f(x, S(x)), xeR" 4)
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Remark 1.2. There are many results concerning existence of stationary solutions to
equations and systems of type (1): see, for instance, [1, 2] and their bibliographies.

The main purpose of this paper is to find conditions which ensure the asymp-
totic stability for stationary solutions S(x), i.e., conditions which ensure the conver-
gence

u(x,t)—>S(x) ast—ow 5

(in an appropriate sense) for each solution u(x, t) of (1) with initial data “close
enough” to initial data of the stationary solution S(x). In other words, the station-
ary point (S(x), 0) in the phase space of (1) attracts some of its neighborhoods. We
also derive the asymptotic expansion as t — co for the solutions u(x, t) when n =3
and m =0.

There are known results by SEGAL [25], STrAUSS [29, 307, MORAWETZ & STRAUSS
[21], and others, on the decay of local energy in nonlinear scattering problems for
equation (1) with a “stable” spatially homogeneous nonlinear term, similar to
|ul?~'u, p > 1. The spatial homogeneity means that the nonlinear term f(x, u)
= f(u) does not depend on x. The “stability” of the nonlinear term means (in the
case d =1)that f(u) < 0foru = 0 and f(u) = 0for u < 0. It leads to the positiveness
of energy and to the estimate of solutions uniform in ¢. In those papers it is also
assumed that f(0) = f'(0) = 0, so u(x, t) = 0 is a solution to (1). With these assump-
tions the authors proved the global existence of solutions (for 0 <t < o) to the
Cauchy problem and proved the decay of the local energy of solutions as t — co.
The decay of solutions means in particular the asymptotic stability of the zero
equilibrium position. The results were used by the authors to construct the wave
operators and scattering operators, Further extensions of these results were derived
by Cuapam [3], J. Gmusre & VELO [4,5], REep [24], and others. GLASSEY
& StrAUSS [6, 7] derived the local energy decay for the free and coupled (with
a scalar field) Yang-Mills equations with “stable” nonlinear terms.

HorMANDER [9] and KramnerMaN [10] studied asymptotic stability of the zero
solution to the very general relativistic nonlinear wave and Klein-Gordon equa-
tions without “stability” assumption on nonlinear terms. The initial data are
assumed to be small in the Sobolev norms WF with p=1 and p =2 for large
enough values of /. Then solution converges to zero as t —oo in L*(R") and
uniformly in x € R".

There are recent results by PAYNE, SATTINGER, GRILLAKIS, SHATAH and STRAUSS
[22,26,27,28, 8] concerning stability and instability of solutions to wave problems,
which are either spatially homogeneous or invariant under a certain group of
operators. The results concern the stability, but not the asymptotic stability, of
solutions. Thus the question of whether the solution that is singled out attracts all
the solutions from some neighbourhood was not studied.

The main features which distinguish our work from those cited above are the
following. We study the asymptotic stability of a nontrivial stationary solution
S(x). We consider the equations without an assumption of invariance, but we
require the nonlinear term f(x, u) in (1) to be localized in x, i.e., for some a > 0,

fx,u)=0 for|x|=a. (6)
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We do not assume that the differential f;(x, S(x))ou of the nonlinear term
is identically zero (so that the linearized equation may have variable coefficients).
We require neither the non-positiveness of f; (x, S(x)) nor the positiveness of the
energy.

The important element in studying asymptotic stability problems is the choice
of metric in which convergence (5) holds. The energy norm is generally used when
the stability of solutions is studied. However, one cannot expect to have the
asymptotic stability of solutions in the energy norm because the energy conserva-
tion law is usually in effect for problems under consideration (see Theorem 3.1).
Nevertheless, the convergence (5) may hold in the local energy metric (i.e., in the
energy norms in any bounded part of the space). The reason for this convergence is
the scattering of waves to infinity for wave equations in the whole space. This
scattering plays the role of a dissipation of local energy and may provide the
asymptotic stability.

Such a dissipation was discovered initially for linear problems by MORAWETZ,
Lax and PriLLIps [ 15-207 (see also [31-36]). It plays the key role in the paper cited
above concerning the local energy decay in nonlinear problems.

Let us note that for one-dimensional equations (1) with assumption (6) asymp-
totics of type (5) were established in [11-14] for all solutions of finite energy
without the assumption of “stability” for the nonlinear term. This convergence is
also due to the scattering of waves to infinity and shows that in this case the wave
operators do not exist in general.

In order to specify our main results on stabilization (5) we need a couple of
notations. We linearize (1) about the solution u(x, t) = S(x):

Yix 1) = AY(x, 1) — m*Y(x, 1) — g (x, 7). 7
Here g(x) is the d x d real symmetric matrix function (a “potential”):
4(x) = = fu (%, $(x)) = Viu(x, u). t;
We denote by
=—A+q(x) )

the Schrodinger operator corresponding to the linearized problem. Let yv =
(v(-,t), (-, t)) denote the Cauchy data of the function v = v(x, t), and | yv g r
denote the “local energy norm™

lrwlge= | L[1ot P +|Volx, 0 +Ju(x, 1)]*] dx. (10)

|x|<R

Then our main results are the following. We find the “stability conditions” in
terms of spectral properties of H which guarantee the decay of local energy of the
difference v(x, t) = u(x, t) — S(x). This means that for any solution u = u(x, t) of (1)
and for any R > 0,

(7wl r—=0 ast—o0 (11)
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if initial data y,v of the difference v = u — S have compact support and the energy
norm || yov |,  of yov is small enough. The rate of the decay of local energy depends
on #n and m as follows:

[yewle,r = Crpui() 1700 g5 for >0, (12)
where b is the “size” of supp yov while

exp(— at) with some ¢ >0 if n=1 is odd and m =0,
u(t) = {1/(tIn*t + 1) if n>=2is even and m =0, (13)
1/t +1)*2 if n>11is odd and m = 0.

In this paper we do not consider the case when n is even and m =+ 0.

In order to formulate the main assumptions which guarantee asymptotic
stability we consider the truncated resolvent R, (4) = y(H — 1)~ !y of the operator
H. Here y € Cg(R™) is some cut-off function. The continuous spectrum of the
operator H coincides with the semiaxis A = 0. Hence the resolvent R(1) = (H — A)~*
is a meromorphic function of 4 in the complex plane outside of the semiaxis, and
has its poles at eigenvalues of the operator H. The truncated resolvent does not
“feel” the continuous spectrum, and has a meromorphic continuation with respect
to A through the semiaxis 4 > 0 on the second sheet of the Riemannian surface (see
[31-36]). The truncated resolvent has a branch point at A =0 and it may be
unbounded in any neighbourhood of the point 4 =0.

Now our main assumptions which lead to asymptotic stability are the
following:

AS-1. Operator H does not have negative eigenvalues.

AS-2. The truncated resolvent R, (z) = y(H — z)~ 'y is bounded in a neighborhood
of the point z =0 for some cut-off function y e C§(R") such that y(x) =1 for
|x] £ a

Moreover, we show that the same stability conditions provide the
following expansion as t — co for the solutions of the wave equation (1) with m =0
when dimension n =3. We assume that the initial data pov of the difference
v(x, t) = u(x,t) — S(x) fit the conditions mentioned above (the supports are
compact and the energy is small enough). Then the solution has the asymptotic
form

u(x, t) ~ S(x) + i i Ay, o (X)t" exp(— icogt). (14)

k=1r=0

Here r, < oo, k, r are integers, a; ,(x) € C*(R"), while 0 > Im @, - — o0 as k — 0.

Let us note that the estimates (12), (13) and asymptotic expansion (14) with
S(x) = O were obtained for linear equations of type (7) in the case when m = 0 by
MoraweTrz, Lax and Puiiies [15-17, 19, 20] and by Vamserc [31, 32, 34-36].
The case m =+ 0 was studied by VAamserG in [33]. In [31-36] it was shown that
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assumptions AS-1, AS-2 are equivalent to the decay (12), (13) of solutions to the
linearized equation (7). These results concerning linear problems play the key role
in the present paper.

Remark 1.3. (i) There are simple sufficient conditions which guarantee AS-1, AS-2.
We describe them in the next section.

(i) Scattering frequencies w, in (14) run over the set of all finite sums
of scattering frequencies coj‘-), corresponding in a similar way to the linearized
equation (7) (the frequencies w; may be repeated several times in these sums).
The “combinational principle” seems to be natural to the perturbational
procedure.

(iif) Conditions AS-1, AS-2 are natural extensions to partial differential
equations of the well-known Lyapunov asymptotic stability condition. In the
case of ordinary differential equations, the Lyapunov condition can be for-
mulated in terms of the eigenvalues of the corresponding linearized problem. It
is equivalent to the decay of solutions to the linearized problem. As we mentioned
earlier, conditions AS-1, AS-2 are equivalent to the decay (12), (13) of solutions
¥ to the linearized problem (7). (In fact if n is odd and m =0, then these
conditions are equivalent to a decay of solutions ¥ to the linearized problem.
In other cases the solutions ¥ may decay with time while the truncated resolvent
is unbounded at the origin. However, if m =0, then AS-1, AS-2 are equi-
valent to the decay of ¥ with the rate which guarantees the convergence
of the integral j"o [ v.v{lg, rdt.) Thus conditions AS-1, AS-2 really are extensions
of the Lyapunov condition. Let us stress, however, that the Lyapunov condition
is never fulfilled for the ordinary systems of type X = F(x) with real vector
field F(x), while it can be fulfilled for the partial differential equation (1). This
distinction is related to the existence of the continuous spectrum of the Schrédinger
operator H.

The plan of the paper is as follows: In Section 2 we collect all assumptions
on the nonlinear term f(x,u) of the equation (1). In Section 3 an existence
theorem is stated for solutions to the Cauchy problem for equation (1) with
initial data close enough to a stationary state S(x). We assume that the
stability conditions AS-1, AS-2 are fulfilled. The proof of existence of
solutions in Section 4 follows the well-known contraction mapping approach
(see, for example, [24,23]), and uses essentially the local energy decay of
solutions to the linearized problem. Section 5 concerns the energy conservation
law.

The exposition in Section 4 is given in such a way that it could be used in
Section 6 to prove asymptotic stability of the stationary state S(x). We conclude
Section 6 with a short discussion showing that asymptotic stability does not hold in
the global energy norm. In Section 7 we derive the asymptotic expansion (14) in the
case when n =3, m =0.

Let us note that everywhere in the present paper we could consider the exterior
problems for equation (1) with Dirichlet, Neumann, or mixed boundary conditions
instead of the Cauchy problem. Then all the results would still be valid if the
non-trapping condition is fulfilled.
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2. Assumptions on the nonlinear term
We assume that the nonlinear term f = f(x, u) satisfies the following conditions:

Al. Function fis smooth:
f(x,u)e C*(R" xR, RY). (15)

A2. The nonlinear term f(x, u) is localized in x, that is, relation (6) is fulfilled.

Remark 2.1. Due to (6) we may choose the potential V(x, u) in (2) so that
Vix, e C*(R"xR%), V(x,u)=0 for|x|=a. (16)

From now on we assume that (16) holds.

A3. In the case n = 2, we assume that
|fGew] £ CO+ [ul)?, [f/(euw)| S C(L+ul)P ! for (x,u)eR" xR, (17)

where

p=pn), pr= n—ii if n>2, p(2)is arbitrary. (18)

Without loss of generality we may assume that p(2) = 2.
Remark 2.2. (1) p(3) =3, p(4) =2, and | < p(n) < 2 when n > 4.

(ii) By the Sobolev embedding theorem, H'(R") = LiZ"(R") is a continuous em-
bedding for n = 2, ie.,

| u(x) ”LZ”(R") < C””(X)HH‘(R")s nz2, p<pn. (19)
If n =1, then

max(u()| < C 403 |-ao- (20)

Ad, The stationary solution S(x) is smooth:
S(x)e C*(R". 21

(In fact, some finite smoothness in (15) and in (21) is enough.)
AS. The asymptotic stability conditions AS-1 and AS-2 are fulfilled.

Remark 2.3. (i) Condition AS-2 is fulfilled for n = 2 if the equation Hy(x) =0,
x € R", has only the trivial solution in the class of functions satisfying the estimate
[¥(x)] £ C|x]?> " in some neighborhood of infinity (see Section 3 in Chapter IX of
[36]). It is also true for n =1 if the class of bounded solutions  is considered.
(i) Both conditions AS-1 and AS-2 are fulfilled when the matrix “potential” g(x)
defined in (7), (8) is nonnegative (and not identical zero if n < 2), i.e,,

q(x)=0 for xeR"(and g(x) F£0,if n < 2). (22)
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Relation (22) is fulfilled in particular if the potential V'(x, u) is a convex function in
ueR” for each x e R".

(iii) The assumptions A1, A2, A4 guarantee that the truncated resolvent R, (®?) of
operator (9) is analytic in some half-plane Im ® > const, and has a meromorphic
continuation with respect to w over the whole complex plane C if the dimension n is
odd, or over the plane with the cut along the negative part of the imaginary axis if
the dimension n is even (see [31-36]). The poles of the meromorphic continuation
form a sequence @] € C such that

Im @) > —o0  asj—oo. (23)
Assumptions AS-1 and AS-2 provide the inequality
Imw] <0 forallj (24)

and the decay (12), (13) of local energy of solutions to the linearized equation (see
[31-36]).

In (13) in the case of linear equations we may take o = aj — & > 0, where
«f = min;|Im 7|, while > 0 may be chosen arbitrarily small.

3. The function spaces and existence of solutions

Let us denote by H® with an integer s = 0 the Sobolev space of vector-valued
functions u(x) = (uy(x), . . ., ug(x)). Here u(x) are real-valued measurable func-
tions, and the norm in H® is defined by

|u@x)l? = 21 Y, [ 18u ) dx < oo. (25)
j=1]a|SsR”

We also use the spaces Hj,. with finite seminorms || u||s g, for each R > 0, defined
similarly to (25):

lu)ler= 3 Y | 18%u(x)*dx <o (26)
j=1 ja|<s |x|<R

Let us consider the Cauchy problem for equation (1):

i(x, t) = Au(x, t) — m*u(x, t) + f(x, u(x, t)), (x,t)e R**1,

(27)
uly=o = u°(x), til;=o = u'(x) for x e R"
Let us introduce the phase space E for (1)
Definition 3.1. E = H! x H° is the space with the norm
H@® u)lle = u®l + ut o (28)

We introduce similarly the space E, = Hi,x HY. with corresponding finite
seminorms as in (10): For each R > 0,

1@ ulgr= | [P + Vel )P + u®()*] dx. (29)

|x{<R
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We define the Hamiltonian functional s# on the phase space E for each
(u°, u') € E by an expression similar to (3):

A W0, ut) = [[3lu' ()1 + 3 Vu ()]” + 3m*|u’ (X)) + V(x, u®(x)] dx,  (30)

where V is the potential function with the property (16).

Proposition 3.1. The Hamiltonian functional # is (i) well defined on E, and (ii) a
continuous function on E, endowed with the norm (28).

This proposition is evident for n =1 because of (20), and it follows from
Remarks 3.1 and 5.1 below for the case n = 2.
We seek a solution of problem (27) in the space & of functions “of finite energy™

Definition 3.2. u(x,t)e & if
(u(-, 1), u(-, 1)) e C([0, co); E). (31)

We denote by &), the similar space defined by (31) with E,, instead of E.
Let

yeu= (-, 0),u(-,t) forteR, ue .. (32)

We now formulate a result on existence and uniqueness of the solution to the
Cauchy problem (27).

Theorem 3.1. Let assumptions A1-A5 of Section 2 hold. Let (u°, u') € E,,., and
u’(x) = S(x)=u*(x)=0 for|x|>b (33)

with some b < 0o. Moreover, let the distance ||(u® — S, u')|g between (u°, u*) and
(S, 0) be small enough. Then

(i) The Cauchy problem (27) has a solution u(x, t) € &, and the solution is unique.
(i) Moreover, if S(x)e H', then u(x, t) € &, and the energy conservation law holds:

H(y,u) = const for teR. (34)

The proof will be given in Sections 4 and 5. It uses the well-known contraction
mapping approach [24] (see also [23]) and the decay of local energy of solutions to
the linearized equation.

The remainder of this section is devoted to important technical lemmas which
we need for the proof of Theorem 3.1.

We rewrite problem (27) for a new unknown function v(x, t) = u(x, t) — S(x):

B(x, 1) = Av(x, t) — m?v(x, £) + f(x, S(x) + v{x, 1)) — f(x, S(x)), xeR", >0,

Yol = (UO, vl)’ (35)

where v°(x) = u°(x) — S(x), and v'(x) = u'(x).
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Let us denote
F(x,v) = f(x, S(x) + v) — f(x, S(x)) + q(x)v for (x,v) e R" xR (36)
where g(x) was defined in (8). Then by (36), (8) and (6) we have
Fx,1)=0 |x|>a. (37)
Now (35) takes the form

B(x, £} = Av(x, t) — m*v(x, t) — q(x)v(x, t) + F(x,v(x,t)), xeR" >0,
(38)

Yol = (UO’ vl)'

We are interested in solution v(x, t) belonging to the space &c-
The following two lemmas are the main tools for the investigation of problem
(38).

Lemma 3.1. The map v(x) — F(x, v(x)) is bounded from Hj,, to H° and the
following inequalities are fulfilled:

CUoe)IEa + 10610 if n=2 or 3,
I F(x, v(x)flo < ¢ Clo)lI1.q if nz4, (39)
B 0(911,0) 1 0110 if n=1,
where p = p(n) is defined in (18), a is defined in (6), and B(|v(x)||1,,) is bounded for
bounded | v(x)||; -

Proof. (1) Let us consider first the case when n = 2 or 3. Then from (36) we get by
assumptions A2 and A3 that

[F(x,v)| < C(|v|? + |v|*) for (x,v)e R®xR% (40)
Therefore, from (37) it follows that

IFeveNIE=C | Tlo@)l? + [o(x)1*]1% dx

fxlga
< C( [ o) Prdx + ]v(x)|4dx>.
x| <a |x|<a
Hence from the Sobolev embedding theorem (19) we get
IF(x, 0)) 5 = CUlwlth + vl

which is equivalent to (39) when n =2 or 3.
(i) Estimate (39) in the case n = 4 may be proved identically in virtue of the
inequality

|F(x,v}| < Clv|? ifn=4.
The last inequality follows from A2, A3 and (36).
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(iii) The case n =1 may be considered similarly by using (20) instead of (19).
Indeed, in this case we have the following estimate instead of (40). For any
B < oo, there exists a constant C(B) such that

[F(x,v)] £ C(B)|v|* if|v] <B.
Then
[ F(x, v(x)]lo < (20)!2C < sup |U(X)|) ‘il‘lfaW(x)lz-

ix|<a

Together with (20) this estimate leads to the last of inequalities (39). [
Remark 3.1. The same method leads to assertion (i) of Proportion 3.1 for n = 2.
Indeed, according to (2) we may put
V(x,u) = | F(x, v) d, 41
Y
where y is an arbitrary smooth path in R? connecting points 0 and u (and the

integral does not depend on the choice of y).
Then (16) follows from (6) and (15); moreover, by (17),

|V (x,u)| < C(1+ |u|)P*? for (x,u)e R"xR% (42)

Hence the integral of ¥ (x, u°(x)) contained in (30) converges by the Cauchy integral

inequality. Indeed (1 + |u°(x)|)? € L?(B,) according to (19) and (1 + |u°(x)|) € L*(B,).

Lemma 3.2. The map v(x) — F(x, v(x)) is a Lipschitz map from H_ to H®, i.., for
any vy, vz € Higes

[ F(x, v2(x)) — F(x, vi (X))o = || v2(x) — 01(x) || 1,0 (43)

where k is bounded for bounded | v;|1,,,j = 1,2 and k -0 when ||v;||; ,—0,j =1, 2.

Proof. Let v, v, € H}.. Then by the mean value theorem,
[AF(x)| = |F(x, v2(x)) — F(x, 0:(x))] < max, | Fo(x, v1(x) + 0Av(x))| - | Av(x)],
where Av(x) = v,(x) —vi(x),and 0 =8 < 1.

Let us consider first the case n = 2. Then by Holder’s inequality and by (37) we
get

IAF()|3 =

max |F;(x, 3(x)) I Av() || L2r s, (44)
0=9=1 L*(B,)
where £(x) = vy(x) + 0Av(x), p is defined in (18), and g is defined by %-I— % =1
Hence g = 327.
Now from A2, A3 and (36) it follows that

C(lolr=* +v]) if n=2 or 3,

45
Clojp~1 if n> 4. 43)

|Fy (x, )] é{
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Hence taking into account that [#(x)| < |v;(x)] + |v2(x)], we get

oA C(lo )] + w2607 +lvs ()] +]o2(x)]) if n=2 or 3,
max | F,(x, 6(x))| < » |
0sos1 Clvi(¥)] + w2 (x)) if n=4.
(46)
Then we take the 2g-power of both sides (46), and integrate over the ball |x| < a:

{ max |F)(x, 8(x))|*dx
Ba0§9§1

C | (@I +]02)1 + o1 ()P + |02 (9P)dx  if n=2 or 3,
|x|<a

C | (los()PP + [y (x)|*P)dx if nz4.

Ix{<a

=

(47)

Since p = 2 and g = 32, it follows that g < p. Hence by the Sobolev embedding
theorem (19) we get

2q
max | F;(x, 0(x))|
0=6g1 L*%(B,)
< {curvl I% + o2l + o3 + o2 T%) n=20r 3 0
= LCUloa 177 + 1020137 if n> 4.
By the same Sobolev theorem,
[Av(x) 1205,y < CllAD(X) |1, ,- 49)

Hence from (48) and (44) we get (43) in the case n = 2.
The case n =1 may be considered similarly by using (20).

4. An integral equation and a contraction mapping

In this section we prove assertion (i) of Theorem 3.1. We have reduced the
problem (27) to the investigation of (38). We rewrite (38) as the first-order system

d
7 yev = Ay,v + J(yv), t >0,
(50)

Yol = Do

for an unknown function v(x, t) € &,.. The notation y,v was introduced in (32),
vo = (v°, v'), and 4 denotes the matrix operator

0 1
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where H is the Schrodinger operator (9). By J(-) we denote the vector-valued
function

J(v) =0, F(-, (-, 1))). (52)

In (50) and everywhere below we treat all vectors y,v, J(y,v),..., as column
vectors.

If J = 0, then the system (50) is linear and has a unique solution v(x, t) € &), for
each vy € E [24], and, in fact, v(x, t) € . We denote by U(t) the group of linear
operators in E, which map vy +> 7,0, where ve & is the solution to the linear
problem.

For u(x, t) € &), the system (50) is equivalent to the integral equation

Vi = i Ut —o)J(y.vydt + Ult)vg, t>0. (53)
0

Indeed, if ve &, then v(-,t) e C([0, oo); HL,), and hence J(y,v) e C([0, oo); E)
according to Lemma 3.2. Then (53) is equivalent to (50) according to the Duhamel
principle for solutions to the nonhomogeneous linear systems with right-hand sides
continuous with respect to t. Moreover, it follows from (53) that the solutions
u(x, t) from &, belong in fact to &.

Now we are going to consider equation (53) only for | x| < a. Let us denote by
P the operator of restriction which maps any function f(x) defined for x € R” to the
same function with domain |x| < . We introduce spaces Hf, = PH®, E, = PE
with norms given by (26), (29) respectively, where R = a. Similarly, &) = P&)q..

For any w = (w°, w!) € E,, we consider J(w(x)) as a function with domain R”,
which is equal to zero outside the ball x| < a:

0
T (N s
Hence
J(Pvo)(x) = J(vo(x)) for each vy(x) € E (55)
due to (37) and (52).
Now let us consider equation (53) in the ball |x| < a:
VW = ;ﬂ PU(t — t)J(p.w)dt + PU(t)vy, >0, (56)
0

where w € &,.

This equation is equivalent to (53). Indeed, let v € & be a solution to (53). Then
applying the restriction operator P to both sides of (53) we get that w = Pve &, is
the solution to (56), because J(y,w) = J(y,v) according to (55).

Conversely, let w e &, be the solution to (56). Then we define the correspond-
ing solution v(x, t) € & to (53) by extension of w(x, t) for | x| > R. Namely, we define
y,0(x, t) as the right-hand side of (53) with y,w instead of y,v in the integrand. Such
a function y,v is equal to y.w for |x| < a according to (56), and hence J(y,v)
= J(y,w). Therefore the constructed function y,v is a solution to (53).
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We rewrite (56) as an equation for the vector-valued function z(f) =

(z°@), 2 @)
z(t) = } PU(t —1)J(z(x))dr + PU(t)vy, t>0 (57)
0

with z e C(0, oo; E).

This equation is equivalent to (56), because from (57) it follows that
z1(t) = 2°(t), and therefore each solution to (57) may be written in the form
z(t) = y,w. Thus all equations (38), (50), (56), (57) are equivalent to one another, and
we study (57) instead of (38). We are going to apply the contraction mapping
theorem to the integral equation (57).

Let # be the Banach space # = C([0, wo); E,) with the norm

Izlls = JSup I12(6) I - (58)

We denote by #; the ball in # of radius ¢ with center at 0.
Let us rewrite equation (57) in operator form as

z=T(z)+r, (59)

where T (z) is the integral term in the right-hand side of (57), while r = PU (t)v,.

We show that the contraction mapping theorem can be applied to (59) in the
ball #; with a small enough § > 0, if r € %5,. For this purpose we use the results
mentioned in the Introduction on the decay of local energy for the group U(t),
corresponding to the linearized equation (7). These results can be formulated in the
form of the following Proposition 4.1.

Definition 4.1. For any b > 0 denote by E, the subspace of functions ¥4 (x) € E such
that
Yolx)=0 for x| = b. (60)

Proposition 4.1 ([31-36]). Let assumptions AS-1 and AS-2 hold. Then for each
R > 0 and for all y4(x) € E,,

NU(@Woler < Crpi()IYoles fort>0, (61)
where u(t) is defined in (13).
As was mentioned in the Introduction, the estimate (61) (decay of local energy)

for some classes of linear problems was obtained earlier by MorawgTz, LAX, and
PHiLLps.

Lemma 4.1. For 6 >0 small enough and for any re%;,, the operator
Q:z+> Tz + r is a contraction map from Bs to B;.
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Proof of Lemma 4.1. We first prove that the operator T maps %; into %;, for
6 > 0 small enough. Let us first check that for z e # we have

Tz(t) = j"PU(t — 1)J(z(1))d7 € C(0, oc; Eny). 62)

Indeed, from the inclusion z° € C({0, o0); H,) and from Lemma 3.2 it follows that
J(z(+)) € C([0, o); Eq). (63)

Then (62) follows because the norms of the operators U(t) in the space E are
bounded for bounded ¢ due to the usual energy estimates for linear equations.
Now let z e %5. Then from Lemma 3.1 and from (61) with R = a we get

t
I Tzl = C sup §ut = 1z@) 54 + 11 2() | .0)de (64)
Z00
(where the quadratic term in the integrand may be omitted if n = 4). Hence

I1Tz]la < Csup Jut =y de()z)% + z13)
t>0 ¢

<C sup j u(s)ds(o? + 64 < C Ojo u(s)ds(6® + 6%). (65)
t>0 9o 0

So | Tz| 4 < 8/2 for & > 0 small enough, because |5 u(s)ds < oo for each function
win (13) and p > 1 for each n.

Hence the operator Q transforms the ball 4; into itself if » € %, and § > 0 is
small enough. To prove Lemma 4.1 it remains to check that the operator Q is
a contraction on %; (for any r € %, and é > 0 small enough).

If z,, z, € 85, then

t
Qz, — Qzy = Tzy — Tzy = [ PU(t — 9)[J(22(1)) — J (z1(r))] d.
0
As in (64), (65) we thus get by Lemma 3.2 that

102, — Qz1 ]y < Csup fult — DI (z2(1)) — J(2: (D) |5,adr

t>0 ¢
S Ckllz; — 21l g

Here x —»0 as § —0 by Lemma 3.2, and hence Lemma 4.1 is proved.

Now let us prove (i) of Theorem 3.1. First of all, we choose J > 0 so that the
assertion of Lemma 4.1 holds. According to (33) and (61) with R = a we have

7]z = | PUR)vo |5 = 53%)]] U()vo |z,

=C fgg w(Ollvollg,s < Cllvollg,e < 0/2 (66)
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if |lvo |lg,» 1s small enough. Let us consider problem (35) with initial data v, € Ey,,
satisfying the last inequality in (66). Then the map Q is a contraction in %;. Hence
the equation (57) has a solution z € %5, and this solution is unique in %;.

Equations (57), (56), (53), (50), (38) are equivalent to problem (27), and therefore
assertion (i) of Theorem 3.1 is proved.

5. Energy conservation law

Let us prove the assertion (ii) of Theorem 3.1.

From (53) and (52) it follows that the solution v € &, to (35) constructed above
belongs in fact to €. Hence u = v + S(x) also belongs to &, if S(x)e H'.

It remains to prove the energy conservation law (34). It is enough to establish
(see [18]) the standard identity for the derivative of the potential energy, contained
in (3):

%fV(x, u(x, t))dx = — jf(x, u(x, t))u(x, t)ydx, t=0

for ue &. To prove this let us write

V(x,ulx, t + At)) = V(x, u(x, t))
At -

Here Au(x, t) = u(x, t + At) — u(x, t), and
[r(x, )] = ClViulx, ulx, t) + 0(x, t)Au(x, 1))|(Au)?, where 0 < 0(x,t) < 1. (67)

Since ue &, we have Vi(x,u(x,t)) = —f(x,u(x, t)) e H® for each t >0 by
Lemma 3.1. Moreover Au/At — 1 in H as At — 0.
Hence it remains to verify that
r(x, 1)

”Ej At

This may be proved as Lemma 3.2. In fact, by (67),

VI(x, u(x, ) ~—A”§i’ 2 F(Z’tt)

dx >0 as At —0. (68)

A
p= CJ| max f, (x, u + 0Au)|-|Aul- 24 .
0<f<1 At
Let n 2 2. As in (44) we get
L Au
p é C max fu (X, Ll) ’ ” Au HLZP(B,,) : Z“ s (69)
0<0<1 L24(B,) |2y
where p = p(n), ¢ = 727,14 = u + 6Au. Now as in (48) and (49) we respectively obtain
max f,(x, 4) = B( sup Hu(',f)lll,a), (70)
0o<6<1 L*(B,) t<t<t+At
[ Au HL“(B,,) = CllAu|y,q, (71)

where the function B = B(s) in the right-hand side of (70) is bounded for bounded s.
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Let us take into account that |Aul; ,— 0 and || Au/At||;z, is bounded as
At — 0 for u e &. Then (68) follows from (69) in virtue of (70) and (71).

The case n = 1 may be considered similarly by using (20).

Assertion (ii) of the Theorem 3.1 is proved, and therefore the proof of Theorem
3.1 is complete.

Remark 5.1. By the same Holder estimates used in this section, one may check
assertion (ii) of Proposition 3.1.

Let us note that it is also possible to prove the energy conservation law (34) in
the same way as in [18], where only property (63) of the nonlinear term is used.

6. Asymptotic stability of stationary solutions

Now we formulate the main result on the asymptotic stability of a stationary
solution to (1).

Theorem 6.1. Let all the assumptions A1-A5 and (33) of Theorem 3.1 hold, and let
u(x, t) € & be a solution to the Cauchy problem (27). Then for any b > 0 there exists
an & = &(b) such that for each R >0

19 = 8) s, = Crotl®) |70 = S) 5,5 for £>0 (72)
if |vo(u — )|z < & Here b > 0 is the parameter defined in (33).

Proof. We introduce a new unknown function h(t) € C(0, oo; E) by the identity
7w — S) = y,0 = p()h(t). (73)
Then (72) is equivalent to the boundedness of A(t) in E,, ie., for any R >0,
Ih(O) ez < Crpllvo( — S)lgs fort>0.

Let us substitute y,v = u(t)h(¢) into (53). Then we get
h(t) = ul(t)i Ut — ) (u(@h() dt + p~ 1)U (e, t>0.
Therefore from (12) and Lemma 3.1 we derive
1R e,k = Croppt™ (2) i u(t = D@ | h(@) ke + 22 @ 1A 5,0 de

+ Crpllvolles, t>0 (74)

(the second term in the integrand may be omitted in the case n = 4).
Let us denote pg(s) = maxo<,<s |A(7)llgr and p(s) = p.(s). Inequality (74)
leads to

Pr(s) £ Cg p(my(s)p7(s) + my()p*(s) + llvollg,s), s=0. (75)
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Here we denote

t=<s

my(s) = _max w ) § p(t — )P (z) de.
= 0

One can easily check that for any p > 1,
my(s) £ C, <o fors>0. (76)
This is a crucial point of the proof. From here and (75) with R = a it follows that
p(s) < K(p?(s) + p*(s) + lvollzs) 520, (77

where K > 0 is a constant.
Let us show that p(s) is bounded if || v ||, 15 small enough. We choose ¢ > 0
such that

K(((2+ K)e)® +((2+ K)e)* + &) < (1 + K)e, (78)

The existence of such an ¢ is obvious. Let ||vg ||z, < & Since x(0) =1, relation (73)
leads to the following estimate: p(0} < &. Now from (77) and (78) it follows that the
inequality p(s) < (2 + K)e leads to p(s) £ (1 + K)e. Since function p(s) is continu-
ous and p(0) £ s = (1+ K)s, it follows that p(s) £ (1 + K)e for all s = 0. The
boundedness of p(s} gives the boundedness of pr(s) due to (75). The proof of
Theorem 6.1 is completed.

Remark 6.1. Asymptotic stability of solutions u(x, t) to equation (1) is absent in the
phase space E endowed with norm (28). Indeed, we may take youe E with
lvou — (S, 0) || arbitrarily small, but at the same time we may provide

H (you) + H(S, 0) (79)

(we may choose for instance u°(x) = S(x) with |u' |; being very small and = 0).
Then by Theorem 3.1 there exists the corresponding solution u € . However, the
convergence || y:4 — (S, 0)]; >0 as t > oo is impossible due to (79), (34) and to
assertion (i) of Proposition 3.1.

7. Asymptotic expansion for solutions to the nonlinear
three-dimensional wave equation

In this section we consider the equation (1) in the case when n =3 and m =0,
and we assume, in addition to assumptions A1-AS5 listed in Section 2, that the
following new one is fulfilled.

A6. The nonlinear term f(x, u} in (1) is a polynomial in u of degree no more than 3:

S uy= Y fa(x)u* for (x,u)e(R"xRY). (80)

Al=3



244 A. KOMECH & B. VAINBERG

Here f =(f1,. .., B4, where B, =0 are integers, |f| =1 + -+ + B4, and as
usual

d

uf = [T uf. (81)

1

Remark 7.1. (i) 1t follows from our assumptions (15) and (6) that for each f
H(x)eCERYQRY, f(x)=0 for|x|=a. (82)

(ii) By our main assumptions AS-1 and AS-2 the truncated resolvent R, (w?) of the
linearized equation has a meromorphic continuation with respect to w in the whole
complex plane (see assertion (ifi) of Remark 2.3), and the poles { of the continua-
tion fit (23), (24):

0>Imw)——o asj—o (83)

Definition 7.1. The sequence wy is the set of all finite sums of the co? with positive
integer coefficients, ordered as follows:

O>Imw; 2Imw, = -+, (84)
Then by (83),

0>Imw,—> —o© ask—ow. (85)
We use the notation o = — Im ) and similarly o = — Im w;.

The main result of the section is the following theorem.

Theorem 7.1. Let all the assumptions A1-A6 hold, and let & = &(b) > 0 be the number
from the conclusion of Theorem 6.1. Let relations (33) be fulfilled and

Iyotu — SN e S e (86)

Then for each M =0, 1,2,. .. the solution u(x, t) admits the asymptotic expansion

M r,
u(x, 1) = S(x) = Y, Y @ ()" exp(— iwt) + pp(x, t) (87)
k=1r=0
Here the v, are integers, 1, < o0, a4y ,(x) € C*(R"), and the remainder term py(x, t) in
(87) has the following estimate: For each R, 6 > 0,

I7:omllE, g = olexp((— op+1 + 8)t) ast— + oo (88)

Proof. We prove the theorem by induction on M. For M =0 the expansion is
given by Theorem 6.1. Indeed, from the last assertion of Remark 2.3 it follows that
u(t) in the basic estimate (61) has the form exp(—at) with o = af — 6 >0 and
arbitrarily small 6 > 0. Hence we may take the same p(f) in (72), and so we get (87),
(88) for M =0.

Let us assume that (87) holds for some value of M = L = 1. We then prove (87)
for M =L +1. We may perform the transfer with the help of the following
refinement of Proposition 4.1.



Nonlinear Wave Equations 245

Proposition 7.1 (VAINBERG [31, 32, 34-36]). Let assumptions AS-1 and AS-2 hold.
Then for each M > O the following expansion is valid:

o
M ¥

Ui)=Y Y A;,t exp(—iwlt) + Qu(t) fort>0. (89)

j=1r=0
Here,j,r, rj(-) < oo are integers; the A; . are bounded operators from E, to E,, and the
remainder term Qu(t) is rapidly decreasing. For each R,b,6 >0 and for all

Yolx) € Ey,
17:QmWolle.r £ Crp eXp((— e+ 1 + OO IWollg for t > 0. (90)

Remark 7.2. (i) The main terms in (89) are residues of R,(w?) exp(— iwt) (where
R, (4) is the meromorphic continuation of the truncated resolvent) at poles @ = co;’,
and the r{ +1 are orders of the poles.

(i) Under some other assumptions expansion (89) was obtained earlier by
MorawEgTz, LAx and PHiLLIPs [17-19].

Now let us perform the transformation M = L+— M = L +1 in (87). For this
purpose we substitute expansion (87) with M = L for v and expansion (89) with
M =L +1for U in the right-hand side of the Duhamel representation (53). We are
going to get the expansion (87) with M = L + 1 from this representation.

Indeed, all exponential terms are evident. We need only to verify the estimates
for all remainder terms. This is possible by (80), (82), (21) and the following lemma.

Lemma 7.1. There exist finite constants C, and Cs such that for vi(x) e H'(R?),
i=1,2,3,

101 ()02 (x) [mo@s) = Collv1 () @3 | v2(3) |8t @3)s 1)
and similarly

o1 (o2 ()3 () a0 @y S C2ll01 () [t @ 1200 | 5t @) [l 03 (x) Ity (92)

The proof follows easily from the Holder inequality and the Sobolev imbedding
theorem (19) with n =3 and p = 3.
We now expose the transformation M — M + 1 in detail in the case when
M = 0 and all poles are simple, i.c., r;) = 0. The general case of arbitrary M and r;’ is
very similar.
So let us write (89) for M =1 (with all r{ =0):
U(t) = Arexp(— o) + Q,(t) fort > 0. (93)

Substituting this expansion into (53), we get

t
yv = Ayvoexp(—iwit) + Q1 (t)vy + exp(— iwt) f exp(iwit) A1 (0, F(-,v(-, 7)) dt
0

+ f 0.(t — 1)(0, F(-,v(-,7)))dv for ¢ > 0. (94)
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Hence we have the desired expansion (87) with M =1:
9.0 = ay, o(x) exp(— iwlt) + pp(x,t) fort >0, (95)

where

as,o(x) = A1vo + Cfexp(iw(l’r) A0, F(-, (-, 7)) dr, (96)
0

p1(x, t) = Q1(t)vo — exp(— iwit) T exp(ioit) 4,0, F(-, v(-, 7)) dt

-+}Ql(t~r)(0,F(-,u(-,r)))dr fort > 0. 97

0
It remains only to verify estimate (88), which in our case has the form
Iep1lle,r = 0lexp((— oz + 0)t)) as t— 40, (98)

with o, = min(a?, 2a).
Let us estimate each term in the right-hand side of (97) separately. First we get
from (90) for each & > 0 that

1Q1(t)vo |z, x = oexp((— a2 + 8)1)) ast— +oo. %9

Further, from (36) it follows that F(x, v) is a polynomial in v which consists of
monomials of order 2 and 3 only. Then from the induction assumption (i.e., (88)
with M =0) we get by Lemma 7.1 that

10, F(-, v(+, D)) 5. = 0(exp(—2(af + d)1)) as t - + 0. (100)
Since the operator A3: E, — E,, is bounded, it follows from (100) that

= o(exp(—2(cd + 8)t))
E.R

exp(— iwdt) Ojo exp(icdt) 4, (0, F(-, v(-, 1)) dr
0

as t— +oo. (101)

Finally from (90) with M =0 and (100) we get the following estimate for the last
summand in (97).

= o(exp(— (05 + 8)t)) ast— +oo. (102)
E.R

ng(t — (0, F(-,v(-, 7)) dr

Estimate (98) then follows from (97), (99), (101), (102).
This completes the proof of Theorem 7.1.

Remark 7.3. 1t is easy to see by induction that the set of frequencies {wy} is an
additive semigroup, generated by the poles co?.
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