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Abstract. We consider the Dirac equation in R3 with a potential, and study
the distribution u; of the random solution at time ¢ € R. The initial measure
1o has zero mean, a translation-invariant covariance, and a finite mean charge
density. We also assume that pgo satisfies a mixing condition of Rosenblatt-
or Ibragimov—Linnik-type. The main result is the long time convergence of
projection of u; onto the continuous spectral space. The limiting measure is
Gaussian.
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1. Introduction

This paper can be considered as a continuation of our papers [5-8,11] which
concern the long time convergence to equilibrium distribution for the linear
wave, Klein —Gordon and Schrodinger equations.

The convergence should clarify the distinguished role of the canonical Max-
well - Boltzmann — Gibbs equilibrium distribution in statistical physics. One of
fundamental examples is the Kirchhoff — Planck black body radiation law which
specify the equilibrium distribution for the Maxwell equations, and served as a
basis for creation of quantum mechanics. The law likely should be correlation
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function of limiting equilibrium measure for coupled Maxwell —Schrédinger or
Maxwell — Dirac equations.

Our ultimate goal would be the proof of the convergence for nonlinear hyper-
bolic PDEs. At the moment, a unique result in nonlinear case has been proved
by Jaksic and Pillet for wave equation coupled to a nonlinear finite dimensional
Hamiltonian system [12].

The main peculiarity of the problem is the time-reversibility of dynamical
equations. For infinite particle systems this difficulty was discussed in Boltz-
mann — Zermelo debates (1896-1897). Many attempts were made to deduce the
convergence from an ergodicity for such systems by H. Poincaré, G. Birkhoff,
A. Hinchin, and many others. However, the ergodicity is not proved until now.

In 1980 R. Dobrushin and Yu. Suhov have introduced a totally new idea for
obtaining the convergence to equilibrium measures imposing a mixing condition
on initial distributions [4] in the context of infinite particle systems.

We develop this approach for hyperbolic PDEs. In [5-8,10,11] the conver-
gence to equilibrium distributions has been proved for the linear wave, Klein—
Gordon and Schrodinger equations with potentials, for the harmonic crystal,
and for the free Dirac equation. The initial distribution are translation invari-
ant and satisfy the mixing condition of Rosenblatt or Ibragimov —Linnik type.

Here we consider the linear Dirac equation with the Maxwell potentials
in R3:

ip(z,t) = Hip(z,t) == [—ia-V+pm+V(z)|y(z,t)
P(x,0) = o(z)

where ¢(z,t) € C*, m > 0 and a = (a1, a2, a3). The hermitian matrices 8 = aq
and «ay, satisfy the following relations:

Y = Ok k1=0,1,2,3,4.
arpog + ooy, = 2051

reR3 (1.1)

The standard form of the Dirac matrices oy, and § (in 2 x 2 blocks) is

ﬂ(é _OI) ak<00k UO’“) (k=1,2,3), (1.2)

where I denotes the unit matrix, and

R R A R

We assume the following conditions:
E1. The potential V € C°°(R3) is a hermitian 4 x 4 matrix function such that
07V (2)] < C(a)(a) "1l (2)7 = (1 + [«f*)7/ (1.4)

with some p > 5.
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E2. The operator H presents neither resonance nor eigenvalue at thresholds.

Under the condition E2 the operator H has a finite set of eigenvalues
wj € (—m,m), j = 1,...,N with the corresponding eigenfunctions le, - fj,
where k; is the multiplicity of w;. Denote by P; the Riesz projection onto the
corresponding eigenspaces and by

Poi=1-Py, Py=)» P (1.5)
J

the projections onto the continuous and discrete spectral spaces of H.

We fix an arbitrary ¢ > 0 such that 5+ 6 < p and consider the solutions
Y(x,t) € C* with initial data 1y (z) which are supposed to be a random element
of the weighted Sobolev space H = L275/275v see Definition 2.1 below. The
distribution of 1 is a Borel probability measure pg on H with zero mean satis-
fying some additional assumptions, see Conditions S1-S3 below. Denote by u,
t € R, the measure on H, giving the distribution of the random solution ¥(t) to
problem (1.1). We identify the complex and real spaces C* = R®, and ® stands
for the tensor product of real vectors. The correlation functions of the initial
measure are supposed to be translation-invariant:

Qo(x,y) == E(vo(z) @ vo(y)) = qo(x —y), x,y €R® (1.6)

We also assume that the initial mean charge density is finite:
ey 1= E‘”L/JO(.’IJ)|2 =1trgo(0) < oo, z€R3, (1.7)

Finally, we assume that the measure pg satisfies a mixing condition of a Rosen-
blatt- or Ibragimov—Linnik type, which means that

Yo(x) and p(y) are asymptotically independent as |z — y| — co.  (1.8)

Let P}u; denote the projection of p; onto the space H. := P.H. Our main
result is the (weak) convergence of Py, to a limiting measure v,

Piuy — Voo, t— 00, (1.9)

which is an equilibrium Gaussian measure on H,.. A similar convergence holds
for t — —oo since our system is time-reversible.

The convergence (1.9) for the free Dirac equation with V(z) = 0 has been
proved in [8]. The case of the perturbed Dirac equation with V' # 0 requires
new constructions due to the absence an explicit formula for the solution. To
reduce the case of perturbed equation to the case of free equation we formally
need a scattering theory for the solutions of infinite global charge. We manage
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a dual scattering theory for finite charge solutions to avoid the infinite charge
scattering theory:

PU' (t)p =Us(t)Wo+r(t)p, t>0. (1.10)

Here U/(t) and U’(t) are a ’formal adjoint’ to the dynamical groups Up(t) and
U (t) of the free equation with V' = 0 and equation (1.1) with V' # 0 respectively.
The remainder r(t) is small in the mean:

E|<ww(t)<b|2 — 0, t—o0. (1.11)

where (-, ) is defined in (2.9). This version of scattering theory is based on the
weighted energy decay established in [2].

2. Main results

2.1. Well posedness

Definition 2.1. For s,0 € R, let us denote by HS = H2(R3,C*) the weighted
Sobolev spaces with the finite norms

[9lles = [1{x)7(V)* [ L2 < oo.

We set L2 = H?. Note, that the multiplication by V (z) is bounded operator
L% — L2, ,. The finite speed of propagation for equation (1.1) implies
Proposition 2.1.

i) For any 1o € L? , with 0 < ¢ < p there exists a unique solution (- ,t) €

—0

C(R, L% ) to the Cauchy problem (1.1).
ii) For any t € R, the operator U (t) : g +— (-, t) is continuous in L? .

Proof. Fist, consider the free Dirac equation:

x(2,0) = tho(x). (2.1)

{xu,t) = Hox(w,1) = (~a- V = ifm)x(x.1), @€ R,
Let s € R and ¢ € L2. In the Fourier space the solution to (2.1) reads
K (K, t) = el @k=Bmt (k).

Since o € H* then X(+,t) € H? and the bounds hold

IXC )2z = ClRC )l < Co(®)[ollms < CLUE o]l 2 (2.2)
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Now consider perturbed equation (1.1). Let 0 < o < p and ¢ € L2 . We
seek the solution to (1.1) in the form

P(z,t) = x(2,t) + ¢(x, 1), (2.3)

where x(t) = Ug(t)yp € L% is the solution to free equation (2.1), and

—0

bz, t) = Hp(x,t) + Vx(z,t), ¢(z,0) =0. (2.4)

Since ¢(0) = 0 and Vy € L? then there exists the unique solution ¢(t) € L?
to (2.4) which is given by Duhamel representation:

6(t) = / Ut — 1)V (r) dr.
0

Finally, by charge conservation for the Dirac equation we obtain

1Ot =7)Vx(Mlez, < [UE=7)VX(T)lL2 = [VX(7)llz2
< Clx(Mllez ) < Clix(llr2 | < oo

2.2. Random solution. Convergence to equilibrium

Let (2,3, P) be a probability space with expectation £ and B(H) denote
the Borel o-algebra in H. We assume that 19 = to(w, -) in (1.1) is a measurable
random function with values in (H, B(#)). In other words, (w,z) — %o(w,x)
is a measurable map Q x R?® — C* with respect to the (completed) o-algebras
¥ x B(R?) and B(C*). Then, owing to Proposition 2.1, 1 (t) = U(t)1) is again
a measurable random function with values in (H, B(H)). We denote by po(dibg)
a Borel probability measure in H giving the distribution of the random func-
tion 1. Without loss of generality, we assume (Q,%, P) = (H,B(H), u/) and
Yo(w, ) = w(w) for pg(dw) x dr-almost all (w,r) € H x R3.

Definition 2.2. pu; is a probability measure on H which gives the distribution

of ¥(t):
ut(B) = po(U(-t)B), VB e B(H), t>0. (2.5)
Denote by P u; the projection of measure p; onto H, = P./H:

Prui(B) = w(P;'B), VB € B(H.), t>0. (2.6)
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Our main goal is to derive the weak convergence of P}, in the Hilbert space
P.H~: for any € > 0, and 0 > 5/2 + 4:

P.H™S
Piuy — Vs, ast— oo, (2.7)

where vy, is a Borel probability measure on P.H_:. By definition, this means
the convergence

/ FO)P? (i) — / () veo(de), st — oo (2.8)

for any bounded and continuous functional f(v¢) in P.H_:.
Set

R¢ = (Re¢,lmw) = {Rewl,...,Re¢4,1mw1,...71m¢4}

for ¢ = (31,...14) € C* and denote by R71) the jth component of the vector
R, j =1,...,8. The brackets (-,-) mean the inner product in the real Hilbert
spaces L? = L?(R?), in L? ® R, or in some their different extensions. For
(), ¢(x) € L?(R3,C*), write

8
(¥, ¢) == (R, Rg) = > _(RVh, RV ¢). (2.9)
j=1

Definition 2.3. The correlation functions of the measure pg are defined by

9(x,y) = E(R*o(x)R79o(y)) for almost all z,y € R, 4,5 =1,.. .&8, |
2.10

provided that the expectations in the right-hand side are finite.

Denote by D the space of complex-valued functions in C§°(R?) and write
D := [D]*. For a Borel probability measure p denote by fi the characteristic
functional (the Fourier transform)

A(g) = / exp(i(t, 8)) u(dv), &€ D.

A measure p is said to be Gaussian (with zero expectation) if its characteristic
functional is of the form

p9) = e { - 506.6)}, seD,

where Q is a real nonnegative quadratic form on D. A measure p on H is said
to be translation-invariant if

;U'(ThB):lu‘(B)v BEB(H)a hGR?),
where Tj,1(z) = ¢(x — h), x € R3.
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2.3. Mixing condition

Let O(r) be the set of all pairs of open bounded subsets A, B C R? at the
distance not less than r, dist (4,8) > r, and let o(.A) be the o-algebra in H
generated by the linear functionals ¢ — (¢, ¢), where ¢ € D with supp ¢ C A.
Define the Ibragimov—Linnik mixing coefficient of a probability measure pq
on ‘H by the rule (cf. [9, Def. 17.2.2])

l1o(AN B) — pio(A)po(B)]

p(r)=  sup sup (2.11)
(A,B)EO(r) Aco(A),BEo(B) to(B)
Ho(B)>0

Definition 2.4. We say that the measure p satisfies the strong uniform Ibra-
gimov — Linnik mixing condition if

o(r) — 0 as r — oo. (2.12)

We specify the rate of decay of ¢ below (see Condition S3).

2.4. Main assumptions and results

We assume that the measure p has the following properties SO—S3:

S0 uo has zero expectation value,

Eyo(z) =0, x€R3.

S1 po has translation invariant correlation functions,
E)j(x/y) = E(szo(a?)ijo(y)) = qéj(x_y)a i,j=1,...,8 (2'13)
for almost all z,y € R3.

S2 g has finite mean charge density, i.e. eqn (1.7) holds.

S3 i satisfies the strong uniform Ibragimov —Linnik mixing condition, with
o0
/r2<p1/2(r) dr < oo. (2.14)
0

Remark 2.1. The examples of measures on L%OC (R3) satisfying properties SO-S3

have been constructed in [5] (see §§2.6.1-2.6.2). The measures on L2 with any
o > 3/2 can be construct similarly.
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Introduce the following 8 x 8 real valued matrices (in 4 x 4 blocks)
(a1 O B 0 i
w3 0). we (2, ) e
o Qs O o O *ﬂ
w=(a) o =G )
Note that AT = Ay, k=1,2,3, AT = —Ay. Write

A= (Al,AQ,Ag), P=A-V+mAg. (216)

For almost all z,y € R3, introduce the matrix-valued function

Qoo (2,y) = (Qg(x’y))i,jzl,...ﬁ = (qg(x - y))i,jzl,m,S' (2.17)
Here
() = Sdo(k) — 5 PP (Yo () P, (215)

P(k) = —iA - k+mAg, P(k) = 1/(k2 +m?), and Go(k) is the Fourier transform
of the correlation matrix of the measure pg (see 2.13). We formally have

Goo(2) = %qo(z) + %73 * Pqo(2)P (2.19)

where P(z) = exp{—m|z|}/(47|z|) is the fundamental solution for the operator
—A +m?2, and * stands for the convolution of distributions.

Lemma 2.1. Let conditions S0, S2 and S3 hold. Then
q € LP(R®), p>1. (2.20)
Proof. Conditions S0, S2 and S3 imply (cf. [9, Lemma 17.2.3]) that
|qéj(z)| < Ceop'’?(|2]), z€eR? i,j=1,...,8.

The mixing coefficient ¢ is bounded, hence

/|q(i)j(z)|pdz < C’/(pp/Q(\dez < C’l/r2<p1/2(r) dr < oo
0

by (2.14). a
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Lemma 2.1 with p = 2 imply that §o € L?. Hence, o, € L? by (2.18),
and ¢, also belongs to L? by (2.19).
Denote by Q. a real quadratic form on L? defined by

Qoo(,¢) = (Quo(2,y), Rd(z) @ Ro(y))

8
=Y [ @eoRe@RI) drdy.
HI=1 g3y s

Corollary 2.1. The form Q. is continuous on L? because Go(k) and then
Goo (k) are bounded by Lemma 2.1 and formula (2.18).

Our main result is the following;:
Theorem 2.1. Let m > 0, and let conditions E1-E2, S0—S3 hold. Then
i) the convergence in (2.7) holds for any € > 0 and o > 5/2 + §;
ii) the limiting measure po, is a Gaussian equilibrium measure on H.;

iii) the characteristic functional of Vs, is of the form

. 1
7oc(9) = exp { = 5Qu(Wo,We)}, ¢ €D,
where W : D — L? is a linear continuous operator.

2.5. Remark on various mixing conditions for initial measure

We use the strong uniform Ibragimov — Linnik mixing condition for the sim-
plicity of our presentation. The uniform Rosenblatt mixing condition [13] with
a higher degree > 2 in the bound (1.7) is also sufficient. In this case we assume
that there exists an €, € > 0, such that

sup E|io(x)]*Te < oo.
z€R3

Then condition (2.14) requires the following modification:

P dr < ) = i ( af)a
/ra (r)dr < oo, p=min SERE
0

where a(r) is the Rosenblatt mixing coefficient defined as in (2.11), but without
the denominator ug(B). The statements of Theorem 2.1 and their proofs remain
essentially unchanged.
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3. Free Dirac equation

Here we consider the free Dirac equation (2.1). We have
(O —a-V —ipm)(0; + -V +iBm) = 07 — A +m?.

Then the fundamental solution G(x,t) of the free Dirac operator reads

Gi(z) = (0 — -V —ipm)&E(x), (3.1)
&i(z) is the fundamental solution of the Klein —Gordon operator 87 — A + m?:
£uw) = 2, 20 o= (k) = VR T . (3.2

Using the notations (2.15) and (2.16), we obtain in real form
Rx(t) = G * Ripo,  Ge = (8, — P)&;. (3.3)

The convolution exists since the distribution &:(z) is supported by the ball
|z| < ¢. Now we derive an explicit formula for the correlation function

Qi(z,y) = q(z —y) = E(Rx(x,t) @ Rx(y,1))- (3-4)
Lemma 3.1 (cf. [8], formula (4.6)). The correlation function Q;(x,y) reads
Qi(z,y) = au(z —y) (3.5)
= Rt [P ) — T o) PR) — P(R)io(k)
1-— 2w
- S P()Go(R) P(R)|.

Proof. Applying the Fourier transform to (3.3) we obtain

Rx(k.t) = Gy (k)Rbo(k) = ( coswt — P(k)

( A sin wt

Jhok). (3:6)

w
By translation invariance condition (2.13) we have

E(Rapo(k) ® Rpo(k')) = Fosry—rro(z —y) = (27)°6(k — K)o (k).
Then (3.6) implies that

E(Rx(k,t) @ Rx(K',1)) = (21)26(k — K')Ge(k)do(K)G7 (k).

Therefore,

) = GG () = (coset = PO )in(8)(cosit + P

since P*(k) = —P(k). Hence (3.5) follows. a
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Corollary 3.1. For any z € R? the convergence holds
@(2) — go(2), t— 00
where ¢ (z) is defined in (2.19).

Proof. The convergence follows from (3.5) since the integrals with the oscillatory
functions converge to zero. O

Below we will need the following lemma:

Lemma 3.2. Let conditions SO—S3 hold. Then for any ¢ > 3/2 the bound
holds

s11pE’HX(~,t)Hi2 < o0. (3.7)
>0 -

Proof. Denote
es(z) == Elx(z,t)|?, z € R

The mathematical expectation is finite for almost all z € R3 by (2.2) with
s = —o and the Fubini theorem. Moreover, e;(x) = e; for almost all x € R3
by S1. Formula (3.5) implies

00) = G5z [ [eost o) - T @) PU) — PRI ()
.9
_ S”L;"t P(K)o(K) (k)] dk. (3.8)

Then e; = tr ¢;(0) < Cey. Hence for o > 3/2 we obtain
2 —0
B0, = e [0 1) 7 de < Cloeg

and then (3.7) follows. a
We will use also the following result:

Proposition 3.1 (see Proposition 2.8 of [8], Proposition 3.3 of [5]).
Let conditions SO—S3 hold. Then for any ¢ € D,

Besp{i{Us(t)o, 6)} — exp{ ~ 50x(0,0)}, t—oo.  (39)

Remark 3.1. In [8] the phase space L? (R?) ® C* has been considered. Never-

loc
theless, all the steps of proving the convergence (3.9) in [8] remain true if we
change L? (R3) ® C* by L% with o > 3/2.

loc o
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4. Perturbed Dirac equation

4.1. Scattering theory

To deduce Theorem 2.1 we construct the dual scattering theory (1.10) for
finite energy solutions using the Boussaid results, [2].

Lemma 4.1 (see Theorem 1.1 of [2]). Let conditions E1-E2 hold and
o > 5/2. Then the bound holds

IPU@llz, < CA+ ) 2(¢llz, teR. (4.1)

Note that for 1y € L? the solutions Uy (t)1g and U(t)1 to problems (2.1)
and (1.1), respectively, also belong to L? and the charge conservation holds:

U@ oll = lldoll,  1Uo(®)¢oll = lltboll- (4.2)

Here and below | - || is the norm in L2
For t € R, introduce the operators Uj(t) and U’(t) which are conjugate to
the operators Up(t) and U(t) on L?:

(¥, Ug(t)9) = (Uo(t)y, ), (&, U'()¢) = (Ut)e,¢), w9 €L (4.3)

Here (-,-) stands for the hermitian scalar product in L*(R3,C*). The adjoint
groups admit a convenient description:

Lemma 4.2. For ¢ € L? the function U}(t)¢o = ¢(,t) is the solution to

o(z,t) = [a-V +ifm]é(z,t), ¢(z,0) = ¢o(). (4.4)
Proof. Differentiating the first equation of (4.3) with ¢, ¢ € D, we obtain
(¥, Ug(£)9) = (Uo ()9, ). (4.5)

The group Uy(t) has the generator

Ag=—a-V —ifm. (4.6)
Therefore, the generator of U)(t) is the conjugate operator

Ay =a-V +ifm. (4.7)
Hence, (4.4) holds, where ¢(t) = AL (t). O

Similarly, we obtain
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Lemma 4.3. For ¢ € L? the function U'(t)¢ = ¢(z,t) is the solution to

o(x,t) = [a- V +ibBm +iV]o(z,t), &(x,0) = o(x). (4.8)
Corollary 4.1.
i) Uj() = Uo(—1), U'(t) = U(~t).
ii) For any ¢ € L? the uniform bounds hold:
1Tl = llell, U B¢l =llell, ¢t =o0. (4.9)
iii) Under assumptions E1-E2 for U’(t) a bound of type (4.1) also holds:
1P.U' ()92 < CA+E)?[Wllz, tE€R (4.10)
with o > 5/2.
Now we formulate the scattering theory in the dual representation.

Theorem 4.1. Let conditions E1-E2 and S0-S3 hold and o > 5/2. Then
there exist linear operators W,r(t) : L2 — L? such that for ¢ € L2

PU (t)p =Ust)Wod+r(t)p, t>0, (4.11)

and the bounds hold
Ir(®)gll < C(1+1)""2(|¢]| 2, (4.12)
E|(o.r®)e)]* < C1+ 17 Ygl32, t>0. (4.13)

Proof. We apply the Cook method, [14, Theorem XL.4]. Fix ¢ € L2 and de-
fine W¢, formally, as

iUé(—T)PCU/(7')¢ dr. (4.14)

Wo= lim Uy(~)PU'()é=o+ | —

t——+oo

o\-é—

We have to prove the convergence of the last integral in the norm of L2. First,
observe that

d !/ ! !/ d ! 'rr!

—Up(m)p = AgUs(1)9,  ——U'(1)¢p =AU (T)p, 720

dr dr
where A{, and A’ are the generators to the groups Uj(7), U'(7), respectively.
Therefore,

%U(/)(—T)PCU/(T)d) = Uy(—7)(A" — AY)PU' (7). (4.15)



536 A. Komech and E. Kopylova

We have A" — A, = iV. Furthermore, E2, (4.9), (4.10) imply that

UG (=7) (A = Ao) P.U' (7)) (4.16)
< O|l(A = A)PU'(1)g] = CIVU'(1)d
< GU (D)l < Col+7)72(I9]l 2, 72 0.

Hence, the convergence of the integral in the right hand side of (4.14) follows.
Further, (4.11) and (4.14) imply

r(t)p = P.U (t)p — U ()W ¢ = —U|(t) /di P.U'(1)¢dr.

Hence (4.12) follows by (4.9), (4.15) and (4.16).
It remains to prove (4.13). Applying the Shur lemma we obtain

E[{t0,r(1)0)|” = (g0 — 1), r(D)d(@) @ r(®)s(v)) < llaolzallr (B> (4.17)
Hence, (4.13) follows by (2.20) with p = 1 and (4.12). O

4.2. Convergence to equilibrium distribution

Theorem 2.1 can be derived from Propositions 4.1-4.2 below by using the
same arguments as in [15, Theorem XII.5.2].

Proposition 4.1. The family of the measures { P, t € R} is weakly compact
in P.HZ for any € >0 and 0 > 5/2 + 0.

Proposition 4.2. For any ¢ € D
Frin(@) = [ explilv. o) P2 () — e { - 30 (Wo. W)} ¢ oc.
(4.18)

Proposition 4.1 provides the existence of the limiting measures of the family
P4, and Proposition 4.2 provides the uniqueness of the limiting measure, and
hence the convergence (2.8). We deduce these propositions with the help of
Theorem 4.1.

Proof of Proposition 4.1. First, we prove the bound
SI;ISEHPcU(t)UJOHH < 0. (4.19)
t>

Representation (2.3) implies

U(t)po = Pex(z,t) + Peg(z, 1), (4.20)
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where x(x,t) = Up(t)tpo, and ¢(z,t) is the solution to (2.4). Therefore,
P (t)bollre < EIPox()llze + Ell Ped() e (421)
Bound (3.7) implies
ggEHx(t)HH < co. (4.22)

Further, we have by the Cauchy —Schwartz inequality
El(x(®), )l < CllG 2 €1z Ellx @)z
S GEx®)ll2,, o=5/2+9,
since the eigenfunctions ¢; € L? with any s, see Appendix. Therefore
sup E| Pex(t)[lx < oo
t>0
since P.x(z,t) = x(z,t) — Pax(z,t) by (1.5).
It remains to estimate the second term in the r.h.s. of (4.21). Choose a

61 > 0 such that §; < p— 5 — 6. It is possible due to E1. Then the Duhamel
representation (2.4) and bounds (4.1) and (4.22) imply

E|Ba(t) | < / BIRU(t - s)VX(s)]| 2

s (4.23)
0
t
< [(rt=s BV,
0
t
< /(1 F1= BNl ds<Ch 130

0

since 5/2 + 61 — p < —=5/2 — §. Now (4.21)—(4.23) imply (4.19).
Now Proposition 4.1 follows from (4.19) by Prokhorov theorem [15, Lem-
ma I1.3.1] as in the proof of [15, Theorem XII.5.2]. ad

Proof of Proposition 4.2. We have

/eXp(iW,éﬁ))Pc* pe(dip) = /exp(i<Pc¢,¢>)ut(d¢) = Eexpi(P.U(t)to, ¢).
Bound (4.13) and Cauchy —Schwartz inequality imply

| Eexpi(PU(t)o, ¢) — Eexpi(Uo(t)ibo, We)|
= |Eexpi(tho, PU'(t)¢) — E expi(tho, Uy (t)W ¢)|
< E|(to, 7(t)¢)| < (E{tbo, 7(t))*)"/? — 0
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as t — oo. It remains to prove that

E expi(vo, U, ()W) — exp{ - %Qoo(qu, W(b)}, t — oo. (4.24)

The convergence does not follow directly from Proposition 3.1 since W¢ & D.
We can approximate W¢ € L? by functions from D since D is dense in LZ2.
Hence, for any € > 0 there exists ¢. € D such that

Wo — ¢c|| <e. (4.25)

By the triangle inequality

| Bespitun, Us(Wo) — exp { — 20 (Wo, W)}
< |Eexpi(yo, Uy(t)W¢) — E expi(vo, Ug(t)¢e)|
+ Bl expifU(t)0, 6:) — exp { ~ 50uc(60,62) |

tlep{ = £0u(6000} —exp{ ~ LouWo W)l (a20)

Let us estimate each term in the r.h.s. of (4.26). Theorem 4.1 implies that
uniformly in ¢ > 0

E| (¢, Up(t) (W = ¢2))

< (E|(to, U)W — 6))[)
< C|Wé— .|| < Ce.

V2 < ol YAUs 6 (W — )|

Then the first term is O(g) uniformly in ¢ > 0. The second term converges
to zero as t — oo by Proposition 3.1 since ¢. € D. At last, the third term
is O(g) by (4.25) and the continuity of the quadratic form Q..(¢, ¢) in L? ® C*.
The continuity follows from Corollary 2.1. Now convergence (4.24) follows since
€ > 0 is arbitrary. a

Appendix. Decay of eigenfunctions
Here we prove the spatial decay of eigenfunctions.

Lemma A.1. Let V satisfy E1, and ¢(x) € L?(R?) be an eigenfunction of the
Dirac operator corresponding to a eigenvalue A\ € (—m,m), i.e.

Hy(z) = Mp(z), = €R3.

Then ¢ € L? for all s € R.
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Proof. Denote by Ro(A\) = (Hp — A)~! the resolvent of the free Dirac equation.
The equation (Hy + V — M)y = 0 implies

=Ro(N)f, where f=-Vye L§+p. (A1)
From the identity
(—ia -V + pm —N(ia-V — fm — ) = A —m? + \?

it follows that

iV —pm— A
RoW) ==X o e (4.2)

Hence, in the Fourier transform, the first equation of (A.1) reads

- (—a k4 Bm+ ) f(k)

(k) = k2 +m?2 — \? '
Since |A| < m, we have

1llzz,, = Clidllazee < Cillflluze = Callfllz, , < CallvllLz.

Hence, ¢ € L? with any s € R by induction. O
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