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Abstract

A new class of one-dimensional relativistic nonlinear wave equations with a
singular é-type nonlinear term is considered. The sense of the equations is defined
according to the least-action principle. The energy and momentum conservation is
established. The main results are the existence of time-periodic finite-energy solu-
tions, the existence of global solutions and soliton-type asymptotics for a class of
finite-energy initial data.

1. Introduction

We consider real-valued solutions to a relativistic nonlinear wave equation of
the type
i, t)=u"(x,t) + F(u(x,1)), xeR. (1.1)

We assume that u(x, 1) € C(R?) and the nonlinear term F(x) is a distribution of
the type
Fu)=Y_ Féw—z), uck, (1.2)
keZ

where Z = {zx : k € Z} is a discrete closed subset of R. Then there exists a
piecewise constant potential V () such that F(u) = —V’(u). Let us note that
any continuous potential can be approximated by piecewise constant functions.
Physically, (1.1) describes a string with a nonlinear self-action. This self-action is
concentrated at the union of the level sets

Tp =) = u™ N z) = {(x, 1) € R? 1 u(x, 1) = zi). (1.3)

We define the sense of (1.1) by the variational Hamilton least-action principle.
This sense does not coincide with distributional treatment of (1.1) because the tan-
gent space to the phase manifold differs from the standard space of test functions.
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Moreover, the distributional treatment of (1.1) seems to be impossible. Indeed,
S(u(x, 1) — zx) is a well-defined distribution if u(x, t) € C! at the points of 'y (u).
However, this C! continuity contradicts (1.1).

Consider the Cauchy problem for (1.1) with the initial conditions

uli=0 = uo(x), uli=o =vo(x), x €R. (1.4)

We subject the initial data to a monotonicity condition that in particular includes
the case of monotone ug(x) and vg(x) = 0. We restrict ourselves by piecewise C 2
initial data and piecewise C? solutions for the simplicity of exposition.

We prove the existence and uniqueness of a global solution to the Cauchy prob-
lem (1.1), (1.4). Our main results are the existence of time-periodic solutions to
(1.1) and the following soliton-type asymptotics:

u(x. 1) ~b(A(x —vt), At —vx)) + Y ¢+ (x F1), t— o0. (1.5)
+

Here b(x, t) is a time-periodic solution (“breather”) to (1.1), |[v| < 1, A = 1/
+/1 — v? and the “photons” ¢+ (x T ¢) are concentrated near the light cone |x| ~ ¢.
Similar asymptotics hold as t — —oo. The results hold for the potentials V (u)
which are piecewise constant approximations to the Ginzburg-Landau potential
(u—u_)(u— u.~.)2 (see Fig. 1). For proofs we reduce (1.1) to a system of ordinary
differential equations for the lines 'y (u) and derive the corresponding properties
for the solutions to the system. This derivation is the main part of our analysis.
Soliton-type asymptotics are established for some translation invariant com-
pletely integrable one-dimensional equations, [9]. The asymptotics in local energy
seminorms are established for a translation-invariant three-dimensional system of
a scalar field coupled to a particle [8]. The asymptotics of type (1.5) in global
energy norm are established for small perturbations of soliton-type solutions to
one-dimensional nonlinear Schrédinger translation-invariant equations [3] and to
a translation-invariant three-dimensional system of a scalar or Maxwell field cou-
pled to a particle [5, 6]. In the present paper the asymptotics of type (1.5) are
established for the first time for a relativistic-invariant nonlinear wave equation.
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The existence of time-periodic solutions is known only for the sine-Gordon equa-
tion with F(u) = sinu, [2, 7]. The nonexistence of the breathers for a smooth
function F(u) # sinu has been analyzed in [2, 4, 7]. For singular F (u) of type
(1.2) we construct infinite sets of the breathers depending on a functional parameter.
We suppose that the existence of the breathers in our case is related to the fact that
equation (1.1) with the nonlinear term of type (1.2) is degenerate in some sense.
For instance, the set of finite-energy stationary solutions is not discrete, because it
contains any constant function u(x,t) = ¢ with ¢ ¢ Z. In this paper we restrict
ourselves to a particular class of solutions monotonous in x. We hope that a suitable
development of our technique could provide the existence of global solutions and
the asymptotics (1.5) for each finite-energy solution.

Remark. Numerical experiments [1, 10] show that the asymptotics of type (1.5)
hold for general equations (1.1) with a polynomial F (). The results were confirmed
with high precision by G. Cohen, F. Collino, T. Fouquet, P. Joly, L. Rhaouti and
O. Vacus (Project ONDES, INRIA). However, the proof is still an open problem.

2. Main results

Let us describe our results more precisely. We denote by V (u) the potential,
F(u) = —V'(u). We choose u+ € R such that (see Fig. 1)

V(ug) =0, 2.1)

ut+ € Z. (2.2)
Note that the potential V (1) satisfying (2.1) exists if and only if

> R=o0. (2.3)
kiu_<zp<uy
For instance, such potential always exists in the case u = u_. We assume that the
potential V () is bounded from below,

V) =2 —Vy, u€R, 2.4)
where Vy 2 0 due to (2.1). Let us introduce a phase space E of finite-energy states
for (1.1). Foranopensetw C Rand! =0, 1, 2, ... denote by C{)(a)) the space of
functions in @ with bounded derivatives up to the order /. Let I = [a, b] C Rbe a
closed interval. Denote by CII,W(I ) the space of piecewise C!-continuous functions
u(x). This means that there exists a finite subset S(u) C I such thatu € CIZ3 (w) for
any open interval w C I \ S(u). Denote by CI’)W (R) the set of functions u(x) such
that u € Céw(l) for each finite interval I = [a, b] C R.

Definition 2.1. The phase space E is the set of the states (u(x), v(x)) € ng (R) x
Cpw (R) such that
() u'(x), v(x) € L%(R), where «’(x) is the derivative in the sense of the distribu-

tions,
(ii) the set {x € R : u(x) € Z} is discrete, and
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u(x) - ux, vix) — 0, x — Foo. 2.5)

Equation (1.1) is a formal Hamiltonian system with the phase space E and with
the Hamiltonian functional H and the total momentum P

Hu,v) = / (%|v(x)|2+ L' ()2 + V(u(x)))dx, (2.6)
Pu,v) = / u' (x) v(x) dx 2.7)

for (u, v) € E. The Lagrangian functional L is defined in the phase space E by
L) = [ (P = P - Vit Jax. 2:8)

Remark. The integrands in (2.6)—(2.8) are defined for a.e. x € R and the integrals
converge due to (2.2), (2.1) and Definition 2.1.

Let us define an appropriate class £ C C(R?) of solutions u(x, ¢) to (1.1). We
call aset S C R? characteristic if it is a union of open intervals of some character-
istics x &=t =const. We call a characteristic set S locally finite if for every B > 0
the intersection of S with the set |x| 4 |¢| < B is a union of a finite number of open
intervals of the characteristics. Define I' = I'(1) = Ui 'x () (see (1.3)).

Definition 2.2. The set £ is the set of functions u(x, 1) € C(R?) such that

() (u(-,t),u(-,t)) € E,t € R, where u(x, t) is the derivative in the sense of
distributions.
(ii) The following limits hold V¢ € R:

u(x,t) > uy, x — £oo. 2.9)

(iii) If the set 'y = 'y (u) is nonempty for a k € Z, then it is a line x = xi(¢) with
xk() € C(R) N Cpy (R).

(iv) We have u(x,r) € C2*(Q) for any connected (open) component 2 of
R\ (I' US) where S = S(u) C R? is a locally finite characteristic set.

To define the sense of (1.1) for u(x, t) € £ we introduce a “continuity” function

Clx,t) = il H1* = Hu' G, O + Vux, 1), (x,1) € R*\ (I'w) US@W)).

The function is well defined due to Definition 2.2(iv). 210
Definition 2.3. The function u(x, ¢t) € £ is a solution to (1.1) if
(i) in the sense of distributions,

i=u", (x,1) e R>\ T'(u), (2.11)

(i1) The following splicing condition holds on each non-empty 'y (u):

C(xx(t) —0,1) = C(xx() +0,¢), a.e.teR. (SC)
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Remarks. (i) The condition (SC) is meaningful due to Definition 2.2(iv). (ii) For
u(x,t) € &, the system (2.11), (SC) is equivalent to the Hamilton least-action
principle (see Appendix C).

In Appendix A we prove the following lemma that provides a priori estimates
for solutions.

Lemma 2.4. Let u(x, t) € £ be a solution to (1.1). Then
(1) if 2.1) and (2.2) hold, the energy is conserved:
H(,t),u(-,t)) =const, t €R, (2.12)
(ii) if (2.2) and (2.3) hold, the momentum is conserved.:
P(-,t),u(-,t)) =const, t € R. (2.13)
We introduce a class of “monotonic” states.
Definition 2.5. We define
(i) M as the set of the states (u, v) € E such that
lu' (x £ 0)| > [v(x £0)|, x €R, (2.14)

(i) and M as the set of the functions u(x, t) € £ such that (u(-, 1), u(-,t)) € M,
t € R, where 1(-, t) is the derivative in the sense of distributions.

Remark. From inequality (2.14) it follows that the functions u(x) + f(f lv(y)|dy
are strong monotone.

The set Z is discrete. Hence, for u(x, t) € £ the set I' () is a disjoint union of a
finite number of the lines I'y = T'x (1) : x = xx(¢),k = 1,..., N. We may assume
that x4 (0) increase in k. Then by continuity xi(¢) is also increasing in k for every
t e R,

—00 = xo(t) < x1(t)--- < xy(t) < xny+1(t) = +o00. (2.15)

Theorem 2.6. Let (2.1) hold and (ug, vo) € M. Then

(i) There exists a unique solution u(x,t) € M to the Cauchy problem (1.1), (1.4).
(i) The line Tk is time-like for any k = 1, ..., N in the following sense:

it £0) <1, t e R. (2.16)

For the proof we derive a finite system of nonlinear ordinary differential equa-
tions for the functions xg (). Namely, the lines 'y divide the plane x, 7 into N + 1
“strips”,

Iy = {(x,1) € R? : Xp—1(t) <x <xt@®)}, k=1,...,N+ 1. 2.17)
First we prove the following weakened form of (2.16).
Lemma 2.7. Let u(x, t) € M be a solution to (1.1). Then foranyk =1,..., N,

|xx (2) — xx ()| < |t — 8|, s #1. (2.18)
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This lemma and (2.11) imply the d’ Alembert representation
u(x, 1) = fr(x —1) + ge(x +1) (2.19)
in every strip Iy, k =0, ..., N + 1. Definition 2.2(iii) implies
fi: 8k € CR) N Cpy (R). (2.20)

Then substituting the representation (2.19) into (SC) we obtain the system of differ-
ential equations for the functions xx (¢). The system implies the bound (2.16). This
allows us to prove the existence and uniqueness of the solution x(¢), ..., xy(?)
and to reconstruct the functions f; and g.

Next we consider weak solutions to (1.1). The weak solutions u(-, t) admit the
values u = z; on non-empty open segments. Therefore, we have to distinguish
the values zx — 0 and zx + O to define V (u) correctly in (2.6), (2.8) and (2.10).
This allows us to remove the restriction (2.2). For concreteness, we consider the
particular case when the interval [u_, u] contains only two points of the set Z
(see Fig. 1):

[u—,uslNZ={z1,22}, z1 <22 . 2.21)

We consider the weak solutions #(x, t) which take the values in the disjoint union
I:=[u_,z1 —0]U[z1 +0,220 — 0] U [z2 + 0, uy]. We have F| = —F, by (2.3),
then (2.1) implies

V()= F 21+0 »—0| el (2.22)

with a natural ordering in I.The potential with F, > 0 simulates the features of the
Ginzburg- Landau potential (u —u_)(u— qu)2 (see Fig. 1). We introduce a weak
phase space M and a class M of weak solutions instead of M and M (mainly we
replace > by = in (2.14)). For the simplicity of exposition we change the condition
(2.5) in Definition 2.1 to

u(x) =i+, v(xX) =0, +x =R (2.23)

with some R > 0. We adjust the sense of the weak solution in Section 5.

We prove the existence and uniqueness of the global weak solution it (x, ¢) € M
for (1g, vo) € M assuming that F, > 01in (2.22) (Theorem 5.6). In the next theorem
we consider the initial states (i, vg) € M with the boundary values i_ = z; — 0,
iy =z +0in (2.23):

z1—0, x < —R

40 x> R | 'W=0 k=R (2.24)

u(x) = {
Let us note that this is possible since the restriction (2.2) is not necessary for the
weak solutions. Then we prove that the corresponding weak solution is a breather,
i.e., is time-periodic up to a Lorentz transformation:
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Theorem 2.8. Let (2.22) hold, and (i1, vg) € M admits the boundaryvalues (2.24).
Then the weak solution to the Cauchy problem (1.1), (1.2) admits the representation

A(x, 1) = b(A(x —vr), A(t —vx)), (x,1) € R%, (2.25)

where |[v] < 1, A = 1/4/1 — 12, 5(x, t) is a time-periodic weak solution to (1.1),
and

z1 —0, x S x1(),

240, x = x(1). (2.26)

b(x,t) = {
For the proof we generalize the methods of Section 3 and obtain the uniform
bound | ()| £ ¥ < 1,k = 1, 2. Equation (2.25) means that the solution #(x, t)
is the breather b(x, 1) moving with speed v.
In the next theorem we assume (2.24) but we do not assume that ii_ = z; — 0,
iy = zp + 0 as in (2.24). We denote by p the natural projection [ — R. The
following theorem is the main result of the paper.

Theorem 2.9. Let (2.21) andA(2.22) hold with F> > 0, and (119, vo) € M. Then for
the weak solution u(x, t) € M to the Cauchy problem (1.1), (1.4), the asymptotics
(1.5) hold in the following sense: there exists a time t* > 0 such that

pii(x, 1) = pb(h(x —v1), At —vx)) + > ¢r(x F1). xeR, 121" (227)
+

where |v| < 1, A = 1/4/1 — 02, l;(x, t) is a time-periodic weak solution to (1.1),
and (2.26) holds; ¢-(x) € CSW (R) and ¢/, (x) € L%(R). Similar asymptotics hold
for negative t < 1.

For the proof we generalize the method of Section 6 and show that the line I'y
or ['; intersects the characteristics x ¢ = C with C < x1(0) or C > x»(0) respec-
tively (see Proposition 8.1). This means that the effective speed of the propagation
for the segment [x1(¢), x2(¢)] is strictly less than 1. The bound is very natural phys-
ically for the relativistic equation (1.1) but its proof is not straightforward. This is
a central part of our arguments. The arguments use essentially the a priori bounds
which follow from the energy conservation for the weak solutions (see Corollary
8.2 and Lemma 8.3). Furthermore, the arguments rely on special features of the
potential (2.22) with F, > 0.

Remarks. (i) We assume (2.23) for the simplicity of exposition. It is possible to
consider more general initial data, assuming sufficiently fast convergence

u(x) = i+, vix) = 0, x — Foo. (2.28)

Then (2.27) holds asymptotically, as ¢ — oo.

(i1) Let us emphasize that the breather 5(x, t) is not a solution in the sense of Defi-
nition 2.3 since (2.26) contradicts (2.2).

(iii) We cannot ignore the weak solutions with the boundary values (2.26) since they
combine the attractor of (1.1): even if we start with an initial state (&g, vg) € M
with the boundary values (2.23) where &i_ # z; — 0 and 4 # z + 0, the limit
breather satisfies (2.26).
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Fig. 2.

In Sections 3, 4 we prove the existence and uniqueness of the solution to the
Cauchy problem. Section 5 concerns the weak solutions. In Sections 6 and 7 we
construct the breathers. Section 8 concerns the soliton-type asymptotics. Appendix
A concerns energy and momentum conservation. In Appendix B we prove the di-
chotomy of the roots of an algebraic equation, and in Appendix C we analyze the
Hamilton least-action priciple.

3. Uniqueness: reconstruction of solution

‘We prove the uniqueness of the solution in Theorem 2.6(i). The proof'is construc-
tive and leads automatically to the existence. We consider ¢ = 0 for concreteness.
Letu(x, t) € M beasolution to the Cauchy problem (1.1), (1.4) with (ug, vo) € M.
Then for every fixed ¢ € R the function u(x, ¢) is a strong monotonic in x. Let us
assume for example that uo(x) is (strong) monotone increasing. Then by continuity
u(-,t) € M is also a strong monotonically increasing function for every r € R.
Note that x (0) are determined uniquely by the initial datum uo(x). We will derive
below ordinary differential equations for the functions xj (¢) defining the lines I'y.

Now we start to reconstruct all functions fi(x), gr(x) and xi(¢). For k =
1,..., N+ 1letusdenote Xy () = (xx—1(2), xx(¢)), t € R, and let A, be an open
“characteristic triangle” {(x, t) € R%: (x —t,x+1) C X (0)}. Let us introduce
Ty = 3 miny<i<y [0 (0) — x4-1(0)].

Step 1. Uniqueness in characteristic region
Let us substitute (2.19) into initial conditions (1.4). This leads to the standard
d’ Alembert formulae: up to an additive constant, fork = 1,..., N + 1,

1 1 r
fury = Mo 1 / oy, g =0 1 / wdy, G.1)
2 2 Jx0 2 2 Jx0
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where x € Xy (0). The formulas (2.19) and (3.1) define the solution u (x, ) uniquely
in the region Ay withany k =1,..., N + 1.

Step 2. Proof of Lemma 2.7
Equations (3.1) and Definitions 2.1, 2.5 imply, fork =1,..., N + 1,

fro gk € C(Xx(0)) N Cp, (Xk(0)), (3.2)
filx£0) >0, ge(x£0) >0, x=+0e Xk(0). (3.3)

Let us assume, contrary to (2.18), that |x (z4) — xx(s4)| = |fs« — 54| for some k and
sufficiently close sy, t, € R, s, # t.. We may assume that s, = 0 < #, < Tp, and
(xx (t4), tx) € Ay for concreteness. Then

xk(0) = xp(84) — 1 < Xk (t5) + 15 < k41 (0). (3.4)

Moreover, we may assume that the interior of the open triangle A, with the vertices
(XK (24), 1+), (Xk (1) £ 14, 0) does not contain any points of the line 'y (see Fig. 2).
Then the d’ Alembert representation (2.19) holds in A,. Therefore, (3.3) and (3.4)

imply

u(xg(te), ts) = frgp1 Ok (ts) — 1) + a1 (ex (£5) + 1)
> fr41(x(0)) + gry1(xk(0)) = u(x£(0),0) =z,  (3.5)

which contradicts the assumption (xx(t.), t) € I'x. O

Corollary 3.1. Foranyk =1, ..., N, the line Ty, is time-like in the following weak
sense:

ikt £0) <1, t eR. (3.6)

Step 3. Differential equation for Ty
Now we are going to determine the lines Iy in the strip 0 < ¢ < Tp. Namely,
we derive a system of ordinary differential equations for the functions xi(¢) in
the interval [0, Tp] using the splicing condition (SC) and (2.18). Let us denote
= Vi(Tp) = {(x,1) €e R?: |x — xx(0)| <t < Ty} (see Fig. 3). The inequality
(2.18) implies (xx(2), t) € Vi for t € [0, Tp].

The definition of x(¢) and the splicing condition (SC) imply the following
three identities for any k = 1, ..., N:

u(xp(t) £0,¢) =z, t € R,

. (xx (1)+0,1) 37
(31> = 3’ 1> + V@) =0, ae.t€R. 3.7
(k1) —0.1)

Formula (3.2) implies fi(x), gk+1(x) € C%(&) for any interval  C Xy \ Sk or
® C Xp+1 \ Sk+1 respectively, th_:re Sk, Sk+1 are some finite sets, k =2, ..., N.
Then fi(x —1), gky1(x+1) € C 2(Q) for any connected (open) subset Q2 C Vi \ Sk,

where Sy is a locally finite characteristic set {(x,¢) € Vy: x —t € Sy orx +1t €
Sk+1}. For simplicity of exposition we assume for a moment that Sy = Si+1 = 9,
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hence Sy = @. Then substituting the representation (2.19) for u(x, t) into (3.7), we
get the system

SeO @) — 1) + g (i (1) + 1) = 2k,
S G (@) — 1) + gra1 e (8) + 1) = %,

t € [0, Tol, (3.8)

Fi () —1) gy (xx (1) +1)
— e GO =D ghy (D) +1) — LF=0,2e.1€[0, T)].  (3.9)

We have used
(xx (H)+0,1)

((H—0,1)

[V(u)] —Fp,
which follows from the fact that u(-, ¢) is strong increasing.

For (x, t) € Vi, the “ingoing” waves fi(x —¢) and g1 (x +¢) are known from
(3.1)since x —t € X; and x 4+ ¢ € Xy by the definition of Ty. Hence from the
bound (3.6) it follows that in the system (3.8), (3.9) two functions fi (xx(¢) —¢) and
8k+1(xx (¢) +t) are known. Therefore, we may eliminate two unknown “reflected”
waves gr(xx(t) + t) and fr41(xx(¢) — t) to get an equation for xi(¢). Later on,
when xi () is determined, we will derive the reflected waves gi(xx(¢) + ¢) and
Je+1(xr(¢) — t) from (3.8) in the interval 0 < ¢ < Tp. To eliminate g and f1,
let us differentiate the identities (3.8) in :

[l @) =G @) — D+ g la(@®) + )Gk (t) +1) =0
1 €10, Tp).
S (@) = G (1) — 1) + g (k@) + D) (k@) +1) =0
(3.10)
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Let us assume for a moment that x;(¢) # £1. Then we get the derivatives of the
reflected waves:
Xe(t) — 1

8 (ke (t) +1) = — fl (e (1) — t)xk(t) T

t €0, Tp]. (3.11)
X () + 1
Xp(t) — 1
Substituting these expressions into the splicing condition (3.9), we get

Yk + 1 Fy
—————= =0, ae. 1[0, Tp).
o1 2 O ae €10, To]

(3.12)

Jip1 Ga(®) = 1) = g () +1)

2%k (1) — 1

= fe G (D) —1)] ) 1

g1 Cr()+0)]

Therefore the differential equation holds
ar (xe (), DI (1) = 2by (xe (), D3 () + ek (e (1), 1) = 0, ace. 1[0, Tpl. (3.13)
Here we denote

F
ar(e, 1) =1 f{(x = O = Igi  + 0P + —

br(x, 1) = | f{(x — O + |gjyy (x + 1) . (x,H)eVe. (3.14)
k

ek, D) = i =P = g (e + 0P = —

Obviously, (3.13) follows from (3.10) without the assumption X (f) # *£1.
Now we return to the general case when the sets Si, Si—1 and Sy are not empty.
Then (3.13) becomes

ar(xk (1), DIF () — 2k (xx (1), DIk (1) + ck(xx (1), 1) = 0, ae. 1€[0, To] \ T,
(3.15)

where 7; := {t € [0, To] : (xx(7), T) € Sk}: see Fig. 3. The set 7 = {tkl, 2.}
is finite by Lemma 2.7, and the coefficients (3.14) belong to C'($2) for any con-
nected (open) component 2 of the set Vi \ Sk.

Step 4. Dichotomy for the roots
To express xx (¢) from (3.15), we have to analyze the function v (x, t) defined
by the algebraic equation

ai(x, t)v,%(x, t) = 2bp(x, vg(x, 1) +cx(x,t) =0, (x,1) € Vg \ Sx. (3.16)

Furthermore, from the inequality (3.6) it follows that we have to choose the roots
v (x, t) € [—1, 1]. The following Lemma states the features of the roots and implies
the bound (2.16).

Lemma 3.2. Let (119, vg) € M. Then foranyk =1,..., N and (x,t) € Vi \ Sk

(i) there exists a unique solution vg(x,t) € [—1, 1] to (3.16);
(ii) moreover, vi(x, 1) € (=1, 1);
(iii) Uk (x, 1) € CY(Q) for any connected (open) component Q of the set Vi, \ Sk.
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Proof. Proof of (i) and (ii). For (x, t) € Vi \ Sx we have for the discriminant,

di(x, 1) = bp(x, 1) — ag(x, e (x, 1) = 41gh (6 + D fL(x = DI* + §F2 > 0.

(3.17)
Hence the roots of (3.16) are real and distinct,
bi(x,t) £ Jdi(x,t) .
vE(e, 1) = k(1) KO0 it e 1) £0,
we(x, 1) = el t‘;k(x”) (3.18)
0 > .
1) = —, f ,1) =0.
v (x, 1) (e 1) if ag(x,1)

Using (3.14) and (3.3) it is easy to check the following dichotomy for the roots (see
Appendix B),

log (e, ) <1 and [vf (x, )] > 1 if ax(x, 1) #0, (3.19)

|v,?(x,t)| <1 if ar(x,t) =0. (3.20)

Hence,

v, (x, 1) if ap(x, 1) #0,

U](() (x,t) if ap(x,t) =0. 3.21)

Vg (x, 1) ={

Proof of (iii). By (3.17) the functions ax (x, t), b (x, 1), cx(x, 1) are C! near the
points (x,7) € Q with ax(x, ) # 0. On the other hand, from (3.3) and (3.14) it
follows that forevery k =1,..., N

b(x,t) 2b>0, (x,1) €. (3.22)

Therefore \/di (x, 1) = by (x, )[1 — ax(x, H)cx(x, 1) /b7 (x, t)]'/? admits an expan-
sion to a convergent series in ay(x, t)ck(x, t)/b,% (x, 1) in the set (x,7) € Q with
small |ag (x, t)|. Therefore,

e (. 1) = by (x, t)(l — 11— a(x, e, 0)/b3(x, t)]1/2>/ak(x, 1

is also a C! function in this set. O

Step 5. Bounds and uniqueness for t € [0, To]
The equation (3.15) for ¢ € [0, Tp] \ 7, Lemma 3.2(i) and the inequality (3.6)
imply
Xk (1) = vk (xx (1), 1), 1 € [0, To] \ Tx. (3.23)

Therefore, xx(t) € C[0, To]N CFZ,W (0, To) by Lemma 3.2(iii). Furthermore, Lemma
3.2(ii) implies
Xk (t £0)] < 1, t € [0, To]. (3.24)

Lemma 3.3. The function xi(t) is determined uniquely for 0 < t < Ty by (3.23)
and the initial point x; (0).
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Proof. Let us note that the function vg(x, t) generally is not Lipschitz continu-
ous in x, hence the uniqueness of xi(¢) does not follow directly from the standard
theorem. Consider the finite sequence of times rkl, rkl, v € I tkl = sup{t €
[0, To] = (xk(s),s) & Sk fors € (0,0)}, 77 = sup{t € [t} Tol : (xk(s),5) ¢
Sy for s € (rkl, 1)}, etc. (see Fig. 3). We have rk] > 0 dueto (3.23), (3.24), and xx (¢)
is defined uniquely for 0 < ¢ < rkl by Lemma 3.2(iii). If rkl < Tp, then repeating
this argument with the initial point xk(rkl) at the time t = rkl, we determine xi (¢)
uniquely for rk] << tk2 and so on. By induction, we define x () uniquely for all
t € [0, Tp] since the set 7y is finite. O

Now we reconstruct u(x, t) for t € [0, Tp] and all x € R. Let us define the
reflected waves fiy1(x — 1), gk (x + t) from algebraic identities (3.8),

Ser1 (@) — 1) = 2k — g1 (e (1) + 1),

g () + 1) = zx — fiCx(t) — 1), (3.25)

where 0 < r £ Tp. The functions gx(-), fx+1(-) are defined uniquely in the seg-
ments [xx(0), xx(To) + To] and [xx (Tp) — Ty, xx (0)] respectively because the maps
t > xr(t) £ t are invertible from [0, Ty] to these segments by (3.24). Therefore,
u(x,t) is defined uniquely by (2.19) for all x € R and ¢ € [0, Tp].

Step 6. Bounds and uniqueness for all t 2 0

We can repeat all the constructions described above with ¢ = Ty instead of t = 0
and deduce the uniqueness of u(x, t) and bounds (2.16) for Ty < t < Ty + T,
where the step 77 = % min, <<y %k (To) — xk—1(To)|. The induction implies the
uniqueness of u(x, ¢) and bounds (2.16) for all # > 0 because of the a priori bound
for the step

1 C
T :=—- mi t) — xp_1(0)| = ——, t>0. 3.26
() 22§1£N|xk() Xk 1()|_1+t > (3.26)

The bound holds by the following lemma.
Lemma 3.4. Let (2.4) hold. Then
%/nmz + |u'121dx < C(ug, vo) + 2Volt| for t € R. (3.27)
Proof. Equation (2.12) implies
%/Hlﬂz + |u’|2]dx = H(up, vo) — / V(u)dx. (3.28)

On the other hand, (2.9) and (2.1), (2.2) imply
V(u(x,1)) =0, tx =a+ |t (3.29)

with an a € R. Therefore, (2.4) implies

f Vu(x,t))dx = / Vu(x,t))dx 2 —=2Vy(a + |t]). O
[x|Sa+z|
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This Lemma implies, by Cauchy-Schwarz inequality, that

|Zk1 — z&l)? = [u(xrp1 (1), 1) — u(xe (), )] (3.30)
X1 (1)
< / L W DR 5 @) =5 0)
Xk (t
< C(+ D1 (1) — x(1)], 1 € R. (3.31)

Then (3.26) follows. 0O

4. Existence of global solution

The above proof of the uniqueness gives the explicit algorithm for constructing
the solution.

Step 1. Existence in characteristic region
We construct u(x, ) in the characteristic regions Ay as described in Step 1 of
the previous Section with fi, gx satisfying (3.2), 3.3)fork=1,...,N + 1.

Step 2. Existence for 0 <t < Ty

For k = 1,..., N we construct x;(¢) and u(x,t) for 0 < t < Ty and all
x € R as described in Step 4 of the previous Section. We define x (¢) as a solution
to (3.23) for 0 < t < Tp with initial value xz(0) defined by ug(x). The solu-
tionx; € C(0, To)NC SW(O, Tp) exists due to Lemma 3.2(iii). The inequality (3.24)
holds as above. Therefore, the formula (3.25) for the reflected waves implies gi(-) €
C([x(0), xx(To) 4 Tol) N C, ([ (0), x4 (To) + Tol), and fiy1 () € C(Ixx(To) —
To, xx(0)]) N ng([xk(To) — To, x(0)]). Hence, the d’Alembert representation
(2.19) defines u(x,t) € C(R x [0, Tp]): the continuity along the characteristics
x=xt = x4 (0) follows from (3.8) and the continuity of the initial function u¢(x). Fur-
ther, u(x, 1) € C*(Q) for any connected (open) component of R x [0, Tp]\ (T"g USy)
where I'g = {(x, 1) €e R x [0, Tp] : u(x,t) € Z}and Sop C R x [0, Tp] is a locally
finite characteristic set. Let us check that (u(-, t), ut(-, t)) € M for ¢t € [0, Tp]. It
suffices to verify that forallk =2,..., N

fix —t£0) >0, gg(x+7£0) >0, x £0 e X (). 4.1)
We prove (4.1) separately for x from every interval of the decomposition (see Fig. 4)
Xi (1) = [xa—1(0), xx—1(0) +1]U[xx-1(0) +1, x;(0) =2 ]U[xx (0) — 1, x ()] (4.2)

Inequalities (4.1) for x € [xx—1(0) + ¢, xx(0) — ¢] follow from (3.3). The proofs
of (4.1) are identical for the two remaining segments in (4.2). Let us consider for
example, x € [xx(0) — ¢, x¢(¢)]. Then (4.1) for fk’ follows from (3.3). Therefore,
(3.11) for g; together with (3.24) imply

g,'((xk(t) +t+0) >0, t € [0, To]. 4.3)
Then (4.1) follows for g; at x 0 € [xx(0) — 1, xx(1)].
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Step 3. Existence forallt 2 0

We continue by induction and take into account a priori estimate (3.26) for
the step. Then (2.16) follows from (3.24), and the limits (2.9) follow by (2.5) and
(2.16). Hence, the global solution u(x, t) € M exists. Theorem 2.6 is proved. O

5. Weak solutions

We generalize the definition of the solution to the case uy € Z, see (2.2). To
do this we need to make a distinction between possible limit values z; £ O of the
solution u(x, t) to define V (1) correctly in (2.6), (2.8) and (2.10). Let us assume
for simplicity of exposition that the set Z is finite, #(Z) = N, and let us enumerate

all points z € Z in ascending order of z1, ..., Zx,
— 00 =270<Z21 < <ZIN <ZIN41 = OQ. (51)
Let us denote Xy = [zx—1, 2kl fork =1,..., N + 1, and R—-a disjoint union of

the segments ;. Define I; : £; — R as the corresponding injection, p : R — R
as the projection p|x, = I,:l. Set z; = Ix—1(zx) and z,j = I (zx).

Remark. The points zf: represent the “limit values” z; £ 0.

Let us generalize Definitions 2.1-2.5 for the functions with the values in R.
Denote by B(R, IR) the set of the Borel measurable maps R — R.

Definition 5.1. The function (#i(x), v(x)) € E if u(-) € B(R, R) and (pu(x),
v(x)) € E.

Let us define the potential VinRR as

ISR V(pu) ifpﬁg’Z
v = {V(zk:I:O) ifi=zf k=1,...N.

(5.2)

0l X © x_ 0+ x O x,0)

Fig. 4.
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Define the Hamiltonian functional and the total momentum for (iz(x), v(x)) € E
as

H(i,v) = / (%|v(x)|2 + L' (01 + V(ﬁ(x))) dx, (5.3)
P, v) = / u' (x) v(x) dx, (5.4)

where u(x) = pu(x) for x € R. Let us generalize Definitions 2.2, 2.3 for the
function i (x, t) with the values in R. We need an adjustment for the definition of
the sets 'y and I'. Let us set

Fe(@) = i (zp) Na=1(z),

KA Lk (5.9)
I'(t) = UpTg ().

Definition 5.2. The trajectory 12(xA, 1) eifulx,t) = pu(x,t) € & satisfies all
conditions of Definition 2.2 with I"(i%) instead of I (u).

Definition 5.3. The trajectory #(x, t) € Eis aAweak solution to (1.1) if (2.1 I)Aand
(SC) hold for u(x, r) = pu(x, ) with the set I' (1) instead of I"(«) and with V (i)
instead of V (u).

Now we can omit the assumption (2.2) in Theorem 2.6. Let us fix an arbitrary
i+ € R with

V(i) = 0. (5.6)

A potential V(i) satisfying (5.6) exists if and only if an analog of (2.3) holds:

> Fp = 0. (5.7)
ke (- Sz )&(2 Suy)
Lemma 5.4. Let u(x,t) € & be a solution to (1.1). Then

(1) if (5.6) holds, the energy is conserved:

H@(,t),u(-,t)) =const, t € R, (5.8)
(ii) if (5.7) holds, the momentum is conserved:

P@(-, 1), u(-,t)) =const, t € R. (5.9

The proof coincides with that of Lemma 2.4 given in Appendix A.

For concreteness, we consider below the particular case when the interval
[pii—, piy] contains only two points of the set Z (see (2.21)). Then (5.7) im-
plies F| = —F>, and (2.22) holds with z; — 0 = z; and z» + 0 = zJ . Define
u(x) = pu(x) and u(x, t) = pit(x, t) as above.
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Definition 5.5. We define

(1) M as the set of states (@, v) € E such that (2.23) holds with an R > 0, u(x) is
a monotone function, and (cf. (2.14))

lu'(x £0)| = |v(x £0)|, x € R, (5.10)
W' (x £0)| > [u(x £0)], a(x+0) €[z}, 2 ]; .11

(ii) and M as the set of the functions ii(x, t) € & such that (@(-, 1), ii(-, 1)) € M,
t eR.

For a function @i(x, 1) € M, we have ['(41) = [/ () U ['2(2) where [y (0) is
the trajectory x = xx(¢), k = 1, 2.

Theorem 5.6. Let (2.21), (2.22) hold with F > 0, and (i, vo) € M. Then there
exists a unique weak solution i(x, t) € M to the Cauchy problem (1.1), (1.4) such
that

it £0) <1, teR, k=1,2. (5.12)

Proof. The proof follows the same strategy as the proof of Theorem 2.6. However,
the inequality (5.10) is not strong in contrast to (2.14). In this regard, the proof
of Theorem 2.6 requires a little modification. For instance, Lemma 2.7 generally
does not hold for the weak solutions. This is why we include the bound (5.12) in
the statement to provide the uniqueness of the solution. Further, Lemma 3.2 now
becomes

Lemma 5.7. Let (o, vo) € M. Then fork = 1,2 and (x,t) € Vi \ Sk

(i) there exists a unique solution vi(x,t) € (—1, 1) to (3.16);
(i) vk (x, 1) € CY(Q) for any connected (open) component Q of the set Vi, \ Sk.

The proof of this lemma almost coincides with the proof of Lemma 3.2 but the
signs of > > 0 and F1 = —F> < 0 are now important.

Remark. (i) The strong inequality in (5.10) does not hold by (2.23).

(ii) For F> < 0 the inequalities “<” in (3.19) and (3.20) generally become “<”, and
the solution x¢ (¢) to (3.15) satisfying (5.12) generally does not exist. Likewise,
the solution &i € M generally does not exist. However, a solution & € & with
space-like trajectories Iy (i.e., with |z (¢)| = 1) may exist.

6. Breathers

We prove Theorem 2.8 by a modification of the “d’ Alembert” arguments of
Section 3 with another choice of the regions and taking into account the specific
features of the potential (2.22) with F> > 0.
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Step 1. According to (2.24) and to the definitions of M and of xx (1), we have

- <
~ Z:, X > x1(2),
M()C,l)z{}’_ = 1()

o x = x0). ©.)

For k_: 1, 2, 3 define the waves fi(x) and gi(x) by the formulas (3.1) in the inter-
vals Xi(0). Then f1(x) = g1(x) = z; /2, x = x1(0), and f3(x) = g3(x) = 2 /2,
x 2 x2(0) since vp(x) = 0 for x < x;(0) and x = x5(0) by (5.10).

Step 2. Next we start to reconstruct the lines 'y, k = 1, 2, according to the differen-
tial equation of type (3.23) in the modified regions Qy instead of V. First, consider
k = 1. We can define the coefficients ay, b1, c by the expressions (3.14) in the strip
Q1 :={(x,1) e R : x —1 < x1(0), x1(0) £ x +1 < x2(0)} since fi(x) is known
for x < x1(0) and g(x) is known for x;(0) £ x < x2(0). The inequality (5.11)
implies that g} (x + N7 > e, x1(0) < x+1 < x,(0), withan & > 0. Therefore, we
can apply Lemma 10.1 to p := | f{(x — N3, q = lgh(x + H*andr := F| < 0.
Then we find that for (x, t) € O there exists a unique solution vy (x, t) € (—1, 1)
to the algebraic equation (3.16), and the uniform bound holds:

i, D=y <1, (x,0)€Qr. (6.2)

Hence, the differential equation of type (3.23) holds for x{(¢) until (x{(¢),7) €
Q1. The equation follows by the arguments of Section 3. As in Lemma 3.2(ii),
T1(x, 1) € C1(Q) for any connected (open) component 2 of the set Q1 \ Sy, where
S is a locally finite characteristic set. Therefore, the differential equation (3.23)
defines the line x1 (¢) uniquely for ¢ € [0, tll], where tll =supf{r > 0: (x1(s),5) €
Q; for s € [0, 1]}

Step 3. Further, the line I' intersects the boundary of the strip Q; at the point
(x1(0), 0) and cannot intersect the boundary in the points (x, ¢) with x 7 = x1(0),
t > 0, by the bound (5.12). On the other hand, the uniform bound (6.2) implies
tll < 00. Hence, the line I'; intersects the boundary line x 4 ¢t = x2(0) of the strip
Q1 at the unique point (x (tll), tll) with the tl1 > 0:

x1(t]) + 1 = x2(0). (6.3)

Similarly, the line I'; intersects the boundary line x — t = x1(0) of the strip
07 :={(x,1) e R?: x +1 = x2(0), x1(0) < x — 1 < x2(0)} at the unique point
(x(t)), 1)) with the ] > 0:

(1) — 1} = x1(0). 6.4)

Denote by F,l the segment {(x,7) € R? : x = x;(1),0 < 1 < tkl} of the line Iy,
k=1,2.

Step 4. Further, we define the reflected wave f>(x — t) at the points of Fll (i.e., for
x10) <x—t< xl(tll) — tll) from the first equation of (3.25) with k = 1:

Hxi(t) —1) = z1 — ga(x1 (1) +1), 1 €[0,1]]. (6.5)
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Similarly, we define the reflected wave g>(x + t) at the points of Fé (i.e., for
x00)<x+t < xz(tzl) + tzl) from the second equation of (3.25) with k = 2:

g2(x1(1) +1) =2 — frlxa) — 1), 1€[0,1]. (6.6)

Step 5. Next we construct the segment F,% T x = xi (), t,g <t < t,? of the line T’k
according to (3.23) with k = 1, 2. Here t,? are defined (uniquely) by

X () + 12 =xa(th +13, x205) — 13 = x1(t]) — 1} 6.7)

The points A; = (x (t2]), t21 ), A2 = (x; (tlz), tlz) belong to the common character-
istic x — t =const; the points A} = (xl(tll), tll), A% = (xz(tzz), t22) belong to the
common characteristic x 4+ ¢ = const (see Fig. 5). The existence (and uniqueness)
of the moments tk2 follow as above, from the uniform bound of type (6.2). Further,
we define the reflected waves f>(x —t) and g (x +¢) at the points of Ff and F% re-
spectively. By induction we get the segments '}, n € Z, of the lines 'y, : x = xx(¢),
t € R, and the waves fo(x — 1), ga(x + ) with (x, 1) € R2. Then the d’ Alembert
representation (2.19) with k = 2 gives the solution in the strip [T, between the lines
I'1 and I';. The solution is defined by (6.1) outside the strip. Now we can deduce
Theorem 2.8 from the following lemma which we prove in the next section.

Lemma 6.1.
(i) The segment T3 (') is the translation of F?il (1";'71 ):

M=r'4+7, T)=T"4+T%, nez, (6.8)

where 1y is the vector A?A% and where T is the vector AgA} (see Fig. 5).
(ii) The solution U(x, t) is a periodic function with the period T = (S, T) =
T+ 71 ie.,

Gx+ 8,14+ T)=di(x,1), (x,1)€R% 6.9)
(iii) The period T is a time-like vector:
S| < T. (6.10)

From this Lemma it follows that i (x, ) is time-periodic with the period T,
if § = 0. Therefore, Theorem 2.8 is proved in this case. If S # 0, we apply the
Lorentz transformation A, with some v € R, |v| < 1, to the function % (x, )

blx, 1) = A(Ay(x, 1), Ay(x, 1) = (Mx +v0), A +vx)), (x,1) € R?,
(6.11)
where A = 1/+/1 — v2. The function b(x, t) is the weak solution to (1.1). This fol-
lows from the invariance of the d’ Alembert equation (2.11) and of the expression
(2.10) with respect toAthe Lorentz transformations. From (6.9) it follows that the
function b(x, t) := pb(x, t) is periodic with the period

A;lT = A(S —vT), A(T —vS)). (6.12)

Choosing v = S/T we see that the function b is time-periodic. This choice is
admissible since |v| < 1 by (6.10). At last, (6.11) implies (2.25). O
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7. Proof of periodicity

We prove Lemma 6.1.

Step 1. Notethat7; := AYA} = (x2(t)—x1(0), 1)) = (13, 1)) and T := AJA] =
(xl(tll) — x2(0), tll) = (—tll, tll), hence the sum 7 := 77 + 7, admits the repre-
sentation

T=(ST) =@ —t,td+1]), (7.1)
which implies (6.10).
Step 2. It suffices to check (6.8) for n = 2 and the periodicity (6.9) for (x, t) in a
neighborhood of the segment {(x, 0) : x1(0) < x < x2(0)}. First let us construct
the segments I" ,i of the lines 'y, k = 1, 2 as in the previous section, and the reflected
(from F,l) waves by formulas (6.5), (6.6). Next we define the segments F,% by the
translations (6.8) with n = 2 (see Fig. 5), and the reflected (from I' ,f) waves by the
“periodicity” up to an additive constant:

La—0)=f((x=8—-0-T)+z -z,

x10) < (x—=8)— (@ —T) < x200), (7.2)
x+) =G-8+ —-T)+z—2z,
x10) < (x =8+t —T) < x(00). (7.3)

Next we will check the identity f>(x —¢)4g2(x+t) = z and the splicing condition
(SC) at the points of the segments F,%, k = 1, 2. Then the arguments of Section 3
show that the line F,i @) F,% is a continuous solution to the differential equation
(3.23). Hence (6.8) for n = 2 follows by the uniqueness of the continuous solution
to (3.23) with the fixed x (tkl). Finally, for (x, ¢) in a neighborhood of the segment
{(x,0) : x1(0) < x < x2(0)}, the periodicity (6.9) obviously follows from (7.2),
(7.3) by the d’ Alembert representation (2.19).

Step 3. Consider k = 2 for example. By definition, each point (x, t) € F% is the
translation of the point (x, t) — 7] € F} by the vector 7 = (t21 , tzl): in other words,
X — t21 =x1(t — t21). Hence,

flx—1) = Hxi@—1)— @ —1))
QU+ =g -+ —n)+2—2
The last identity follows by (7.3) since (x —S) +(t — T) = (x —tJ) + (t —t1) by
(7.1). Now the d’ Alembert representation (2.19) implies
u(x —0,1) =u((x +0,1) = 7)) + 22 — 71, (x,1) € ['3. (7.5)

Therefore, the identity u(x — 0, t) = z» at the points of F% follows by the identity
u((x +0,t) —71) = z; at the points of F} (see (6.5)). Furthermore, (7.4) implies
the identities

i(x—0,1) = u((x40,7)=T7) and u'(x =0, 1) = u’(x+0,1)=T7), (x,1) € ['3

(7.6)
since the derivatives of zo — z| are zero. Therefore, the condition (SC) at the points
of F% follows from the same condition at the points of F} by (6.1) and the identity
Fir=—-F. 0O

(x,1)eT3. (14
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Fig. 5.

Remark. The condition F» > 01is “necessary” because it provides (5.12), and there-
fore, the existence (and uniqueness) of the solution to the equations (6.3), (6.4). For
F, < 0 the lines T'y generally are not time-like and generally do not intersect the
corresponding characteristics. Then (6.3), (6.4) do not admit the solutions tll, tzl.

8. Soliton-type asymptotics

Theorem 2.9 follows by the d’ Alembert method similarly to the proof of The-
orem 2.8 above. The main difficulty is to prove the following proposition:

Proposition 8.1. Let all the conditions of Theorem 2.9 hold. Then the line Ty in-
tersects each characteristic x £t = C with C < x1(0), and the line T'; intersects
each characteristic x =t = C with C 2 x(0).

Proof of Theorem 2.9. By the definition (2.23) of the space M, we have
no(x) =u+, vo(x) =0, =+x 2Rg (8.1)

with some Rg > 0. We can assume that —Ry < x1(0) < x2(0) £ Rg. By Proposi-
tion 8.1 the characteristic x —t = — Ry intersects the line I'y at a point (x (), t{) €
I'y with a #{ > 0, and the characteristic x + ¢ = Ry intersects the line I'; at
a point (x2(#3), t5) € I'y with a 5 > 0. By (5.12), the solution #(x, t) admits
the d’Alembert representation (2.19) with k = 1 and k = 3 in the strips I1; :=
{(x,t) : x < x1(¢)} and TI3 := {(x,1) : x > x3(¢)}, respectively. From (8.1) it
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follows that the ingoing waves g3(x + ¢) and fj(x — ) are constant functions for
t 2 t* := max(t], t}). Hence, for t > ¢* the solution in the regions IT; and IT3 is
given by outgoing waves that corresponds to the asymptotics (2.27). Furthermore,
the arguments of Sections 6 and 7 are based on the fact that the ingoing waves
g3(x + 1) and f1(x — t) are constant functions. Hence, for ¢t > t* the solution in
the strip Iy := {(x, 1) : x1(f) < x < x2(¢)} coincides with a moving breather of
type (2.25), and (2.26) holds. O

Proof of Proposition 8.1.
Step 1. Letus analyze the a priori bounds that follow by energy conservation (5.8).
First, we have

1 [0
ruyzuxn—manz——/ V(i(x, ))dx < r* < oo, teR,(8.2)
Fy Jyo

x2(t)
/ u'(x, t)dx
x1(1)

SCYr(@), teR (8.3)

lz2 — z1] =

since the potential (2.22) is nonnegative (cf (3.30)). Furthermore, (5.8) implies for
B > 0 by the Chebyshev inequality,

a
Afx € [x1(0), 201 | L(x =D +g3(x +0)| 2 BY) = g L€ R (84)
where A is the Lebesgue measure in R.
Corollary 8.2.
() By (8.3),
r(t) Z2re >0, teR. (8.5)

(ii) Hence (8.4) implies
A({x € [x1(1), x2(O] = | (6 =D + [ga(x + )| = BY) 2 1 — %, teR.
(8.6)

Step 2. Let us prove Proposition 8.1 by contradiction. Assume for example that
there exists a characteristic x — t = m, with m, < x{(0) that does not intersect
I'1. Consider the function s(¢) := x1(¢t) — t,t € R.

Lemma 8.3. For every § > 0 there exists a Ts > 0 such that Ts — oo, 6 — 0, and
At >Ts: |x1(t) =1 =28 <8, teR. (8.7)

Proof. By our assumption, the function s(¢) is bounded from below by m,. On
the other hand, s(¢) is monotone decreasing since §(¢) = x1(t) — 1 < 0 by (5.12).
Therefore,

x1(t) =t > m, t— 00, (8.8)

with an m = m,, and there exists a 75 > 0 such that
o0
uﬂ—m=—/(mm—nm§#,T;n. (8.9)
T

Now (8.7) follows by the Chebyshev inequality. O
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Step 3. Next we combine the bounds (8.6) and (8.7) to Lemma 10.1. Namely, let
us choose B, 8 > 0 such that r, —a/B? > 28. Then (8.6) and (8.7) imply that there
exists a set of a positive measure Bs C [T5, 00) such that

IX1(1) =11 £ 8, |g5(x1(1) +1)| S B, t€Bs.

On the other hand, we can also assume that | f{(x)| = B, x < x1(0). Therefore, we
can apply Lemma 10.1 to p := f[(x1(t)), ¢ := g5(x1(¢) +t) and r := F/2 < 0,
t € Bs since the differential equation (3.23) holds with k = 1. Then we find that
1g5(x1(t) + 1)| < &(B, §),t € Bs, where (B, §) — 0,8 — 0.

Step 4. If § > 0 is sufficiently small, then Ty is large, and x1(Ts) + T5 > x2(0) by
(8.8). Hence for t = Tj there exists a unique T > 0 such that x;(¢) +7 = x2(7) + .
Denote by Bj the set of all T > 0 corresponding to all # € Bs. Let us show that for
sufficiently small § > 0, the splicing condition (SC) with k = 2 cannot hold at the
points (x2(7), T) € I'; with T € Bj, i.e., (see (3.9))

f (2 (0) =gy (xa(T)+1)— f3(x2 (1) —1)gs (xa () + 1) # 5 Fa, T € By, (8.10)

This would contradict (SC) with k = 2 since the measure of the set 3§ is positive
by (5.12).

Step 5. It suffices to check that each product in the left-hand side of (8.10) tends
to zero as § — 0, uniformly in 7 € Bj. First, |g5(x2(1) 4+ 7)| = &(B, 8), T € Bj.
On the other hand, |f2/(x2(r) — 1)] is bounded for t € Bg. Indeed, (8.5) and (8.8)
imply
¢y = lim (x2(t) — 1) 2 lim (x1(r) — 1) + 1y, (8.11)
11— 00 11— 00

where the existence of the first limit follows similarly to (8.8). From the inequality
(8.11) it follows that the intersection of I'y with the region {(x,?) € R2:¢ 2
0,x —t 2 ¢, } is a bounded set. Hence, the ingoing wave f>(x2(t) — 1) for
T € Bg can be determined by a finite number of reflections from the lines I'(, ['>:
this follows from the bound (3.26). Therefore, the derivative of the ingoing wave
is bounded for T € Bg. Second, by (8.8) we have

x(t)+t=x1(t)+1 2 Ry

fort € Bg with small § > 0, hence the ingoing wave gé (x2(t)+71) in the left-hand
side of (8.10) is zero by (8.1). O

9. Appendix A. Energy and momentum conservation

We prove Lemma 2.4.

Energy conservation. The set I is not empty only for a finite number of k € Z.
Let us enumerate x;(0) in ascending order of k = 1, ..., N. Then this order is
conserved for all ¢+ € R by continuity,
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—00o =x0(t) < x1(t) <--- <xn(@) < xy4+1(t) = 400 fort € R. 9.1)

Foranyk=1,...,N
ulxp(t),t) =z¢, t € R. 9.2)

Therefore we get after differentiation,
w (xp (1), DX () + 1t (x(2), 1) =0, ae. teR. (9.3)
By definition (2.6) and (2.1), (2.2), (2.5),

A Lye2 4 102
H(t) = Z/ [(1a)? + 1u')? + V@w)ldx. (9.4)
k=1 Xk (1)

Let us assume that S(u) = @ for a moment (see Definition 2.2 (ii)). For a
function p(x,t) € C(R? \ (I'(u) U S(n))) let us define

Arp(t) = p(xx() +0,1) — pxe(r) = 0,1), t € R 9.5)

when the limits exist. Then (9.4) implies,

N
H(t) == Al3lil + 5lu' P + V)l (0) (9.6)
k=1
N-L o)
+ / [iii + u'i')dx, ae. t €R.
k=1 V()

Here ii = u” due to (2.11). Therefore rewriting wii + u'tt' = uu” + u'tt' = (u'n)’
and integrating by parts in every integral in (9.6), we get due to (9.3),

N-1 nx () N
/ [iiii + /i Vdx = =Y ApGin) (1) 9.7)
k=1 7 %) k=1
N
=Y AU PR)@), ae t €R.
k=1

Hence, (9.6) implies due to (SC)
1 N
H() =~ S OAdE? = WP+ V@)l =0, ae.teR. (9.8)
k=1

Now let us omit the assumption S(u) = (. For example, let us assume that S(u)
contains only one segment of the characteristic x — ¢ = c. Then the right-hand side
of (9.8) must be completed with an additional term

112 1,712 1 eqx=t+c—0 1. 1121 x=t+c—0
[31al” + 511" + w'alli 550 = sl + w15 9.9)

This term is zero a.e. in a neighborhood of ¢ if (¢, + ¢) ¢ T since then the d’Al-
embert representation u(x, t) = f(x — 1) +g(x+1) implies u(x, 1) +u'(x,1) =
2¢’'(x + t). Therefore, (3.2) implies again H(r) = O fora.e.r € R. O
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Momentum conservation. Assuming at first S(u) = @ as above we get

. N N o xe ()
P(t) =— Z Ak(u/ﬂ)(t))%j’k(t)-i-Z/ [iWa+u'iildx, ae. t € R. (9.10)
k=1 k=0 Y Xk (®)

Let us substitute again ii = u” from (2.11), and rewrite &'t + u'ti = 't + u'u” =
01|? + [u’|?)'. Then (9.10) implies due to (9.3)

N N
. 1
Py = M) @) = 5 3 Allal® + ' P10) ©.11)
k=1 k=1
1 N
=3 Z Axllal® = |u'1P1@), ae.t € R.
k=1

Therefore, (SC) and (2.2), (2.3), (2.5) imply

N
P() ==Y M(V@)® = V() + V() =0, ae.teR. (9.12)
k=1

Now let us assume for example that S(u) contains only one segment of the
characteristic x — ¢ = c. Then the right-hand side of (9.10) must be completed with
the same zero term (9.9). O

10. Appendix B. Dichotomy of the roots

We prove (3.19) and (3.20). The inequality (2.14) provides
pi=1fx =0 >0, g =g &x+D*>0,r:=1F#0.  (10.)
Then (3.14) becomes
ax=p—q+r, bp=p+q, cx=p—qg-—r. (10.2)

Proof of (3.20). Since a; = 0, we have ¢, = 2(p — q). Therefore v,? = cx/2by =
(p —q)/(p + q), hence (3.20) holds by (10.1). O

Proof of (3.19). Equations (3.17), (3.18) and (10.2) imply

o PTaEVapg+r?

103
¢ p—q+r (10

We may assume a := p — q +r > 0 by symmetry. Then |v, | < 1 means —a <

p+q—+/4pg +r? < aorequivalently, p +q +a > \/4pq +@—p+q?>
p +q — a. This is true since squaring leads to ap > 0 > —agq. Similarly, |v,f| > 1

means p+q—++/4pq + r2 > aorequivalently, \/4pqg + (a — p +q)? > a—p—q.
This is true since squaring leadsto 0 > —ap —aq. O
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The arguments above essentially use the fact that p, g > 0. More detailed anal-
ysis takes into account the sign of r and provides the following extension of (3.19),
(3.20) to the case p, g = 0 that we use in Sections 6 and 8:

Lemma 10.1. Let us fix arbitrary B, & > 0 and assume that 0 < p,q < B. Con-
sider () p 2 0,qg Z e,r < Qor(ii)) p = &,q = 0,r > 0. Then the following
uniform bounds hold for the the roots (10.3):

e G0l Sy and Juf (0l 2 1 if a #0,
(10.4)
W, <y if a=0,

where y = y(B,¢e,r) < 1.

Proof. It suffices to consider the case (i). If p = ¢; > 0, then (10.4) follows
from the above proof. Hence, by the compactness arguments it remains to consider
p =0.Thena = —g +r < 0 asr < 0. Finally, (10.3) for p = 0 becomes

vE = % that implies (10.4) as r <0. O

11. Appendix C. Least action principle

We derive (2.11) and (SC) from the least-action principle. Fora T > 0 and a
trajectory u(x, t) € £ we define the action as follows:

St = / L(u(t), u(t))dt, (11.1)

[t|<T

where u(t) = u(-,t) and the Lagrangian L is defined according to (2.8). The
Hamilton least-action principle means that for all 7 > 0,

887 =0 if Sulesr =0 (11.2)

for a class of admissible variations Su. Let us define the class of admissible varia-
tions, that is a “tangent bundle” to £. Define I = (—1, 1).

Definition 11.1. The space 7 € is the set of the functions u.(x,t) = U(e, x, t) on
I x RZ, such that

@O U, -, ) e CU x R?) and for some a > 0
ug(x,t) =ux, for tx >a+1|t|, c€l. (11.3)

(ii) The characteristic set S = Sue) does not depend on ¢ € I, U(e, x,1) €
C2(I x R2\ (T(W)U I x 8) where T'(U) = {(e,x,1) € I x R%: (x,1) €
["(ue)}, and

sup (929707 ue(x, ) < o0, lal+ Bl +1yI <2 (114)
(e,x,1)ef2

for any open bounded subset @ C I x R2\ (F(U)U I x S);
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(iii) For any k € Z the set I'x(u.) (if non-empty) is the line x = xi (e, t) with
0
xx(-,) € CU x R), %(-, t) is piecewise continuous in ¢ for any fixed 7,
£

and X (¢, -) is piecewise continuous in ¢ for each fixed ¢ € I.

Definition 11.2. The least-action principle (11.2) for u(x,t) € £ means that for
every U(e, x,t) € TE such that U (0, x, t) = u(x, t), we have, forall T > 0,

%ST(U(S, S NNe=0=0 if U(e,-,£T) =u(-,£T) for e l. (11.5)

Lemma 11.3. The least-action principle for u(x, t) € & is equivalent to the system
of the equation (2.11) and of the splicing condition (SC).

Proof. Let U(e, x,t) € TE be such that U(0, x,t) = u(x,t). We may assume
without loss of generality that the set I" (1) is a finite union of the lines x = xi (¢, t),
1 <k £ N, where x; € C'(I x R). Then for every k,

Ue, xr(e, t),t) =z for (e,1) € I x R, (11.6)

where z; € Z. Therefore we get after differentiation in ¢ and 7 (cf. (9.3)),

0 aU
U/% + 38 = 0 for x =xi(e,t) =0 and ae. (e,1) e I xR, (11.7)

& &
Usxi+U=0 for x=xi(e,1)+0 and ae. (e,1) € I x R. (11.8)

Let us arrange xx(0, 0) in increasing order. Then this order is conserved for all
(e, 1) € I x R by continuity,

—00 =xp(e, 1) < x1(e,t) <--- <xy(e, t) <xyt1(e, 1) (11.9)
= 400 for (e,1) € I xR.

Then by definitions (2.8), (11.1)

N

T
ST(U (e, - ) =/0 (Z

Xipr(e,0)
/ [L0% = LU')? = vU)ldx | dr  (11.10)
k=0

xi(&,1)
For a function p(e, x, 1) € C(I x R\ (T U I x 8)) let us define
Arple. 1) = pliZk oDty for (e.1) € I xR, (11.11)

when this expression exists. Then (11.5) is equivalent to

T N
0= _/ (Z Aplgi® — Lu' P = V)l(@) vk(t)) dt
0 \k=1

N o x|
/ [ith —u'h'1dx | dt

T
+f
0 <kZ xx(0)

=0

(11.12)

where vi(t) = %"(O, t) and h(x,t) = %(O,x, t). Let us assume for a mo-
ment that each line x = x4(#) admits the global representation ¢ = #;(x) with
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t (1) € C([xx(0), x¢(T)]) and let us integrate by parts in the last integral in (11.12).
Then taking into account (11.3) and boundary values in (11.5), we get for the
integral the expression

Al (1) t=1,(x)—0 T /
3 / @)= x| +/ Av@'h)(0)dt (11.13)
= Vo 0
T (N Xp1(8)
_/ (Z/ li — u"h dx) di.
o \iZ/uo

Let us take into account that /1 (xg (t) &0, t) = —u'(xx (1) £0, 1) v (¢) due to (11.7),
and u/' (xx(t) £0, H)xx(t) = —1u(xx(t) £ 0, t) due to (11.8). Therefore,

W) (=0 T . .
/ @), Z; (oyroldx] f Ar(h) ()X (1) dt
x(0) 0

T
- / A ve) (i (0) di
0

T
/ Ax(@?) (1) v (1) dt. (11.14)
0

Similarly,

T T
f AW h)()dt = —/ Ar(lu' 1) () ve (1) dt. (11.15)
0 0

Therefore, (11.12) becomes, due to (11.13)—(11.15),
T N
0= f (Z Aplglal? = glu' P + V@)@ vk(t)> dt
0 \k=1

N Xi41(0)
/ [ii —u”"1h dx ) dt. (11.16)

_/OT <kz )

=0

The same result can be obtained without assuming the global representation ¢ =
tx(x) for the lines x = xi(¢) since the local representations are sufficient. Finally,
(11.16) implies (2.11) because & can be chosen arbitrary in any compact subset
of R? \ I'(u). Then the last integral in (11.16) is zero. Therefore (11.16) implies
also (SC) because vk (¢) can be chosen arbitrarily in every compact subset of 'y for
k=1,...,N. O
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