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1 Introduction

We consider a single charge coupled to the Maxwell field and subject to pre-
scribed time-independent external potentials. If ¢(t) € IR? denotes the position
of charge at time ¢, then the coupled Maxwell-Lorentz equations read

div E(z,t) = p(z — q(t)), rotE(z,t) = —B(z,t),
divB(z,t) =0, rotB(z,t) = E(z,t) + plz — q(t))¢(t)
¢(t) = (L+P2(1)7?p(t),  B(t) = Eealq(t)) + 4(t) A Bez(q(t))
+ / d*z p(z — q(t))[E(z,t) + 4(t) A B(z,t)]. (L.1)
Here and below all derivatives are understood in the sense of distributions.
The last line is the Lorentz force equation and the first two lines are the
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560 KOMECH AND SPOHN

inhomogeneous Maxwell equations. E(z,t), B(z,t) is the Maxwell field. E; =
—V ez, Beg = 1Ot Agyy are prescribed, time-independent external fields. p is
the charge distribution of the particle. We use units such that the velocity of
light ¢ = 1, gg = 1, and the mechanical rest mass of the particle mg = 1.

For a wealth of physical applications it suffices to split Egs. (1.1) into
two parts: Either one regards ¢(t) as given and determines the Maxwell field
E, B as the solution of an inhomogeneous wave equation. Or one considers the
electromagnetic fields as given and solves for the motion of the charge. In both
cases one may take the point charge limit and substitute p(z ~ ¢) by ed(z —q).

The perhaps most basic physical phenomenon where such a decoupling is no
longer possible is radiative damping: an accelerated charge generates electro-
magnetic fields and thereby looses energy and momentum through radiation.
Thus in the long-time limit the particle will either come to rest or, if permitted
by the external potentials, move with uniform velocity. The main goal of our
paper is to deduce such a qualitative behavior from Eqgs. (1.1).

In the standard discussions of radiative damping one employs the Lorentz-
Dirac equation, where the damping effects due to radiation are globally sum-
marized through a sort of friction term. To allow a uniform motion it must
be proportional to ¢ (t) rather than ¢(¢). Thereby unphysical, so-called run-
away, solutions appear which are eliminated through appropriate asymptotic
conditions at ¢ = +00. At present we regard the precise relationship between
the Lorentz-Dirac equation and Egs. (1.1) as an open problem. We refer to
[7, 13, 18, 21] for an exhaustive treatment and only add one point to the dis-
cussion: It is argued that the Lorentz-Dirac equation is the point charge limit
of Egs. (1.1) [13, 21]. In this limit the electromagnetic mass of the charge
tends to +o0o. To compensate, the (bare) mechanical rest mass mg tends to
—oo. However, even before taking any limits, if the rest mass mg < 0, then
Egs. (1.1) have already solutions increasing exponentially in time [4]. Thus
the proposed limiting procedure is questionable.

Egs. (1.1) are not Lorentz invariant, since we adopted a rigid charge dis-
tribution (the so-called Abraham model). It remains to be seen whether our
techniques also apply to the Lorentz model, where the charge distribution is
the same in each rest frame. A further obvious limitation is the restriction
to a single charge. Since basically we exploit the conservation of energy, in
the case of several particles only some qualitative information on the center of
mass can be extracted, but not on the motion of individual particles.

We consider finite energy solutions to the Eqs. (1.1). The appropriate
phase space will be introduced below, but first we note that the energy integral

H(E,B,a,p) = (1+ )2 + 6(0) + 5 [ 2 (IE@F +|B@)P)  (12)

is conserved along solution trajectories of (1.1). It is then natural to choose
as phase space the set of all states with finite H. In fact, (1.1) could be put
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into Hamiltonian form. In the canonical coordinates H takes then the role
of the Hamiltonian of the system. We will not make use of the Hamiltonian
structure, here.

For later convenience we state our assumptions on ¢e;, Aez, and p. The
external potentials satisfy

¢ez,Aez € Cfaoc(IR's) and iIlf ¢ez(q) > —o0. (Pmin)
geR3

Alternatively, we will also use the following conditions

Eea:a Bezy VEea:a VBez € COO(IRS) ¢eza Aez € COO(IRS) P (Pmax)
lim 0usle) = oo. (Pr)

The charge distribution p is smooth, radially symmetric, and of compact sup-
port,

p€CEWRY), plz)=p(lzl), plz)=0for|z| 2 R,. (©)
As noted in [10] a further important assumption is the Wiener condition
mm:/ﬂ%é“m@¢omrkem% (W)

[t ensures that all modes of the Maxwell field couple to the charge. In particular
the total charge = 5(0) # 0. Charge distributions satisfying both (W) and
(C) have been constructed in [10, §10]. Finally we state the condition

qo = sup |q(t)] < 0. (Q)
teR

To study the long-time behavior of the finite energy solutions to (1.1),
clearly, the first step is to determine stationary solutions. For every ¢ € IR3
we define the state Sy = (Ey, B, ¢,p) by

3
Sq = (Eq,O,q,O), Eq(z) = —Vd’q(l')v ¢q($) = /%p(y - Q)' (13)

Let Z = {g € IR®: Vé.:(q) = 0} be the set of points for which the external
electrostatic force vanishes. The set of stationary solutions is simply given by

S={S,: g€ Z}. (1.4)

A second set of asymptotic solutions corresponds to the charge traveling
with uniform velocity, v, when E.; = 0 = Be;. They are of the form

S57(t) = (E¥(x — g — vt), B®(x — ¢ — vt), g + vt, p°) (1.5)
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with ¢ € IR® and arbitrary velocity v € V = {v € R®: |v| < 1}, where

E¥(z) = -V¢¥(z) +v -V A%(z), BY(z) =rot A¥(z),
¢*(z) = /dsyp(y)(‘iﬂ)_l((l - )y —2)* + (v (y—2))
A¥(z) =vg*(z), p'=(1—2")"0.

With these preliminaries we can summarize our main results, the precise
theorems to be stated in the following section. Since only a finite amount
of energy can be dissipated to infinity, we have §(t) — 0 as t — oco. This
is a crucial point of our asymptotic analysis. It follows that the fields are
asymptotically Coulombic traveling waves in the sense

(E(q(t) + z,t), B(q(t) + z,t)) — (E"®(z), B"Y(z)) = 0 as t — oo,

where v(t) = ¢(t). Since energy is conserved, the convergence here is in the
sense of suitable local norms, cf. Section 2. To go further, several cases should
be distinguished.

(i) The external fields decay at infinity and |g(¢)] is unbounded. In this case one
expects that lim;_, ¢(t) = v together with comoving Coulombic fields. For
a scalar field such kind of asymptotics was studied in {9). For the Maxwell-
Lorentz system (1.1) some additional considerations are required which will
not be touched upon here.

(ii) If |¢(t)| remains bounded, then the solution to (1.1) is attracted by the set
S. One would expect that the solution in fact converges to one specific S;. To
prove such a strengthned asymptotics we need

(ii) |g(t)] is bounded and 8§ is a discrete set. Then by continuity a definite
stationary state S; has to be approached as t = oo.

To guarantee, a priori, that |g(t)| is bounded, an energy estimate can be
used. Thus either P, or a suitably small initial energy are sufficient conditions.
If no such energy estimate is available, our method seems to fail. One example
is a constant magnetic field, B (z) = By, Eez(z) = 0. The magnetic field
confines and we expect the particle to come to rest as t — oo at some position
g € R® A similar example, only one with a discrete set S, is a bounded
space-periodic potential @.;, together with a sufficiently large initial energy.
Again we expect convergence to some definite Sy, but cannot prove that g(t)
remains bounded.

Despite their physical importance the coupled Maxwell-Lorentz equation
have received only little mathematical attention. In [4] the existence and
smoothness of solutions are studied and in [2, 3] some aspects of the long-
time asymptotics. Equations of a similar structure are the Maxwell-Vlasov
equations, where the Lorentz force equation is replaced by the Vlasov equation.
Its global existence theory is regarded as an outstanding open problem [5, 12].
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The attraction to a set of stationary states as t — oo is a familiar and
widespread phenomenon. For dissipative systems energy is locally dissipated.
This implies a stronger convergence than proved here, typically in some global
energy norm [1]. However the convergence is only in the forward time direction,
t — +o0, whereas for the Maxwell-Lorentz equations both time directions are
on equal footing. For Hamiltonian systems, as the one studied here, energy
can be transported to infinity. This mechanism has been first exploited for
Hamiltonian linear wave equations [11, 19, 20] and later on for relativistic
nonlinear wave equations either with a unique “zero” stationary solution [15,
17] or with small initial data {6, 8]. In all these cases the attractor consists only
of the zero solution. In [10, 9] we study the long-time behavior of a particle
coupled to a scalar wave field. While the general strategy is comparable to the
one employed here, the details differ considerably, since the Maxwell-Lorentz
equations are evolution equations with a constraint.

2 Main results

We first define a suitable phase space. A point in phase space is referred to as
state. Let L? denote the real Hilbert space L2(IR?, IR®) with the norm |-|. We
introduce the Hilbert spaces F = L2 @ L? and £ = F ® R® @ IR® with finite
norms

I(E(z), B(z))ll. = |E] +|B],

Y, = |E{+ Bl + g + |p| for Y = (E(z), B(z),q,p) € L. (2.1)

L is the space of finite energy states , e.g. S; € L. The energy functional H is
continuous on the space £. On F and £ we define the local energy seminorms
by

|(E(z), B(z)ll = |E|r + |Blr
Yl = |Elr+ |Blr+lq| + Ip| for Y = (E(z), B(z),4,p) (2.2)

for every R > 0, where | - |z is the norm in L?(Bpg), By the ball {z € IR® :
|z| < R}. Let us denote by Fr, Lr the spaces F, £ equipped with the Fréchet
topology induced by these seminorms. Note that the spaces £ and Lg, Fr are
metrisable, but Lz, Fr are not complete.

The system (1.1) is overdetermined. Therefore its actual phase space is a
nonlinear submanifold of the linear space L.

Definition 2.1 (i) The phase space M for Mazwell-Lorentz equations (1.1)
is the metric space of states (E(z), B(z),q,p) € L satisfying the constraints,

divE(z) = p(z — q) and divB(z) =0 for z € IR, (2.3)
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The metric on M is induced through the embedding M C L.

(i5) M? for 0 < o <1 is the set of the states (E(z), B(z),q,p) € M such
that VE(z),VB(x) are L, outside the ball Bpo with some R® = R'(Y) > 0
and

|B(@)| +|B(@)| + |2|(|VE(@)| + |VB(z)]) < C%la|[™7 for |a| > R°. (2.4)

(iii) Mp denotes the space M endowed with Fréchet topology induced
through the embedding M C Lr.

Remarks (i) We denote by 7%, and 25 the convergence in the Fréchet topol-
ogy of the spaces Fr and Mp respectively.

(ii) M is a complete metric space, a nonlinear submanifold of £. The spaces
M, Mg are metrisable.

(iii) All stationary states S, € M! and M! is dense in M by Lemma A.4. On
the other hand, since the total charge 7 = 5(0) # 0, M° = for 0 > 1 because
of Gauss theorem. By the same reason supp E(z) cannot be a compact set in
contrast to supp B(z).

Let us write the system (1.1) as a dynamical equation on M
Y(t) = F(Y(t) for t € R, (2.5)
where Y (t) = (E(z,t), B(z,t),4(t),p(t)) € M.

Definition 2.2 § = {S € M : F(S) = 0} is the set of all finite energy
stationary states of the system (1.1).

Proposition 2.3 Let (Pui) and (C) hold and Y°® = (E%(z), B®(z),q° p°) €
M. Then

(i) The system (1.1) has a unique solution Y (t) = (E(z,t), B(z,t),q(t),p(t)) €
C(R, M) with Y (0) =Y°.

(11) The energy is conserved, i.e.

H(Y (1)) = H(Y) forteR. (2.6)

(iii) If in addition, the external potential ¢..(x) is confining, i.e. if (Py) holds,
then (Q) holds.
(tv) The set S is given by (1.4).

We refer to the Appendix where also some uniform bounds for |§(¢)|, |¢(t)]
and | ¢ (t)| are established.

Let 7 be a subset of a topological space G, and Y(t) € T for t € IR.

The convergence Y(t) - 7 as t — oo means by definition that for every

neighborhood O(T) of T in G there exist a to > 0 such that Y(t) € O(T) for
t > tg.
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Definition 2.4 T is a trapping subset in G, if for every continuous curve
Y (t) € C(0,00;G) with a precompact orbit O(Y) = {Y(t) € G : t € R} the
convergence Y (t) “5 T ast = oo implies the convergence Y (t) 5 T as
t — oo to some point T € T.

For example every discrete set in IR® (i.e. a subset which does not have limit
points in IR?) is a trapping set in R,

 Our main result is the long-time asymptotics of the finite energy solutions
to (1.1) in the Fréchet topology.

Theorem 2.5 Let (Pyyy), (C), (W) hold. Let Y (t) € C(IR, M) be the solution
of the Mazwell-Lorentz equations (1.1) with initial state Y° € M7 for some
o >1/2. We have

(1) If either (Pnax) or (Q) holds, then

G(t) = 0 as t — oo, (2.7

(B(q(t) + ), Bq(t) + z,t)) = (E*¥(z), B*O(z)) Z5 0 as t — co, (2.8)

(1) If (@) holds, in addition to (2.7) and (2.8), the orbit O(Y") is precompact
in Mp and

Y(t) ME S as t — oo, (2.9)

(ii) If in addition to (Q), Z is a trapping set in IR®, then there erist a sta-
tionary state S € 8 depending on Y° such that

Y (t) MBS ast — oo (2.10)

Remarks (i) The convergence holds also for t — —o0.
(il) The convergence (2.10) and (1.2) imply

H(S) SHY (@) =HYY, te R, (2.11)

by the theorem of Fatou, similarly to a well known property of weak conver-
gence in Hilbert and Banach spaces.

(iii) The convergence (2.9) and (2.10) cannot hold in the global norm of M,
in general, because of energy conservation (2.6) and because the energy func-
tional H is continuous on M.

(iv) Let doo = liminfig o0 dea(q). If H(Y?) < 1 + e, then (Q) holds by
conservation of energy. For instance, (Py) implies then (Q).

(v) The assumption (C) can be weakened to finite differentiability and some
decay of p(z) at infinity.

As an input to our proof we establish in Section 3 a bound on the energy
escaping to infinity and in Section 4 the asymptotics of the Maxwell field
along the light cone. In Section 5 the limit (2.7) is then derived using a Wiener
Tauberian theorem and in Section 6 the properties (2.8)-(2.10) are established.
In the Appendices we collect existence theorems, integral representations, and
a priori bounds for linear and nonlinear Maxwell dynamics.
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3 Energy radiated to infinity

In this section we establish a lower bound on the total energy radiated to
infinity in terms of the energy dissipation integral (3.2). Since the energy is
bounded a priori, this integral has to be finite.

Let S? denote the unit sphere in IR® with surface area element d?w. For
we S?and z € IR let us set 2z = wzj + 21, where z; = w- z and 2z, lw,
T=t+yY

(1 = gu(™)gL(7) + §y(7)g.(7)
(1—¢(m)? ’

E)(w,t) = —Zl;/ d*y p(y - ¢(7)) (3.1)

Remark E(;y(w,t)Lw for every w € S? and ¢t € R.

Proposition 3.1 Let (Py,), (C) hold and let Y (t) € C(IR, M) be the solution
to (1.1) with initial state Y° =Y (0) € M?, 0 > 1/2. Then

e 2 2
/0 dt/szdw|E(r)(w,t)| < oo. (3.2)

Proof Step 1. The energy Hg(t) at time t € IR in the ball Br with radius
R > |q(t)| + R, is defined by

Halt) = (1+ P07 + 6ula(®) + 5 [, &2 (1B OF +1B(z.0). (33

Let us fix T > 0 and consider the total energy Ir(R, R+ T') radiated from the
ball Bg during the time interval [R, R + T) with R > T

Ir(R,R+T) = Hr(R) - Hr(R+T). (3.4)

This energy is bounded apriori, because Hg(R) is bounded from above, while
Hgr(R +T) is bounded from below. Indeed, Hr(R) < H(Y (t)) = H(Y?) and
Hr(R+ T) >const by (Prmin). Thus,

Hr(R) —Hr(R+T)<I< (3.5)

with a constant I not depending on T and R.

Step 2. Let us assume E°(z), B%(z) € C* for the simplicity. Then integrating
by parts as in (A.40) we obtain

%HR(t) = /a . P2 8(1) - w(@) (3.6)
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for t € [R,R+T] and R > T, where S is the Poynting vector, S(z,t) =
E(z,t) A B(z,t), w(z) = z/|z|, and d’z is the surface area element of ABg.
Therefore (3.5) reads

R4+T
/ dt [ PzS(,t) wx) < I (3.7)
R 8Bp

Remark We assume E°(z), B®(z) € C™ everywhere in the rest of the proof.
For general E%(z), B®(z) € L? the bound (3.2) follows by standard smoothing
reasons, since all constants in the proof are bounded for finite | E°|, | B°|, and
C? from (2.4).

Step 8. To analyze (3.7) in the limit R — oo we need the asymptotics of the
fields E(z,t) and B{(z,t) along the light cone |z| ~ ¢ in the limit ¢ — oo.
Let us identify for the moment E(z,t) and B(z,t) with the retarded fields
E(yy(x,t) and Byyy(z,t). We state the Liénard-Wiechert type asymptotics in
the following lemma, which will be proved in Section 4.

Lemma 3.2 There ezists a T, > 0 such that the following asymptotics hold
uniformly in t € [T,,T] for every fited T > T

Eg(z,lal+1) = Epw(e), ™ + 02|, (3.8)
Byy(z,lal+1) = w(z) A Ep(w(@),t)z™ + 0z ™) (3.9)
as |z} — oo.

If we set B = Ey, B = B(y), then

S(z, |z +1) Eg(w(2),t) A (w(z) A B (w(=),1)[2] 7 + O(lz] ™)

= w(@)|En(w(@),t)?|lz|2 + O(|z|™®) for t > T, (3.10)

since Ey(w,t))Lw. (3.7) implies then
i o |E 2 TO(R™
< . .
/T, dt fsz WIEn(w t)* <IT+TOR™) (3.11)

It remains to take the limit R — oo and subsequently T — oo to obtain (3.2).

Remark E = E;), B = By is a solution to the linear Maxwell system (A1)
iff the initial data E° = B® = 0. Such an initial state is however not in M.

Step 4. To conclude the proof, we substitute in (3.7) E = Ey + Eg), B =
By + B as defined in {A.23) . Then

R+T
/1-'2 dt . d*z w(z)- (E(,-) A B(r) + E(o) A B(,) + E(r) A B(U) + E(O) A B(O)) <.
R
(3.12)




12: 34 25 Qctober 2009

Downl oaded By: [Bibliothek der TU Muenchen] At:

568 KOMECH AND SPOHN

The retarded fields Eyy, B(y) originate in the charge and current densities p(z —
q(t)) and p(z — q(t))¢(t), cf. (A.25), (A.26). On the other hand, E(g), B are
due to the initial fields EY, B, cf. (A.24), which are controlled by the bounds
{2.4) as stated in following lemma, which will be proved also in Section 4.

Lemma 3.3 Let (E°, B, ¢° p°) € M7 witho > 1/2. Then there exist Iy < oo
and Ty > 0 such that for every R>0 and T > Ty

R+T 2 9 9
/MO [ d (1B, ) + 1By, £)P) < Io. (3.13)

Using Cauchy-Schwarz in (3.12), this lemma together with (3.8), (3.9) im-
ply that for every T > T = max(T}, Tp),
/T d [ & [Ep(w, )P < b+ TOR™) (3.14)
i 5 (r) ) > 41 . .

with a constant I; < oo not depending on T and R. O

Remark The asymptotics (3.8), (3.9) for a charge distribution generalizes the
decomposition into far and near fields of the Liénard-Wiechert potentials for
a point charge and the leading term of the asymptotics (3.10) generalizes the
Larmor-Liénard expression for the power of radiation [16).

4 Liénard-Wiechert asymptotics along the
light cone

We prove Lemmas 3.2 and 3.3. Let us note that both lemmas provide the field
asymptotics in the wave zone along the light cone |z| ~ t — oo.

Proof of Lemma 3.2 Step 1. Let T, = |¢°| + R,. The integrands in (A.28)
and (A.31) have bounded supports in y uniformly for bounded ¢ — |z| because
of the estimate (A.36). (A.28) implies then for bounded ¢ — |z} > Tg

3
Fofe.t) = [ getaild(r) - 9ty = o(r)) l-n+ d(o)] - oy = a(r))i(r)}
+ O(|z]™), (4.15)

where r =t - |z —y|and n = Ii—:z—l Similarly (A.31) implies for bounded
t—|z| > T,

Bo@t) = [ gtan A ) Voly - a(r)) d(r) - oly = o(r)) ()}
+ O(|z]™?) = w(z) A Egy(z,t) + O(|z]72), (4.16)
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since n = w(z) + O(|z|™) for bounded y. In (4.15), (4.16) we substitute
|z} + t instead of t. Then these expressions are valid for ¢ > 7. T becomes
|z| 4+t — |z — y| and, uniformly in bounded ¢ and |y,

7= lg|+t—lz—y| = t+w(z) y+0(z|™) = 7+ O0(|z|™), |lz—y| = |$1+((2(11~))'
17
Hence (4.15), (4.16) imply (3.8), (3.9) with

Ep(w,t)= Zl;r/dsy{q'(?)-vp(y—Q(?))[—w+d(?)]—p(y—q(?))d(?)}- (4.18)

To complete the proof of (3.8), (3.9) we only have to identify this expression
with (3.1) through a partial integration.
Step 2. For the partial integration we note

§(7) - Vyp(y — ¢(7)) = 4(7) - Vply — ¢(7)) (1 —w - 4(7)),

since ¥ = t +y; = t + w-y. Then the first summand in the integrand of (4.18)
yields

/dsyq'(?) - Voly = q(7) [~w + ¢(7)]
= [ @yi(r) - Vuply - 9(7) (1 = w- 4(7) 7 =w + (7))
= [ oty = 4 (01 = v ) o)+ 40 (41)

summing over repeated indices. Differentiating we obtain
g el .
%{(1 ~w-§) " ga[~w +¢]}
= ( —w- ‘j)_2[(‘iawa[—w + Q] + (jaéjwa)(l —w- Q) + q.a[—w + Q]W ' qwa]
= (1= g~ [(Gyl~w + d] + ¢@) (1 = g) + gydy[~w + ]
= (1= g ldl-w +d] + (4 = GiDd] (4.20)

and (4.18) becomes

gyl—w + gl + (g~ ¢)d + (1~ ¢))%¢
(1—q)? ’
(4.21)
which agrees with (3.1). |

Proof of Lemma 3.3 We prove (3.13) with Ty = R® = R%(YY), cf. Defini-
tion 2.1 (ii). The representations (A.24) and the bounds (A.6) together with
assumption (2.4) for Y? imply that

By, 0]+ Bzt <C X ¢ [yt (422)
£=0,1 Se(z)

Eywt) = -5 [ @yoly =)
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for t > R% + ||, where S,(z) = {y € R®: |y — z| = t}. We can always adjust
o such that o + k # 1. Then, by explicit computation, a typical term reads

2nt
I*(z,t) = /S il

2 ~l-oc—-k _ T l—o—k _ (4 T 1-0—k .
B (el (L IR I
(4.23)

Hence the contribution of the corresponding term to the left hand side of (3.13)
can be majorized by

t

2
ko
Jrr:

R+T
Cy /R dt | d%z|t*21%(x,t)

+RO 8Br

T
Cz/ ds (R+S)2(k—1) (2R+5)1-—a—k — glmo=k|
RO

(4.24)

We may adjust o slightly larger than 1/2. Then for k=0, wehave c +k < 1
and (4.24) implies

T
J,’%‘TSC/ROds(R-ks)"ZUSJk<ooforR20,T_>_R°.

For k =1 the bound (4.24) implies

T
sz,TSC/Rodss'z"SJ"<ooforR20,T2R°.

O
Remark The representations (A.24) and the bounds (A.6) together with (2.4)
imply that for every R > 0

max (IBw (@ 8)] +1Boy(z, t)]) = Ot™17) as t — co. (4.25)

5 Relaxation of the particle acceleration and
velocity

In this section we will deduce from Proposition 3.1 that §(t), ¢(t) — 0 as
t — oo provided we require in addition the Wiener condition (W) and either
(Prmax) or (Q).

Either (Pra) or (Q) imply the bounds (A.36) and (A.37) of Proposition
A.5 (v) and (vi). Hence, the function E(,)(w, t) is globally Lipschitz continuous
in w and ¢. Thus (3.2) implies

lim E¢y(w,t) =0 (5.1)
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uniformly in w € S?%. Let us analyze the structure of the integrand in (3.1).
The main observation is that the integration over the planes y; = const can be
performed, since 7 = t 4+ yy = t + w - y depends on y; only. Therefore (3.1) can
be rewritten as a one-dimensional convolution. Let r(t) = gy(t) € R, s =y,

and p,(gs) = /dqldqg p(q1,92,93). Then T = ¢+ s and (3.1) becomes
E(T)(w7 t)

_ 1 _, (1 — gyt + )Lt +8) + §(t +s)gu(t +s)
=~ [ dopuls = rt+9) (L= gt + )2

ey L AUM)ELT) + Gy ()
=~ [dradt - (r =) e

= ‘% / d6 pa(t = 6)9.,(6) = pa * gu(t) (5:2)

with the substitution 8 = 7 — r(7), which is a nondegenerate diffeomorphism
since [f| < ¢1 < 1 by (A.36), and with the definition

0(8) = — L 2= 00))au(7(9)) + G (7(6))ds (7(8))
: 4r (1~ ¢(r(9)))? '

Let us extend g(t) smoothly to zero for ¢ < 0. Then p, * g, (¢) is defined for
all t and agrees with E(,y(w, t) for sufficiently large t. Hence (5.1) reads as the
convolution limit

Jizm pa % 0.(8) = 0. (53
Note that (A.36) and (A.37) with & = 2, 3 imply that ¢/,(8)} is bounded. Hence
(6.3) and (W) imply by Pitt's extension to Wiener’s Tauberian Theorem,

cf. [14, Thm. 9.7(b)],
g.,(8) = 0 as 8 — oo. (5.4)

Since 8(t) — oo as t — oo, we conclude
(1 - (]'H(t))(ji(t) + Q'”(t)q_L(t) — 0 as t — oo. (55)

Replacing w by —w we get (1 4+ ¢(t))d.(t) — ¢j(t)g.(t) — 0, and for the sum
2§, (t) - 0. Since w € S? is arbitrary, we have proved

Lemma 5.1 Let the assumptions of Proposition 8.1 hold. If the Wiener con-
dition (W) and either (Pmax) or (Q) are satisfied, then

lim ¢(t) = 0. (5.6)

t—=o0
Remarks. (i) For a point charge p(z) = é(z), (5.3) implies (5.4) directly.
(ii) Parseval’s identity, (5.2), and (3.2) yield
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[ [ de (@20 < o

If |5 (6)] > C > 0, then /d%/dt |9,(t)]® < o0, and (5.4) would follow from
the Lipschitz continuity of g,,. Thus, the main difficulty results from the rapid
decay of the Fourier transform (“symbol”) p,, due to the smoothness of the
kernel p,.

(iii) The condition (W) seems to be necessary. If (W) is violated, then g (v) =
0 for some v € R, w € §?%, and with the choice g(t) = exp(ivt) we have
pa * g(t) = 0 whereas g does not decay to zero.

Corollary 5.2 Let the assumptions of Theorem 2.5 and let (Q) hold. Then

tlirgq(t) =0. (5.7)
Proof Since {g(t)| < go by assumption (@), (5.8) implies (5.7). o

6 Long-time asymptotics

We prove Theorem 2.5.

6.1 Attraction to the set of solitons

We prove Theorem 2.5 (i). The relaxation of the acceleration (5.6) has been
proved in Lemma 5.1. It remains to derive (2.8) for t — co. We use the
integral representations (A.23)-(A.25) and (A.28), (A.31) for the solution
(E(z,t), B(z,t)) and for the solitons (E¥(z—vt), BY(z—uvt)) from (1.5). Firstly,
we substitute (E?, B*) in (A.28), (A.31) and obtain for v € V,

Emh/aﬁgmﬁmm—m+wwmwmm+m,wn
B'(z) = /Eé—i?‘n/\ {—T:c—i——y—lp(y— vFlv+v-Voly —vT)v}, (6.2)
-y

z =4l and 7 = —|z — y|. These representations, together with
(A.28) and (A.31) for (E, B), imply by (5.6)

where n =

(Bt (g(t) +2, ), By (a(t) + 2, 1)) — (B*®(z), B*O(z)) 5 0 as t — 0. (6.3)

Therefore (2.8) would follow from

(Eqy(g(t) + ,t), Bey(q(t) + z,t)) Z5 0 as t — co. (6.4)
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By definition, this means that for every R > 0
/i ‘ Rde ((E(O)(q(t) +z,t)* + |Bo)(q(t) + =, t))|2) —Dast—>o0 (6.5)
z|<

The estimates (4.22), (4.23) imply

|E (q(t)+zt)l+\B<o>(q(t>+w,t))l (6.6)
<C Z (t+ lz)Fe ~ (¢ - |z|)‘—’°—”> . (6.7)
k=0,1

Setting here g(t) + = instead of z and taking into account that |g(¢)| < ¢it +
const with 0 < ¢; < 1, we get

max (1o (4g(8) + 2,0 + 1Boa(t) + 2.9]) = O ") ast + 0. (68)

Therefore (6.5) follows. a

6.2 Attraction to the set of stationary states

We prove Theorem 2.5 (ii). First we construct a compact attracting set A for
the trajectory Y (¢) under consideration.

Definition 6.1 Let A= {S,:q€ R |q| < q}, where S, and gy are defined
in (1.8) and in (Q), respectively.

Since A is homeomorphic to a closed ball in IR?, A is compact in M.

Lemma 6.2 Let the assumptions of Theorem 2.5 hold. Then Y (t) ME A gs
t — 0.

Proof. It suffices to verify that for every R >0
1Y (#) = Sqolle = 1E(t) — Eqylr + |B(t)]r + Ip(t)] = O as t — 00, (6.9)
Let us estimate each term separately.

(1) (5.7) implies |p(t)] = 0 as t — oo.
(i1) Let us denote Ry = go + R,. Then the representations (A.31) imply

(18] + g + 16 + 19(n)17)

fort > R+ Ry and |z| < R. Therefore (2.7) and (5.7) imply that | By (t)|r —
0 as t = oo. Then also [B(t)|g — 0 by (A.23) and (4.25).
(iii) (A.28) implies that for t > R+ R and |z| < R

|Biry(z,t)] < Cr,_, 1 max
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|Ein(:t) — Eqo(@)| < Ok, (| + 1900 + 18P + la(r)?)

- R— Roa< <t(
cf . 1z—y|2]” ~lz =) ~ ply ~ a(t))|.

The difference p(y — ¢{t — |z — y|)) — p(y — g(¢)) can be written as an integral
depending only on ¢(7) for 7 € [t — R — Ry, t], which tends to zero as t - oo
uniformly in z € Bg by (5.7). Hence |E(y(t) = Eqpnlr — 0 as t = oc.
Similarly, | E(t) — Eqs)|r — 0 by (A.23) and (4.25). a

Lemma 6.2 implies that the orbit O(Y') is precompact in Mp. Therefore,
the following lemma implies (2.9). We denote by {2(Y') the omega-set of the
trajectory Y(t) in the Fréchet topology of the space Mp: Y € Q(Y) if and

only if Y () M8 Y for some sub-sequence t; — 00.
Lemma 6.3 Q(Y) is a subset of S.

Proof Q(Y) € A by Lemma 6.2. Moreover, the set Q(Y) is invariant with
respect to Wy, t € IR, because of the continuity of W; in Mp. This means for
every Y € Q(Y) there exists a C?-curve ¢ = Q(t) € IR? such that W,Y = Sg).
Thus Sg(, is a solution to (1.1). Therefore Q(t) = 0, i.e. Q(t) =g € Z and
Y=5€8. ' a

6.3 Attraction to stationary states

We prove Theorem 2.5 (iii). The set Z is the image of the set S under the
map I : (E,B,q,p) — ¢. As a map from My to R? it is continuous and an
injection on S. Since Z is a trapping subset in IR?, § is a trapping subset in
Mp. Hence (2.9) implies (2.10). D

A Appendix. Existence of dynamics

A.1 Linear Maxwell dynamics
We state in an appropriate form a convolution representation for solutions to
the Cauchy problem for the linear Maxwell system with prescribed charges
and currents,

div E(z,t) = p(x,t), rot E(z,t) = —B(z,t),

div B(z,t) = 0, rot B(z,t) = E(z,t) + j(z, ), (A.1)

Elimo = E°(z), Bli=o = B%(z).
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We assume (E°(z),B%(z)) € L? ® L?, where L? = L*(R* R, p(z,t) €
C(R, LA(R®)), j(s,1) € C(R, H) and also (E(z, 1), B(z,1)) € C(R, L & L?).
Then the system (A.1) leads to the identities

div E%(z) = p(z,0) and div B%(z) = 0 for = € R, (A2)
pz,t) +divj(z,t) =0 for z € R%, t € R, (A.3)

which are necessary constraints for the existence of solutions to the overde-
termined system (A.1). Note that the charge and current densities in (1.1),
p(z,t) = p(z — q(t)), j(z,t) = p(z — ¢(t))4(t), automatically satisfy the conti-
nuity equation (A.3). Let T' be an arbitrary positive number.

Definition A.1 Let Cr = C(0,T;L*(R®), Cr = C(0,T;L?) and Dr =
{(E°B%p,j)e*®L*®Cr®Cr: (A.2) and (A.3) hold for 0 <t < T}.

Note that Dy is a linear Banach space.

Lemma A.2 Let E%x), B%(z) and p(z,1), j(z,t) satisfy the constraints (A.2),
(A.3). Then

(i) The Cauchy problem (A.1) has a unigue solution (E(z,t), B(z,t)) €
C(R,L? o L?).

(i1) For every T > O the map (E°,B% p,j) — (E(z,t),B(z,t)}|ocicT is @
linear continuous operator Dy — Cg @ Crp with norm O(T).

(1ii) The convolution representation holds

(528 e 5+ Lo (4) seen v

where p(s) = p{z,s) and j(s) = j(z,s), and my and g, are 6 x 6- and 6 x 4-
matriz valued distributions concentrated on the sphere |z| = ||,

my(z) =0 and g(z) =0 for |z| # |t} (AB)

(iv) Let E%(y), B(y) be C* functions in a region {y € R®: |y| > R°} with
0

some R® > 0. Then the convolution my * (z) is a continuous function

E
BO

in the region {z € R®: |z| > R® + |t|} and the following bounds hold,

\mt*(gﬁ)m < ol [

ly—ai=|
Proof ad (i) and (ii) We introduce the complex field C(z,t) = E(z,t)+iB(z,t)
and rewrite (A.1) as

. d*y (|E° ()| + 1B°(v))

+ Gl @ (VE W)+ VB W) (A6)

ly—=|=1{t|
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O(xat) = ~i10t C(z,t) — j(x»t)a Cli=o = Co(m)’ (A7)
divC(z,t) = p(z,t), (A.8)

where C%(z) = E%z) + iB%(z). In general, we denote the Fourier transform
of some function f by

F0 = (FN(k) = [ &k explik - 5)f(z). (A.9)

Then (A.7, (A.8 in Fourier space read
Clk,t) = m(k)C(k,t) = §(k,t), Climo=C(k),  (A.10)
—ik - C(k,t) = p(k, 1), (A.11)

where m(k) denotes the 3 x 3 skew-adjoint matrix of the operator —kA in c.
The solution C(k,t) is defined uniquely from the first equation (A.10) of the
overdetermined system (A.10), (A.11),

C (k1) = exp(m(K))C(K) - [ " ds exp(m(k)(t — 8));(k, ) for k € R®.

(A.12)
We still have to show that (A.12) satisfies the constraints (A.11). Indeed, the
Fourier transformed equations (A.2), (A.3) are

—ik - C%(k) = p(k,0) for k € R, (A.13)
plk,t) — ik j(k,t)=0for ke R t e R. (A.14)
With d(k,t) = —ik - C(k, t) they imply
d(k,0) = ~ik - C%(k) = p(k,0) and d(k,t) = —ik - j(k,t) = p(k,t). (A.15)
Since m(k) is a skew-adjoint matrix,
| exp(m(k)t)| = 1 for k € IR® and ¢ € IR.

Therefore (i) and (ii) are a consequence of (A.12).

ad (iii) and (iv) In order to check (A.5) and (A.6), we have to transform
(A.12) back to position space . We have m = m(k) = ~kA, m? = —k2+ |k ><
k|, m3 = —|k|*m,.... Hence

mE = (1P fm = (1) R for 20,

2
m¥ = m¥ i = (=1 kP2 m? = —(~1)/ (%) [k{¥ for j > 1,

which yields by Euler’s trick for the exponential
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exp(m(k)t) = i(mt)”/n! - i(mtfj/(zj)! ¥ ?(mw”“/@j 1)1
(]k}) (1- coslklt)+\—%sinik|t
:cos|k|t+mSiTllT‘t +(1—cos [kl &> \>kl? al

Denoting K; (k) = sin [kt/|k|, 7 (k) = I.A(t(k)-&—mf(t(k) and Dy (k) = 1—cos |kt
we obtain

exp(m(k)t) = my(k) + |k > ﬁ|k(|];) < kj. (A.16)

Inserting into (A.12) and using the constraints (A.13) and (A.14)

Clk,t) = mu(k)COk) +ilk > D1k(]2) p(k, 0) (A.17)

/ ds (e_s(k)j(k, 8) — ilk > D‘k‘(k)b(k,s)), (A.18)

which through integration by parts becomes
C(k,t) = ﬁzt(k)é"(k)—/ot ds (7y_s(k)7 (k, 8) —ilk > D]klgk) bk, s)). (A.19)
Using f)t(k) = |k|sin |k|t = |k]2K,(k), we get
fg(z) = F (k) = Ki(x) — irot o Ky(x), (A.20)
Gu(z) = F A (ilk > Rik), —ru(k)) = (-VEKul(z), (). (A.21)

(A.19) implies then (A.4) in the “complex” form

C(z,t) =y »C% + /ot ds §y_g * ( /])E:g ) for t € R. (A.22)

Separating into real and imaginary parts we obtain

E(:E!t) = E(T)(l‘vt) + E(O)(Iat)> B(:E,t) = B(r)(m’t) + B(O)(zvt), (A23)

(§§3§§21§3>=m**(§2>=(_ﬁ 1&)*(22) (A.24)

2 t ;
.._/(,.)(I,t) =/ “VKt—s —Kt—s p(S)
(B(r)(w,t)> o % 0  rotok, )\ j(s) ) (A.25)
Here K,(z) denotes the Kirchhoff kernel
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5 1
Ki(z) = F1K(k) = 4—m6(\z| = |t)). (A.26)
(A.4)—(A.6) follow now immediately. O

Remark (A.25) coincides with standard representation of the “retarded” fields
E(y(z,t) and Bgy(z,t) through the Kirchhoff retarded potentials [16]

Ep(z,t) = —Vrb(g,( t)) - A(z,t), Bpy(=,t) =rot A(g(t)s (a2

3 T 3 T) . :
= —_— t = —————

o) = [dyprtoly, ), At = [ dypr T,
where 7 = t — |z — y|. We emphasize, that (E(,), Byy) is not a solution to
Maxwell equations (A.1) with prescribed p and j, since Ejr)|¢=0 = 0 and hence

div E = p is not satisfied at t = 0. For the same reason, (E(g), B(g)) is not a
solution to the Maxwell equations (A.1) with p = 0,5 = 0.

A.2 Liénard-Wiechert representations

Let us consider a solution Y (t) = (E(z,t), B(z,t),q(t),p(t)) € C(R, M) to
the Maxwell-Lorentz system (1.1) with an initial state Y° = (E%(z), B’(z),
¢°,p°) € M. Then (E(z,t), B{z,t)) € C(IR,H @ H) is a solution to the
Maxwell system (A.1) with p(y, 7} = p(y — q(7)) and j(y,7) = p(y — q(7))¢()
and ¢{¢t) € C(IR). Since the constraints (A.2) and (A.3) are satisfied, all
assumptions of Lemma A.2 hold. The uniqueness from Lemma A.2 (i) implies
then the representations (A.23)-(A.25). Therefore (A.27) implies the standard
Liénard-Wiechert representations [16] for the corresponding “retarded” fields
E(;) and By, in the region t — |z| > T, = |¢°| + R,,
d3
m{lm i ply —a(r))

4(7) - Voly — () [=n + )] = oy = a(r)i(r)}(A.29)
Boet) = [ gl A ey~ a)i)
rota o(y — a(r)d(r)}, (A29)

Ep(z,t)

+

+

where r=t—|z—yland n= -V
|z -yl
rotz(p(y —q(7))4(7)) = VapAd+proted = —¢-VpV,7AG+p V.7 A (A.30)

Evidently

and V.7 = —n. Then (A.29) becomes

Bo@t = [ etn A= pty = g
+4(r) - Voly - () d(7) = oy — (7)) d(r)}. (A31)
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Remark By a partial integration in {A.28) the integrands in (A.28) and (A.31)
can be transformed to satisfy the standard identity {...}s =nA {.. .}&.

A.3 Smooth approximations to transverse fields
Definition A.3 M, is the subspace of the states (E(z), B{z), ¢,p) € M with
E(z), B(z) € (C®(R*))? and satisfying the estimates

|02 E(z)| + 105 B(x)| < ¢ ] for z € R® (A.32)

_ e
(lz| +1

with every o = (a1, 09, 03), @; =0,1,2,....
Lemma A.4 M, is a dense subspace of M.

Proof By Definition 2.1, for (E(z), B(z),q,p) € M the constraints (2.3) are
satisfied. The bounds (A.32) hold for the field Eq(x) = —V¢,(z) from (1.3)
and this example shows that 2 + |a| is the optimal degree in (A.32). Thus
the problem is to smoothly approximate purely transverse fields E(z) — E,(z)
and B(z). We will carry this out for the magnetic field B(z), say. Fourier
transformed the transversality condition is k - B(k) = 0 for k € R®. To
approximate B(z) we first define for ¢ > 0

Be (k) = 0 otherwise. (4.33)

A { B(k) fore < |k| < 1/e,
Then B, € L* N (C*(R?))? and |B — B,] = 0 as ¢ — 0. To provide a
rapid decay at infinity we smoothen out Bg(k) respecting its transversality.
(A.33) implies that the support of B.(k) can be covered by a finite number
of the sets diffeomorphic to a cube through the polar coordinate mapping
k— k= (w,r) = (k/|k|, |k]). Then the vector field B, (k), transformed under
this mapping, lies in the planes r = const. Hence averaging with a smooth §-
sequence in the k-coordinates preserves such a property. It remains transform
this averaged vector field back to k = wr. m

A.4 Maxwell-Lorentz dynamics

We prove Proposition 2.3. For Y (t) = (E(z,t), B(z,1),¢(t),p(t)) € C(R, M)
the Maxwell-Lorentz equations (1.1) can be written as a dynamical system

E=rotB—p(z—q)§, B=—-r0tE,

(A.34)

D ) p=<E+Eez+qA(B+Bez)>p(x_Q)>’

1+p

qg=
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where all derivatives are understood in the sense of distributions. Let us write
the Cauchy problem for the system in the form (2.5)

Y(t)=F(Y(t)), teR, Y(0)=Y", (A.35)
where Y° € M.

Proposition A.5 Let (C) and (Pyi) hold, and Y° = (E° B, ¢% p%) € M.
Then

(i) The Cauchy problem (A.35) has a unique solution Y (t) € C(IR, M).

(ii) For every t € R the map W, : Y? = Y (¢) is continuous both on M and
Mp.

(1ii) The energy conservation (2.6) holds.

(iv) The speed is bounded,

Q@) <q<1forteR. (A.36)

(v) If (Q) holds, then there are constants gx > 0, k = 2,3 depending only on
the initigl data, such that

|d(t) < g2 and |3 ()] <gqs forteRR. (A.37)

(vi) (Pmax) tmplies (A.37).
(vit) (Ps) implies (Q).

This Proposition is established by the traditional contraction mapping rea-
soning, eliminating the “unbounded” Maxwellian part of the dynamics by
Lemma A.2. A similar proposition is proved in [10] for (1.1) with a scalar
field instead of the Maxwell field.

Proof of Proposition A.5 ad (i)-(iii) Let us fix an arbitrary b > 0 and prove

first the existence and uniqueness of Y (t) € C(—¢, €; M) satisfying (i)-(iii) for

lY)];, < b and |t| < € = e(b) with some sufficiently small & = £(b) > 0.

Step 1. There exists a unique Y (t) € C(—¢,&; M) satisfying (i) and (ii).
Lemma A.2 implies that the Maxwell-Lorentz system (1.1) for Y(t) €

C(IR, M) is equivalent to the equations for the particle

g(t) p()/(1 +P*()?,
B(t) = < E(z,t)+ Eex(z) + ¢ A (B(2,t) + Bes(z)), p(z — q) >, (A.38)

together with the expressions (A.4) for E(z,t), B(z,t), where p(z,t) = p(z —
q(t)) and j(z,t) = p(z — q(¢))4(t). Inserting these expressions for E, B into
(A.38) we reduce the Cauchy problem (A.35) to

u(t) = fr(lew), u(0) = «°, (A.39)
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where u(t) = (q(t),p(t)), v’ = (¢°,p°) and I,u means the restriction of the
function u(t) to the interval [0,t]. Lemma A.2 (ii) and (Ppi,) imply that the
map Liu + fi(I,u) is locally Lipschitz continuous in the space C(0,T;IR®)
for every T > 0. Hence, by the contraction mapping principle, the Cauchy
problem (A.39) has a unique local solution u(:) = (¢(-),p(-)) € C(~¢,¢;R®)
with £ > 0 depending only on b. It remains to define Y (¢) = (E(z,t), B(z,t),
g{t), p(t)) where E(z,t) and B(z,t) are given by (A.4) with p(z,t) = p(z—q(t))
and j(z,t) = p(z — ¢(¢))4(t). Thus, (A.35) has a unique local solution Y (-) €
C([~¢,¢], M) with £ > 0 depending only on b.

Step 2. W, is a continuous map tn M and in Mp.

The continuity of the map W, : Y? — Y (t) in M for |t| < e and ||Y?},, < b
follows from the continuity of w; : u® + u(t) and from Lemma A.2 (ii). To
prove continuity of W, in Mg, let us consider Picard’s successive approxima-
tion scheme

t
uN(t)=u°+/0 ds fy(Iu"Y, N=1,2,...

The equation for ¢V in this system implies |¢" ()] < 1 and therefore |g(t)| <
|¢°| + |t]. We fix now t € IR. Then from the integral representation (A.4) we
conclude that every Picard’s approximation u™ (¢) and hence the solution u(t)
depends only on the initial data (E°(z’), B%(z'), ¢°, p°) with |2'—¢°| < [¢|+R,.
Therefore (A.4) implies that the fields E(z,t), B(z,t) in a neighborhood of
a point (z,t) depend only on the initial data (E%(z'), B°(z'), ¢°, p°) with
lz'| < 2|t| + R, + 1¢°|, |2’ — z| < |t|. Thus the continuity of W, in MF follows
from the continuity in M.

Step 3. The energy conservation (2.6) holds.

Energy conservation is provided first for a dense subset of smooth Y? €
Mo, (Definition A.3 and Lemma A.4) and afterwards extended to all of Y
M by density and continuity. The system (A.34) for Y(t) € C(-¢,e; M)
implies a convolution representation (A.4). Then (A.5) and the bounds (A.6),
(A.32) imply that E(z,t), B(z,t) € C'(Je,e[xIR?) and |E(x,t)| + |B(z,t)| ~
|z|~2. Therefore (2.6) follows by partial integration:

d pep , .
— = E.E>+<B,B>
dtH(Y(t)) \/1—+—pf+< , + ,

- < ¢ez(z)7q'Vp(x_Q) > = q <E+Eem+qA(B+Bez)7p(I_Q) >

+ < E,10tB — p(z ~ q)§ > — < B,1otE > — - < Eez(x), p(z — q) >

=< E,rotB > -~ < B,rotEl >= ~ lim dzz(E/\B)-—I—=O.
R—)ooul:R |z

Step 4. The global solution ezists.
For |t] < &, we have

I+ + 51B@ O + 1B 0P + ule) = HID).  (A40)
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Therefore (Ppiy) implies the apriori estimate
|E(z, )| + |B(z,t)| + |p(t)| < A (A41)

with h depending only on the initial data Y°. This apriori estimate implies
that the properties (1)-(iii) for arbitrary ¢ € IR follow from the same properties
for small |].

ad (iv) (A.41) implies |p(t)| < po < co. Hence

41/ (1 = @) = Ip(t)] < po < o0,

which yields |¢(¢)| < ¢1 < L.

ad (v) The last equation in (A.34) and (Q), (Pmin), (A.36) imply (A.37)
for ¢. Differentiating the last equation in (A.34) and using |¢*(t)| < gx with
k=0,1,2, and (Ppi,) again, we finally obtain | § (t)] < g3 < oo fort € R.

ad (vi) (Pmax) and the last equation in (A.34) provides (A.37) as above.

ad (vii) (Py) implies (Q) by (A.40). O
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