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1. INTRODUCTION

This paper concerns a justification of the method of complex characteristics [1, 2, 6, 10, 11] for
elliptic equations in nonconvex angles. This method finds applications to diverse problems of math-
ematical physics both for convex angles [5, 12] and for nonconvex ones [7, 8, 13]. The crucial part of
the method is played by the connection equation on the Riemann surface of complex characteristics
of the given elliptic operator. The connection equation generalizes well-known relations on the real
characteristics of hyperbolic equations. A preliminary version of the paper was published in [4] in
a sketched form. Here we present a complete exposition.

The principal object of our investigation is the Helmholtz equation
(A+wu(y) =0, yeq, (1.1)
where @ is a nonconvex angle of magnitude « € (,27) and
w:=w; +iwy € Ct:={z€C:Imz > 0}.
In the polar coordinates (y; = pcosf, yo = psinf), the angle @ is represented in the form

Q=A{(p,0):5<0<2r}, g =21 —« (see Fig. 1).

T2

T

Fig. 1. Nonconvex angle.
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Equation (1.1) with w € CT arises when applying the Fourier-Laplace transform to nonsta-
tionary scattering problems on a wedge. Analysis of the stationary equation (1.1) enabled us to
prove in [7, 8] the existence and uniqueness results and the principle of limiting amplitude for the
corresponding nonstationary scattering problem. The central role in the proofs is played by the
connection equation involving the Cauchy data of a given solution to (1.1). Note that the connec-
tion equation in the papers [7, 8] was applied to specific boundary-value conditions of Dirichlet
and Neumann. On the other hand, this connection equation enables one to extend the method
of complex characteristics [6] to equation (1.1) in nonconvex angles with general boundary-value
conditions.

The connection equation first was found in [1, 2, 6] for convex angles, where this equation
occurred as a direct consequence of the Paley—Wiener theorem. However, the extension of the
equation to nonconvex angles is not straightforward. For nonconvex angles, the connection equation
was stated for the first time in [4] for w = ¢ and @ = mi/2. In the present paper, we state and
justify the connection equation for general values of w € C* and « € (m,27). We prove that the
connection equation is a necessary condition for the existence of solutions in the class of tempered
distributions.

The connection equation is an algebraic equation on the Riemann surface of complex character-
istics of equation (1.1). The justification of the connection equation is the main goal of the present
paper. Namely, let ug(y) be the extension by zero of a solution u(y) from y € Q to y € R2. Then
we have (in the sense of distributions)

(A+wug(y) =vi(y) +v2(y),  yeR? (1.2)

where v; and v; stand for tempered distributions supported by different sides of the angle ), which
can be expressed in the Cauchy data of u(y). The Fourier transform of (1.2) gives (1.3),

(=22 + W) g (2) = 01(2) + D2(2), z € R? (1.3)

First let us consider the case of a convex angle @) corresponding to a < w. Then, by the Paley—
Wiener theorem, identity (1.2) can be extended to complex values of

2€CQ* :={2€C?: Imz-y >0, ycQ},

and 1g(z), 91(2), 02(2) are analytic on CQ*. Write V = {z € CQ* : —2z? + w? = 0}, which is the
Riemann surface of complex characteristics of the Helmholtz equation A + w?. Then (1.3) implies
the “connection equation” (1.4),

@1(2’) + ’02(2) =0, S V*, (14)

where V* :=V N CQ*.

On the other hand, in diffraction problems with a > 7, the angle @) is not convex. Hence, the
set CQ* is empty, and therefore (1.4) is meaningless. Now W := R?\ Q and W_ := —W are convex
angles. Therefore, the Paley—Wiener theorem implies that the functions 0 (z) and 02(z) are analytic
on CW* but does not imply their analyticity on CW?*. The main result of the present paper states
that, for a nonconvex angle ), the connection equation (1.4) holds with V* = V N CW* for the
analytic continuations of 01 and 99 along the Riemann surface V.

The boundary value problems in convex angles were treated by Sobolev [16] and Shilov [15]. In
the last paper, some necessary relations between the Cauchy data were found. The relations coincide
with our connection equation on a curve lying on the Riemann surface. In Sobolev’s paper [16],
some necessary conditions on the Cauchy data were also suggested.

The connection equation for convex angles was applied in [6, 12] to solve the Ursell problem on
the completeness of trapping modes on a sloping beach. The connection equation for nonconvex
angles was applied in [7, 8, 13] to justify and generalize the Sommerfeld-Malyuzhinets-type repre-
sentation for solutions to diffraction problems on wedges. The representation plays an important
role in [7, 8] when proving the uniqueness and existence results and the limiting amplitude principle
for diffraction problems.
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RELATION BETWEEN CAUCHY DATA 281

The paper is organized as follows. In Sections 1-6, we present the basis of the general method of
complex characteristics [1, 6]. In Section 7, we obtain an integral equation for the complex Fourier
transform of the Cauchy data. In Section 8, we reduce the integral equation to the Riemann
surface of the complex characteristics. In Section 9, we construct a special class of test functions.
In Section 10, we construct a Cauchy kernel on a Riemann surface. In Sections 11-14, we reduce
the integral equation to the connection equation, which is algebraic, by using analytic continuation
on the Riemann surface. In the appendix, we construct a class of Schwartz functions with a special
property (see [14]).

2. REDUCTION TO THE FIRST QUADRANT

The method of complex characteristics requires several steps. Our first goal is to extend equa-
tion (1.1) to R2.

In this section, we reduce equation (1.1) to the equation in the complement of the first quadrant.
Make a linear change of variables

Y

1 =+ ycotq, Ty = ——
sin o

(see Fig. 2)

which transforms Q to K_ := {(z1,22) € R? : 21 < 0 or 25 < 0}.

K_

Fig. 2.

Represent the operator A + w? in the variables (z1, ),

1 0? 0? 0?
A4wt) = —— (55— 25— —cosa) +w?
(A+w) sin? o \0z? = 023 0x10x5 cosa ) +w
Equation (1.1) is now equivalent to
2
(A - 28:1718:172 cos a 4 w?sin® a) u(x) =0, xe K_. (2.1)

The solution is sought in the class S'(K_) of tempered distributions on K _, which is the space of
restrictions of the tempered distributions in R? to K_.
Everywhere below, denote the operator (2.1) as

2

H = A= 28:1718:172

cos a + w?sin? a. (2.2)

3. EXTENSION TO THE PLANE

We state two lemmas concerning nonconvex angles (). The proof is similar to the case of convex
angles @), which was treated in [6].
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Lemma 3.1. Let u(x) € S"(K_) be a solution to (2.1). Then the following assertions hold.
i) There is a distribution ug(z) € S"(R) such that

u(x), reK_,
up(x) == (z) _ (3.1)
0, x¢ K_.
ii) The traces
ud(x1) = u(zy, —0), x1 > 0; uy(r3) := u(0, —x3), T9 > 0;
ui(z1) := Oqu(xy, —0), x1 > 0; us(z2) := O1u(—0,25), x5 >0,
exist in the sense of distributions with respect to x1 > 0, xo > 0.
Now we apply the operator H to the function ug(z) in the sense of S’(R?).
Lemma 3.2. Let u € S'(K_) be a solution to (2.1). Then the following assertions hold.
i) There is an ug(z) € S'(R?) satisfying (3.1), and
Hug(z) = do(z), r € R?, (3.2)
in the sense of distributions, where
do(a1,2) = —8(x1)va (22) — 8(w2)vy (1) — &' (21)v3 (x2) — &' (w2)vi (21)
+2cosa - 6(z1)008 (z2) + 2cos a - §(z2)0 v (7). (3.3)
ii) The distributions fuf(a;l) with respect to x; € R are tempered, and
B B
v (xy) =u) (xy), x>0
’ﬁ( ) =vim), @ 1=1,2% B=0,1.
v (x1) =0, x; <0
4. COMPLEX FOURIER TRANSFORM
4.1. Fourier Transform
Now let us apply the Fourier transform to (3.2),
HE) (&) = do(€), R (4.1)
Here () is the symbol,
H(&1,&) = =& — 6 + 20 & cosa + w?sin® o, (£1,6) € R?, (4.2)

of the differential operator H given by (2.2), and
do(&1,&) = 09(&1)(i& — 2i&; cos o) — i1 (&1) + 99(&2) (&1 — 2i&z cos o) — D3 (&), £ €R?,
by (3.3). For any w € C*, there exists a 6, = d,(w) > 0 such that
H(z)|>C, zeC?  |Imz| <0, k=12, (4.3)
for some C' = C(w) > 0. Without loss of generality, we can assume that

0x < wo :=Imw. (4.4)
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4.2. Paley—Wiener Argument

As is well known, the real characteristics of a differential operator provide relations between
the Cauchy data of solutions. In our case, the operator H has no real characteristics, according to

(4.3). On the other hand, any polynomial has some complex zeros and, in particular, the symbol H

vanishes on a Riemann surface in C? . We claim that the complex characteristics of the operator
‘H provide the “connection equation” for analytic continuations of the Cauchy data of solutions.

Proposition 4.1. i) The function dy(z) := (do(x), e™?) is analytic for z € CKz.
ii) The following bound holds:

ldo(2)] < C(1+|2))*p™",  z€CK, (4.5)

where p :=min(ry, ) and T =Imz € K.

iii) The distribution (17/0(5) s a trace of an analytic function, i.e.,

do(§ +1i1) — do(€), T—0, (4.6)

where T € K4, and the convergence holds in the sense of tempered distributions with respect
to € € R2.

Proof. Let us prove assertions i) and iii). By Lemma 3.2 and the Paley-Wiener theorem, the
distributions @f (&) € S'(RT) are the traces of the functions 1728 (z1) analytic on z; € C*, and

5 (z)| < CAL+|al)'n ", m=Imz >0, (4.7)

where p,v > 0. Therefore, the function do (&1,&2) is the trace of the following analytic function on
the domain CK* = R?* @K :

do(z1, 22) = 00 (21) (izg — 2iz cos o) — 01 (1) + 09 (22) (121 — 2izg cos @) — D2 (22), (21,22) € CKY.
(4.8)
ii) The bounds (4.7) imply the corresponding bound (4.5) for dg(z1, z2).
Note that B
do(z) = 01(2) + v2(2), z € CKZ, (4.9)
where
01(2) = V(21 (izg — 2iz1 cos @) — 0 (21), zeCt xC, (4.10)
Ua(2) = 09 (22)(iz1 — 2izp cos @) — Ua(22), zeCxCT. (4.11)

The functions 71 (z) and ¥9(z) satisfy the bounds

L+ [zD*m]™, ze€C* xC, (4.12)
(L+[z))m=|™7,  2€CxCH, (4.13)

[0 ()] <C
02(2)] < C

where p,v > 0,1 =1,2.
The main goal of present paper is to prove that the function 0;(z) is analytic continuation of
—0y(z) along the Riemann surface of complex characteristics of the operator H.
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5. RIEMANN SURFACE OF COMPLEX CHARACTERISTICS
Denote by V = V(w) the set of the complex zeros of symbol H (see (4.2))
Vw) ={(21,22) € C?: H(z) = —22 — 22 + 221z cos a + w?sin® a = 0}. (5.1)
The Riemann surface V is isomorphic to a cylinder [6]. Therefore, the universal covering V' of the
surface V' is isomorphic to C. Note that

2 2 2

(z1sina)? 4 (2o — 2, cosa)? = z% + z% — 2c0s az1 20 = wW” sin® a, (z1,22) €V,

for (z1,22) € V. This suggests the idea to introduce the parametrization of the universal covering

surface V,
Z1 = wsin ¢, Zo — 21 COS (¢ 1= w sin o cos @, p e C.

Make the change of the variable ¢ — w = ip. Then
z1(w) = —iw sinh w, zo(w) = —iwsinh(w + ia). (5.2)
Thus, we have the following parametrization of V:
z1(w) := —iw sinh w, zo(w) := —iw sinh(w + i), w € C. (5.3)
Denote by p the projection p: V. — V defined by
p(w) = (z1(w), 22(w)). (5.4)
Moreover, consider the projections p;: V — C defined by
pi(w) = z(w), l=1,2.

Let us “lift” the functions f)lﬁ(zl) to V by the projections (5.4). Since the domain of ?728(21) is CT,
we introduce the corresponding domains on V,

Vi =p, N CT) ={weC: Imz >0}, l=1,2

Let V;" be the connected component of V;" which contains the point w = im/2 and let V," be the
connected component of V" which contains the point w = i(7/2 — a). We can readily see that

Vii={wecC: —71/2 <Imw < 37/2, Im z (w) > 0},

. 9.5
Vit ={weC: —n/2—a<Imw<37/2 —a, Imz(w) >0}, (5:5)

and 8‘7l+ = IVT U fl_ for [ = 1,2, where

I'T ={weC:Imzw)=0, /2 < Imw < 37/2},

I'f ={weC:Imz , —m/2 <Imw < 7/2},
Iy ={weC:Imz

I ={weC:Imz(w) =

, —7m/2—a<Imw<7/2-a},
,  7/2—a<Imw < 3mi/2 — a}.
We also introduce the domains
V. =p;(CT)={weC: Imz <0}, =12
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Imw
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Fig. 3. Domains on the Riemann surface.

Let Vf be the connected component of lv}l* which contains the point w = —im with m :=
min(7/2,m — «) for [ = 1,2. Similarly to (5.5), one can see that

Vi ={weC: —371/2 < Imw < /2, Im 2 (w) < 0},

Vy, ={weC: 7n/2—a<Imw<br/2—a, Imz(w)<O0}.
Write

Vo=Vinvy.
For w = wy 4+ 1wy and w = wy + iws, we have
Im|z; (w)] = wy cosh wy sin wy — wy sinh wy cos ws

by (5.2). Hence, Im[z1 (wy + twy)] = 0 if and only if tanws = % tanh wy, and thus

. ) w
'y = {w = wy + 1wy | w1, ws € R, wy = arctan <—1 tanhw1>}.
w2
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The contours can be obtained from one another by translations,
It =07 +mi, I§=0]—ia, Ty =T7+mi. (5.6)
For v € R, we define the contour 5
v(v) =T +iv.
In this case, the contours (5.6) can be represented as follows:
LY =q(r), Ty =90), If=1(-a), Ty =9(r—a).
Write Vs := V;" U V-u V" (see Fig. 3, which corresponds to the case of Rew > 0).

Using the definitions of Vl_, Vl+, V—, and Vs, we represent the boundaries of the domains as
follows:

Vi =~(0) Ur(n), OV, = y(—a) Un(r — a)),
vy =y(m—a)uq(0), IV, =v(r—a)Uy(27 —a),
V- =r(r—a)uy(0), Vs =v(—a)Ury(r).

6. CONNECTION EQUATION

In this section, we write out the connection equation, which is a relation between the functions

27;6 on the universal covering V.

Denote by H() the set of analytic functions on an open set Q C C™. Let v(z) € H(CT),
I =1,2. Define a lifting v(w) of the function ©(z;) as the composition:

i(w) = v(z(w)),
where the functions z;(w) are defined by (5.3). The analyticity of the functions 1728 on C* implies
the analyticity of the functions {)f on Vﬁ,
o (w)ye HV,"), 1=1,2, B=0,1

Using (5.2), we obtain the expressions

0 (w) = =9 (w) — wsinh(w — ia) V9 (w), we Vi, (6.1)
Uo(w) = —03(w) — wsinh(w + 2ia) 9 (w), w e Vyt, '
from (4.10) and (4.11). Obviously,
o (w) € H(VT), 1=1,2. (6.2)

6.1. Convex Angles

Recall the connection equation in the case of a convex angle (with o < m). In this case, the
connection equation can be obtained by using the Paley—Wiener theorem [1, 2, 6, 10]. Namely,
consider the Helmholtz equation

H(D)u(z) =0, x e Ky,

for the solutions u(z) € C*°(K, ). Then, denoting by ug(z) the extension of u by zero outside K,
we obtain
H(D)uo(x) = —do(z), z € R?,

where dy(z) is expressed in terms of the Cauchy data of u(z) by formula (3.3). Paley—Wiener
theorem yields now that

H(2)ig(2) = —do(2), 2 €CK3,

which is an identity for analytic functions. Since H(z) = 0 for z € V N CK?, we obtain the
connection equation

do(2) =0, z€VNCKZ,
which is a relation between the Cauchy data (by formula (3.3) for do(x)).
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6.2. Nonconvexr Angles

In the case of a > m, the situation is more complicated since the Paley—Wiener theorem is
no longer applicable. Namely, denote by o7 (w) the analytic extension of ¥;(w) to the complex

domain Vi if such an extension exists (see Fig. 3). The main goal of the paper is to establish the
following connection equation.

Let u(z,y) € S'(Q) be a solution to equation (1.1) with w € C*. We also assume that the
functions 9, and 0 are defined by (6.1).

Theorem 6.1 (on the connection equation). i) The function v1(w) admits the analytic contin-
uation vy from Vit to Vy, and the function Uo(w) admits the analytic continuation v from V'
to VE.

ii) The following identity holds for these analytic continuations:

o7 (w) 4 95 (w) = 0, w e V.

We prove the theorem in the remaining part of the paper. It suffices to prove the theorem for
wo =1 (since the proof is similar for an arbitrary ws > 0). In this case, (4.4) reads

5, < 1. (6.3)
7. INTEGRAL CONNECTION EQUATION

In this section, we obtain the connection equation in an integral form. Dividing (4.1) by 7:£(§ ),
we see that A
do(£)

to(§) = %7 £ € R?, (7.1)

where the division is well defined in the sense of tempered distributions by (4.3). We are going to
obtain the connection equation for dy(x) by using the fact that

up(x) =0 for ze K.

Let us introduce an appropriate class of test functions supported by K .

Definition 7.1. Let ) L
S(Ky) ={¢ € S(R”) : suppy) C Ky}

Let us introduce a subspace of the space S(K ). For a § > 0, write
CH:={zeC:Imz > -4}, C; = —-Cf.

Definition 7.2. For 6 > 0, denote by Ss(K) the set of functions ¢ € S(K) such that the

Fourier transform (¢) admits an analytic continuation ¢ (z) to the domain Cf x Cf and satisfies

the estimate ~
()| < On(L+]2)7Y,  Tmz>-4, 1=1,2, (7.2)

for any N € N.
Equivalently, ¢ (x) € S5(K4) if ¢ € S(K;) and
() (z)] < Chpe o022 yq = (a1, a0)

for every &' < 4.
For €, > 0, write

T.:={(21,20) €C*:Imz;, =Imzy =€} and Zs:={z€C?:Imz € (0,6), | =1,2}.
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Lemma 7.3. Let a(£) be the Fourier transform of a distribution u(x) € S'(R?) with the fol-
lowing properties.

i) The function (&) is the trace (in the sense of (4.6)) of an analytic function u(z) in the domain
Zs with some 6 > 0.

ii) The function admits the following bound in Zs for some p,v > 0:
[a(z)l <CL+ )™, z€Z;,
where p = min(Im 27, Im 25).
iii) Let us additionally assume that ¢ € Ss(Ky). In this case,

(u(@), (x)) = (a(€), (=€) =/P a(2)i(—2)dz1dz (7.3)

for any € € (0,0).
Proof. The lemma follows from the Parseval identity.

Let us return to the Helmholtz equation (3.2) and consider a test function ¢ € Ss(K ). Since
suppug C K_ and suppy C K, we have

{uo(x), ¥(x)) = 0.

By the Parseval identity and by (7.1), this implies that

(0(€) (=€) = (2, 0(=)) = 0. (7.4)

Recall that the Fourier transform do(€) is the trace of the analytic function defined by (4.8) in the
domain CK. Apply identity (7.3) to equation (7.4).
Proposition 7.4. Let ¢ € Ss(K) with some 0 € (0,0,), where 6, is as in (4.3). Then we have
/ Do)V(=2) . 420 0 (7.5)
r. H(z1,2
for any e, 0 <e <.
Proof. By (4.3) and Proposition 4.1, the function dy (&) /H(£), £ € R, is the trace of the analytic

4
function dy(z)/H(z) in the domain Z;,, and this function admits the bound

CZO(Z)

H(z)

S C+|z)Hp7", z € Zs,,

for some p,v > 0. Let us now apply Lemma 7.3. All the assumptions of this lemma are satisfied
for any u(€) = do(&)/H(E) and ¢ € Ss(K ). Therefore, (7.5) follows from (7.4) and (7.3).

Remark 7.5. We refer to (7.5) as the integral connection equation, since do(£) can be expressed
by means of the Cauchy data (see (4.8)).
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8. REDUCTION TO THE RIEMANN SURFACE

Here we reduce (7.5) to an equation on the Riemann surface. Substituting (4.9) into (7.5) and
representing the integral thus obtained as a sum of two terms, we obtain

Ti(¢) + Io(¢) = 0 for any 1 € S5(Ky), (8.1)

where
Zl(w) = - jrzgjz ~(—2’1, —Zg)dzleQ, Ig(w) = o 25;; ~(—2’1, —Zg)dzleQ, £ € (0,5)( )
8.2

At the next step, we restrict these integrals to the Riemann surface V' (defined by (5.1)) by using
the Cauchy residue theorem. The integrand of the first integral is meromorphic with respect to
z9 (for any fixed z; ) for Im 29 < e, and the integrand of the second integral is meromorphic for
Imz; < e. The point (21, 22) corresponding to these poles belongs to V' because the zeros of the

symbol H belong to the Riemann surface V. Therefore, T, (1) and Zs(¢)) can be represented as
integrals over the Riemann surface V.

To obtain this representation, introduce the pair of contours L; := {w + ir,r > 0} C C* and
Ly :={—w —ir,r > 0} C C~. Let us factorize the symbol H(z1, z2),

22425 — 221z cos a—w?sin® a = (20— 25 (21)) (22— 25 (21)) = (21 — 2 (22)) (21 — 21 (22)), 2z € C>.

25 (1) = z1 cosa F sinay/w? — 22, 2F (23) = zp cos a F sinay/w? — 22, (8.3)

and the branch of the root in (8.3) is such that vw? — 22 is analytic on C\ (L1 U Ls) and Vw? = w.
Condition (6.3) implies that z3(z;) are well defined for Imz; = & < § < ., and

Here

Imzf(z1) > 00 as Imz =e and |Rez| — oo.

Hence, (8.2) yields

() :/ImZFE [/Im@:e o Bu(2(—z1, —2) dzs | dz1. (8.4)

— 23 (21)][z2 — 23 (21)]

By (4.3), we can assume that
Imzy (21) >6 and Imz, (21) <—6 for Imz =¢e € (0,0).

Let us evaluate the inner integral in (8.4) for Imz; = € € (0,0) by closing the contour Im zy = «.
Taking into account that z; (z1) — 23 (1) = 2sin ay/w? — 27, we can see by the Cauchy residue

theorem that . -
/ 01(2)Y (=21, —22) don — i 01(2)Y(—2)
Im

same [22 = 23 (21)][22 — 25 (21))] sina \/w? — 23

Then, by (8.4), we have .

i / 01(2)Y~ (2)dz
r

sin o

Li(y) =

, (8.5)

- 2 _ 2
1,e w Zl

where )~ (z) stands for the restriction of ¢)(—z) to V and
[.={2€V:Imz =¢, Imz <0}
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is the contour on the Riemann surface oriented in the positive direction of Re z;. Similarly, we see
that

i / 0o (2)Y ™ (2)dz (8.6)
r

sin «v w? — 22 ’

Ir(¢) = B
2,e
where Iy, = {z €V :Imz, =¢,Imz; <0} is oriented in the positive direction of Re z5.

Substituting (8.5) and (8.6) into (8.1), we obtain an equivalent integral equation on the Riemann
surface,

/Fl,s Vw? =27 " r;. w? — 23 =0 b€ S5(K4). (8.7)

Let us lift this equation to V. Fisrt, we identify the lifting contours of integration I'y.and Iy,
with the corresponding contours

fie ={w e ‘71+ cz(w) € Fl_,e}= fie ={w e VQJF s z(w) € Fia}. (8.8)

The directions of these contours correspond to the directions of I'; . (see Fig. 4).
For € > 0, denote by Vg the domain bounded by f‘i . and fis‘
The definitions in (8.3) and (8.8) yield

w? — 22(w) = wcoshw, w e IV‘LE7
w? — 22(w) = —wcosh(w +ia), w € f‘iE.

Hence, changing the variables in (8.7) according to (5.2), we obtain the following equivalent integral
equation:

[ By ()™ (w)deo — / Bl (w)dw = 0, 1p € Sy(Ky). (8.9)
I

1,e FZ,E

Theorem 8.1. i) The integral equation (8.9) holds for any ¢ € Ss(K;) with 6 < 0., where J.
is defined by (4.3).
ii) The following bound holds:

Buw)] < Cellp ™ (w, 0%, w e T, (8.10)

where k,v € R, and p(w,dV;) is the distance from w to OV}, | = 1,2.

Proof. Assertion i) was already proved above, and ii) follows from (4.12) and (4.13) and from

the estimate
Im z(w) > Cel®lp(w,0V;"), 1=1,2.

Let us note that the integral over fl; with [ = 1,2 in (8.9) is equal to the integral over fl; + e

for sufficiently small values of ¢ > 0 by the Cauchy theorem and by the bounds (8.10) and (7.2).
Hence, we can represent relation (8.9) in the form

[ @i [ @i ede=0.  wesi), (1)
Iy +ie

Iy —ie
for sufficiently small £ > 0. Write
- U1 (w)v w e VlJra
o(w) = 3 o
—va(w), weVy.
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Imw

V7
-+ Rew

It

Fig. 4. Contours of integration.
Then the equation (8.9) becomes
/ s (w)dw =0, e S5(Ky), (8.12)
oV

where V.~ is the domain between the contours I'y — ic and I'; + ie which is placed to the right of

oV = (I} +ie) U (Ty —ie).
Let us note that each of the functions o;(w) is analytic on one of the sides of the contour f‘f,

and its trace on fz_ is a distribution, due to estimates (8.10).
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Definition 8.2. For ¢ € Ss(K ), write

ﬂ{ Brlw)dw = /f‘1+ie i), 75 or{w)dw = /1‘1'5 i)

1

We can now represent (8.11) and (8.12) formally as

oo e - oa()d (wido=0. e Siiy) (8.13)
1—‘1 FQ
and
ﬂf o =0, ¥~ € Ss, (8.14)
ov

where V'~ is the domain between the contours I', and I'} which is placed to the right of
oV~ =T7 UT,. We systematically use Definition 8.2 in our calculations below.
In the remaining part of the paper, we derive our main theorem, Theorem 6.1, from Theorem 8.1.
Let us describe an example illustrating our main theorem (Theorem 6.1) in a model situation.
Namely, let 71 (y2) be the upper (the lower) semicircle |z| = 1, Imz > 0 (|z|] = 1, Imz < 0,
respectively) which is oriented clockwise. Let v1(z) (v2(2)) be a continuous function on v; (72),
and let

/ v1(2)Y(z)dz —/ va(2)Y(2)dz =0 (8.15)

Y2

for every function v (z) which is analytic on the circle |z] < 1 and continuous for |z| < 1. Identity
(8.15) is an analog of (8.9). We can also rewrite (8.15) in the form of (8.12), namely,

/| - v(2)Y(z) =0, (8.16)

where v(z) := vy (2) for z € y1 and v(z) := —vy(2) for z € 5. Now an analog of our main theorem,
Theorem 6.1, would be the claim that the function v(z) is analytic for |z| < 1. This fact readily
follows from (8.16) if we take

for |2/| > 1.

Indeed, the function
F() = ) g, (8.17)

211 |z|=1 z— 2z

is analytic for |2/| # 1, and the Plemelj formula yields
f(Z'+02") = f(z' = 0) =w(s) for |2/]|=1. (8.18)

It remains to note that f(z’) vanishes for |z’| > 1, according to the integral equation (8.16). Hence,
(8.18) becomes
—f(Z' = 02") =w(2) for |Z|=1.

Therefore, v(z’) is analytic for |z| < 1.

Our proof of Theorem 6.1 is technically different, though the main idea is to use the Plemelj
formula for the Cauchy integrals of the type of (8.17). One of the main problems in this program
is to construct an analog of the Cauchy kernel K(z’,z). We construct the kernels in the following
two sections.
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9. A SPECIAL CLASS OF TEST FUNCTIONS

Below we refer to the functions in the space Ss(K) with § > 0 as the test functions. Here we
introduce a special class of test functions i (x) € S5(K ). Define a distribution by the rule

Ry o(z1,22) == i (z1 cos 9+Sin9$2)®(az1 cos 0 + x5 8in 0)d(—xq sin O + x5 cos §), (z1,22) € R?.

Obviously, Ry ¢(z1,72) € S'(R?) for A € C* and 6 € [0,7/2]. The Fourier-Laplace transform
of R>\79 is

1
A+ 21 cos0 + z98inf’

R)\,O(ZI,ZQ) = z € (CK:

Write
Yxo(z1,22) = (—iRx 9 * U)(x1, z2), (9.1)

where W(z1,x2) is defined by (15.4). The Fourier-Laplace transform of 1, g is

- (21, 22) .
= K. 2
¥a0(21,22) A+ z1cos0 + zosinf’ (21,22) € C + (9-2)
Note that ~
WU(z1,22) € H(CT x C) (9.3)

by (6.3) and by (15.1) and (15.5).
Remark 9.1. Note that

A+ 21c080 + z58in6 # 0, zeV,

since the symbol (4.2) is an irreducible polynomial.

Proposition 9.2. Consider a A € CT and a 0 € [0,7/2]. Then the following assertions hold.
i) ¥ao(z1,22) € CF(R?).
ii) suppa, C Kﬂf'
iii) The function 1 ¢ is meromorphic on CT x Cf and analytic on the subdomain
ImA+1Imz-(cosf,sind) > 0 containing CK .
iv) For any N > 0 and 7" > 0, the following bound holds:

‘1;)\79(21,22)‘ <Oy (1+|2)77, ImA+Imz-(cos,sinf) > 7', Imz >—-1+7, [=1,2.
(9.4)

Proof. i) The convolution (9.1) is a smooth function of z1, 2z because ¥ € S (R?). Assertion ii)
follows from (9.1) because supp Ry ¢ C K and supp¥ C K.

Assertion iii) follows from (9.2) and (15.5). The bound (9.4) follows immediately from (9.2) and
(15.6).

Corollary 9.3. For any 6 € [0,7/2], the function ¥ ¢(x) belongs to the space Ss(Ky) of the
test functions for § € (0,1) and Im A > §(cos 0 + sin 0).

Proof. First, note that Im(A+ 21 cos @+ z9sinf) > 0 if Imz; > —4§, | = 1, 2. Moreover, \i/(zl, 29)
is analytic on C; x CJ by (9.3) since § < 1. Hence, the function (9.2) is analytic on C; x Cj.
Moreover, estimate (7.2) holds in this domain by (9.4).

Since d, < 1 by (6.3), Theorem 8.1 and Corollary 9.3 imply the following assertion.
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Corollary 9.4. Let 6 € (0,0,) and X € C* be such that ImA\ > §(cosf + sinf), and let
0 € [0,7/2]. Then the integral connection equation in the forms (8.13) and (8.14) holds for 1y ,(w),

namely,
J

Proof. This follows from Corollary 9.3 and from (6.3).

() p(w)dw ~ ) oa(w)is p(w)duw = 0. (9.5)

n Iy
Specifically, we shall prove our main theorem, Theorem 6.1, in the case of
w =1, a = 37/2. (9.6)
The proof for general values of w € C* and « € [, 27| is similar. In the case of (9.6), formulas

(5.3) become
z1(w) := sinh w, zo(w) := —icoshw, w € C. (9.7)

Remark 9.5. In the case of (9.6), the curves fli are straight lines and the curves I'; and 'y
are symmetric with respect to the point —mi/4 (see Fig. 5).

10. CAUCHY KERNEL ON THE RIEMANN SURFACE

In the previous section, we have introduced a special class of test functions. In the present
section, we construct the Cauchy kernels by using the function ¢):9(w). By Proposition 9.2 iii), the

function 1y ¢(—z) is meromorphic on C; x C; and analytic for Im z - (cos 8, sin #) < Im \. Consider
the restriction of this function to the Riemann surface V' and the lifting ¢} ,(w) of this restriction

to the universal covering V. Denote by II := II(—m, 7/2) the strip —7 < Imw < 7/2.

Lemma 10.1. The function 15;79(20) 1s meromorphic on w € II, analytic at the points with
Imsin(w — i0) < Im A, and continuous at the points w € Il with \ # sinh(w — i0).

Proof. By (9.2),

\I’(—Zl, —2’2)
A —23c080 — 298inf’

Uno(—21,—2) = (21,22) € (C; xC7). (10.1)

First, let us consider the lifting of the function \i/(—zl, —25). For w = i, we have
\i!(—zl, —Z2) = A(—zl)[&(—zz) =e V=zmdi- v 7Z2+i, (21, 22) S ((C; X (C;),

by (15.5). By Remark 15.1, the function A;(z;) admits an analytic continuation to C\ £ and is
continuous on each of the sides of £. The function —z;(w) is a two-sheeted mapping of the strip
Il := I(—37/2,7/2)) onto C\ L=, where L~ := —L, and is continuous up to 9Il;. Therefore,
the function A] (w) := A(—2;(w)) is analytic on II; and continuous on II;. Similarly, the function
A5 (w) = A(—22(w)) is analytic on Il := II(—m, ) and continuous on II. By (15.5) and (15.7),
U™ (w) = (21 (w), —22(w)) = A (w)A3 (w).

Therefore, the function ¥~ (w) is analytic on II := TT; NI, and continuous in TI. Substituting (9.7)
into (10.1), we obtain

. B U~ (w)
Prow) = A — sinh(w — i6)’
\I,—(w) — A(—zl(w))ﬁ(—zz(w)) — e Y=sinhw+i— {l/icoshw—&—i, w e II.

This implies the assertion of the lemma.

We can now construct a special class of Cauchy kernels. Write
A = sinh(w' — i6), w' € C. (10.2)
Note that Im A > 0 for w’ —i6 € V;".
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Definition 10.2. For (w',w) € Il x IT and € € [0, 7/2], write

U~ (w)

Ko(w',w) := —Me(w’)%:e(w) = Me(w/)sjnh(w —10) — sinh(w’ — i6)’

(10.3)

where

cosh(w’ — i0)

Mp(w') := T ()

(10.4)

Proposition 10.3. i) For any 0 € [&ﬂ/z], the function Ko(w',w) is meromorphic on II x II
and continuous at every point (w',w) € II x II with sinh(w’ — @) # sinh(w — i0).
ii) Kg(w',w) is analytic for w' # w and w' # Spw', where Spw := —w — i+ 240 is the symmetry

with respect to w = —mi/2 + i6.
iii) The residue at w = w' is equal to one,
resy—u Ko(w',w) = 1.

iv) For (w',w) € II x II with |Rew| > C(w'), the following bound holds:

Ko (w', w)| < C(w')e P il Rewl for o >0. (10.5)

Proof. Step 1. Lemma 10.1 implies that 'lLSinh(w/_ig)ﬂ(’u)) is meromorphic in II and continuous

at every point w € OII with sinh(w’ —i6) # sin(w —i6) by (10.2). Therefore, assertions i), iii) follow
from (10.3) and (10.4) since

Y TSR T Yo
e V= sinh w’+i— v/i cosh w +z7é0 for w' eC.

Step 2. The function My (w’) is analytic on w’ € I, and ¥~ (w) is analytic on II. Hence, assertion
ii) follows from the identity

_ / ! _ 29
sinh(w — i6) — sinh(w’ — i6) = 2sinh ad 5 Y cosh 2 w2 v,

The bound (10.5) follows now from (10.3) and (15.11). This completes the proof of the proposition.

11. ANALYTIC CONTINUATION

We are going to construct an analytic continuation of the function o;(w) (of ¥(w)) to w € V3
(to w € V4, respectively).

To construct an analytic continuation of ¥, denote by Kj(w’,w) the function Kg(w', w) with
6 = 0. Then definitions (10.3) and (10.4) imply that

cosh w'’ U (w)
K (v = = . 11.1
1w w) sinhw — sinhw’ ¥~ (w') (11.1)
It follows from Proposition 10.3 that K;(w’,w) is meromorphic on IT x IT and analytic for w’ # w
and w’ # Syw, where Sjw := —w — wi. Obviously, Sjw is the symmetry with center at w = —mi/2.

Introduce the contour At := 7(n/2) with the direction from the right to the left and take the
strip V4 :=II(—7/2,0) (see Fig. 5).
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Imw
v
. vt
2 "
Ty € 7(5)
0 ry
() - |
1T -z 2 Y
I (e) w Vi _
@ ) F2
7% —€
T
. _ 2
‘/2+
_3m

Fig. 5. Domain of analyticity for 01 (w).

To construct an analytic continuation of 0y, we set § = 7/2 and K5 := Ky(w', w). Then defini-
tions (10.3) and (10.4) yield
sinh w’ U~ (w)

Ko(w' = = .
2(w', w) coshw — coshw’ ¥~ (w')

(11.2)

Proposition 10.3 implies that K5 is meromorphic on IT x IT and analytic for w # w’ and w # —w'.
Introduce the contour v2 := y(—7) with the direction from the left to the right and take the strip
Vi :=T1I(—m,0) (see Fig. 5).

Proposition 11.1. i) The function vy(w') admits an analytic continuation to V, , and the
continuation is given by the formula

b (w') = i(/ﬁl 01 (w) Ky (w', w)dw +¢

=5 Ug(w) Ky (w’,w)dw), w eV, . (11.3)
271 P
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ii) The function vy(w') admits an analytic continuation to V;~, and the continuation is given by
the formula

Proof. Let us prove assertion i) (assertion ii) can be proved in a similar way).

L. First, let us prove (11.3) for w’ € y(w/4), where Imw’ = 7 /4.

Step 1. By Proposition 10.3, the function K;(w’,w) with w € II(0,7/2) C II has a unique pole
at w = w’ with the residue 1 and admits the bounds (10.5). On the other hand, the function o (w)
is analytic on 11(0,7/2) C V;* by (6.2) and admits the bounds

ﬁg(w)Kg(w’,w)dw>, w e V. (11.4)

2

o (w) Ko, w)do +

1 v

|61 (w)] < Cle)e™ Bewl e TI(e, 7 /2) (11.5)
for any € > 0 by (8.10). Hence,

% ( L i1 (w) K1 (', w)dw + 7{ iy (w) Ky (w’,w)dw) — (), w el0,7/2), (11.6)

by the Cauchy residue theorem and by Definition 8.2. In fact, the Cauchy theorem implies (11.6)

with the contour I'; replaced by I'] + ie with ¢ < Imw’. Hence, (11.6) also follows from Defini-
tion 8.2 since € > 0 can be taken to be arbitrarily small.

Step 2. Now let us apply the integral connection equation (9.5). We have Im A = Imsinhw" >
0 := 0.5. because Imw’ = m/4. Thus, 95 o(x) € Ss(K;) by Corollary 9.3 because § = 0. Hence,

relation (9.5) holds for K (w’,w) with Imw’ = 7/4 because K;(w',w) = C(w' )iy o(w) by (11.1).
Therefore, in (11.6), we can replace the contour I 1 by f‘; and the function ¥; by 75 and obtain
relation (11.3) for w’ € v(w/4).

II. We extend now relation (11.3) from w’ € y(7/4) to all w' € V, . Tt suffices to prove that the
right-hand side of (11.3) is analytic on V, because the function #; (w) is analytic on V;" D ~(r/4)
(see (6.2)).

For w' € V;,, the kernel K;(w’,w) is continuous for w € ¥y UT, by Proposition 10.3 i) since
sinhw’ # sinhw for these w’, w. Hence, all “integrals” in (11.3) are well defined by estimates (10.5)

and (8.10). Tt remains to prove that this function is differentiable with respect to w’ € V, . This
follows from the expression

(9(3)’ K (v, w) =¥ (w) M (w")(sinhw” — sinhw) — My(w') cosh w’

(sinh w — sinh w’)?2 ’

which admits estimates (10.5) for w’ € V,” ¢ M and w € y' UT.

12. UNIVERSAL CAUCHY KERNEL

We have established the representations (11.3) and (11.4) for v; € V'~ with [ = 1,2, respectively.
These representations contain different kernels Ky with 8 = 0 and 6 = 7/2, respectively, which gives

us no possibility to identify @, with —@ on V. In this section, we construct representations which
use a universal kernel for both the functions. These representations, together with the analyticity

of ¥, on V~, enables us to prove the main theorem.
Consider the kernel Ky(w’, w) defined by (10.3) and (10.4) with § = 7/4 and \ := sinh(w’ —7/4),

cosh(w' — mi/4) \i’_(w)
sinh(w — mi/4) — sinh(w’ — mi/4) ¥~ (w')’ (12.1)
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By Proposition 10.3, this function admits a meromorphic continuation to Il x II, and it is analytic
at the points (w’,w) € II x II with sinh(w — 7i/4) # sinh(w’ — 7i/4) and continuous for all pairs
(w',w) € O(II x II) with sinh(w — 7i/4) # sinh(w’ — 7i/4).

In what follows, we use the fact that

Im A = Imsinh(w’ — 7i/4) >0 for w' € H(%,TI’)

since we have there w' — Z! € V,t. Therefore, we have K (w',-) € Ss for any sufficiently small § > 0
(the interval for ¢ depends on w’ by Corollary 9.3).

Just as in Proposition 11.1, we obtain representations of type (11.3) and (11.4) for v; and o5
with the universal kernel (12.1). Write T :=I1(0,7/2) and T3 := II(—m, —7/2).

Proposition 12.1. i) The function vi(w') on the domain Ty can be represented by the formula

O (w') = ! <L1 U1 (w) K (w', w)dw +ﬂ§ f)g(w)K(w’,w)dw>, w' € T. (12.2)

2T -
1 F2

ii) The function vy(w') on the domain Ty can be represented by the formula
1
U ! = —
va(w) = 55 (ﬂf

Proof. Let us prove assertion i) (assertion ii) can be proved in a similar way).
L. First, let us prove (12.2) for w’ € v(37/8), where Imw’ = 37/8.

Step 1. Repeating the arguments of Step I in the proof of Proposition 11.1, we obtain the
representation (11.6) with K instead of K;.

Step 2. Let us apply now the integral connection equation (9.5). For § < sin(7/8)/v/2, we have

ég(w)K(w’,w)dw>, w' € T. (12.3)

2

o (w)K (' w)dw +

1 vy

Im A = Imsinh(w’ — 7i/4) = sin(7/8) > §(cos(n/4) + sin(w/4))

since Imw’ = 37 /8. Thus,
Yar/a(r) € S5(Ky)

by Corollary 9.3 for such d. Hence, (12.2) follows for w’ € «(37/8) similarly to Step 2 in Proposi-
tion 11.1.

I1. Now we extend (12.2) from w’ € v(37/4) to all w’ € T1. It suffices to prove that the right-hand
side of (11.3) is analytic on 7} since the function ¥;(w) is analytic on V;© D (37 /4) (see (6.2)).

For w' € T, the kernel K(w’',w) is continuous for w € ' UT; by Proposition 10.3 i) since
sinh(w’ — mi/4) # sinh(w — mi/4) for these (w’,w). Thus, repeating the arguments of Part II in the
proof of Proposition 11.1, we obtain (12.2).

13. BOUNDS FOR THE ANALYTIC CONTINUATION

Let us choose a sufficiently small € > 0. In this section, we obtain important estimates for the
function 97 on the set IT; (¢) (which is the closure of II(—n/4,¢)) and for the function 95 on the set
II5(e) (which is the closure of II(—7/2 — €, —7/4)).

Lemma 13.1. For any sufficiently small € > 0, there exists a C(g) > 0 such that
|sinhw’ — sinhw| > Cel Rl wertuly, w' € Iy (g), (13.1)
| coshw’ — coshw| > Ce Rew’| we Ul w' € My(e). (13.2)
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Proof. Let us prove inequality (13.1) (inequality (13.2) can be proved in a similar way)
Step I. Let us first consider a point w € ', in which case we have wy := Imw = 7/2. Then
b _whows _c
8 2 2 4
for w’ € 114 (¢). Hence,
- w! —w
sinh 2| > Cel*= 3 w €T(e), wen. (13.3)
Second, let us consider w € I'y, in which case we have wy = —7/2. Then
T wh—wy _a T
_ < —= < =
8 2 2 + 4
for w’ € I1;(¢). Hence, (13.3) also holds in this case. Therefore
Cow—w w’ 2| , 1. =
sinh > Cel" 7 w elli(e), wer Uly, C>0. (13.4)

Step II. Let us first consider points w € y! and w’ € II; (). Then

w2 +w2 v

™ €
8§ 2 T4 2
Second, let us consider points w € 'y and w’ € TI;(g). Then
ST _wptwh _ m
8 2 4

[\’)I(‘f)

Hence,

/
‘coshw tw

(> Ce*F7 W en(e),

Step I11. Therefore, it follows from (13.4) and (13.5) that

/
w) cosh(w ;_w)‘ > Ce I || > C’e‘“’l‘

wertuly, C>0. (13.5)

/

sinh (u} _

|sinhw’ — sinhw| = 2

wentuly, C>0.
Corollary 13.2. By (13.1) and (13.2), the functions K;(w',w) defined by (11.1) and (11.2)
admit the estimates

(! )| < O(e)] v (w)

: e~rytUuly, W elli(e), 13.6
il wertuls, weme (13.6)
U .
| Ko (w',w)| < Cle) | = (w) , weUTT, w €lly(e),
U= (w')
for all sufficiently small € < 0 and for some C(g) < oo
Proof. The bound (13.6) follows from (11.1) because
cosh w’ L=
< ry "ell
sinh w — sinh w’ © wey UTy, w elh(e),
by Lemma 13.1. For | = 2, the bound follows similarly from the representation (11.2).
Corollary 13.3. For all sufficiently small € > 0, the functions U;(w) admit the bounds
(W) <CET ()™, well(e), (13.7)
for some C(e) < 00, I =1,2.

Proof. The assertion follows from (11.3), (11.4), (11.5), and (13.6)
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14. SINGULAR INTEGRAL EQUATION

In the previous section, we have obtained the representations (12.2) and (12.3) which make use
of the universal kernel. However, the contours of integration are different, and the closures of the

domains of validity, T} and T5, are disjoint because the strip V-~ lies between T and Tb.

Therefore, a straightforward application of (12.2) and (12.3) gives no possibility to immediately
identify the functions ©¥; and —o, to prove the main theorem. Hence, it is natural to replace all
contours of integration in (12.2) and (12.3) by the contour ~,,.

Proposition 14.1. The following identities hold:

/ 51 (w) + () K (' wydw =0, w' eni(~T T); (14.1)
/ [B1(w) + Ba(w)] K w)dw =0, wf €T(~m,~T). (14.2)

m

Remark 14.2. i) This proposition implies our main theorem, Theorem 6.1, by the Plemelj
formula.

ii) We shall derive the proposition from the representations (12.2) and (12.3) with the Cauchy
kernel K. However, the proof heavily depends on the analyticity of ¥; and 95 on the domain V.
iii) The desired analyticity on V'~ follows by Proposition 11.1 from the representations (11.3) and

(11.4) with the Cauchy kernels K7 and K. On the other hand, the analyticity cannot be derived
from the representations (12.2) and (12.3) by the method of Proposition 11.1. This is related to

the fact that the function K (w’,w) for w € I'; has a pole at w’' = —w — i € '] .

iv) For this reason, we need all three representations for ©; and 9 (with the Cauchy kernels K,
Kl, and Kg)

Proof of Proposition 14.1. Step 1. Let us first prove (14.1) for w’ € Ty = I1(0,7/2). We shall
replace the contours in (12.2) by using the analyticity of the function 02 (w) on Vi~ (see Proposition
11.1) and estimates (13.7).

I. Let us lift the contour of integration I'; up to 7, in (12.2).

1. We replace first the formal integral over the contour I'; in (13.5) to the integral over I'; — ie
by using Definition 8.2 (for a small £ > 0).

2. Second, we lift the contour I'; — ic up to 7, and obtain

U1 (w') = i(/ 01 (w) K (w', w)dw +/ @2(w)K(w’,w)dw>, w' e H(O7 z). (14.3)
27 ~1 m 2
This follows from the Cauchy theorem. In fact, a) the contours fQ_ — ¢¢ and 7, bound the strip
IT,(¢), b) the function @y (w) is analytic on w € V;~ D TIy(g) by Proposition 11.1, and ¢) the function
K (w',w) is analytic with respect to w € II(—7/2, —m/4) for w’ € II(0,7/2) by Proposition 10.3 ii)
with # = 7/4. Finally, the integrand 02 (w)K (w', w) admits the bound

oo (W) K (W', w)| < C(we !, welly(e), (14.4)

which follows from estimates (13.7) and from the representation (12.1).

II. We move down the contour 4! in formula (14.3). Let us make this movement in two steps.
Recall that w’ € Tj.

First, let us deform the contour 4! to the contour () for a small 0 < ¢ < Imw’ by using the
Cauchy residue theorem and the “standard” bound (8.10) for [ = 1. Then we replace the contour
v(g) by ¥m (using the bound (10.5)).
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Let us equip the contour (e) with the direction of the contour +!, i.e., from the right to the
left. Since w’ € V;*, the bound (8.10) for [ = 1 holds on the strip II(e, 7/2). Hence,

l/ﬁﬂ@Kﬁ%wa:/}ﬁﬂ@K@ﬂwa+ﬁ@ﬂ. (14.5)

Replace now the contour 7(g) by 7, in the second integral in (14.5). Namely, we again apply
the bound (13.7) for [ = 1 to the function v; (w)K (w’,w). The representation (12.1) implies that
01 (w) K (w', w) admits a bound similar to the bound in (14.4) of the strip II; (¢). Therefore,

/ z?ﬂw)K(w’,w)dwz/ 01 (w) K (w', w)dw (14.6)
v()

m

because the function ¥; is analytic on V,  and the function K (w’,w) is analytic on the strip I (¢)
by the Cauchy theorem (taking into account the directions of the contours «(g) and ~,,). Hence,
substituting first the expression in (14.6) into (14.5) and then the expression in (14.5) into (14.3),
we obtain

vi(w') = vy (w') + —(/ U1 (w) K (w', w)dw + / ﬁg(w)K(w',w)dw), w eTy. (14.7)
Ym TYm

Further, relation (14.7) yields

/[mmﬂwmmemmm:Q W €Ty,

m

Step 2. It remains to extend this identity to any point w’ € II(—n/4,7/2). This follows from the
analyticity of the left-hand side of (14.1) on the strip II(—n/4,7/2).

Identity (14.2) can be proved in a similar way.
Proof of the main theorem (Theorem 6.1). It suffices to show that
01 (w) + 0a(w) = 0, W E Y.

Write
I(w'):= / [01 (w) + Vo (w)] K (v, w)dw, w €V \ Y-

Hence, by the Plemelj theorem,
[01(w) + Vo (w)] = Z(w' +i0) — Z(w" —i0) = 0, w' € Y.

15. APPENDIX. ON A CLASS OF SCHWARTZ FUNCTIONS

For we > 0, denote by A(x), x € R, the tempered distribution with respect to x € R with the
Fourier transform

Az) = e VFHi2 L eR, (15.1)

where /z is analytic outside the cut £ := [0,—iocc) and we have Re/z > 0 and Im /z > 0
for z € C*.

Remark 15.1. The function A(z) admits an analytic continuation from the points z € R to
all points z € C\ L(w2), and this function is continuous on each side of the ray L(ws), where
L(wsg) = {—iws —ir: r > 0}.
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Lemma 15.2. i) The uniform bounds
‘]\Uf)(g + z'r)‘ <Ce /4 ¢eR, r>7, (15.2)

hold for any k=10,1,2,... and 7’ > —ws.
ii) The function A(z), z € C*, is the Fourier-Laplace transform of the function A(z) € S(R)
with supp A C Rt.

Proof. i) We have A € C°(R) because A(z) is analytic on c by (15.1). The bound (15.2)
follows from the inequality

Re vz + iws > Cy, |24 — 1, z € C. (15.3)
ii) The bound (15.2) implies that A(¢) € S(R). Hence,
A:=F'A e S[R).

Finally, by the Paley- Wiener theorem, we have supp A(x) C RT (because the function A is analytic
on C* and the bound (15.2) holds). This completes the proof of the lemma.

Definition 15.3. Write

U(x) := U(2y,20) := A(z1)A(z2) for 2z = (21,22) € R (15.4)
By Lemma 15.2,

U(z) € S(R?),  suppV¥ C Ky,  U(z,2)e H(C], xC);

w2

U(21,20) = Mz1)A(zg) = e~ VAT Vot (5 20y e (CH x CF). (15.5)

w2

It follows from the bound (15.2) that the function ¥(z) satisfies the following inequality:

akl +ko

9251 5k il(é +i7)| < Cpr N (1 + |51|)_N(1 + |§2|)_N, Tio 2T, (15.6)
21" 02

for every 7/ > —ws.
Let us consider the restriction of the function W(—z;, —z;) to the domain V and the lifting of

the restriction to the universal covering V. Take wy = 1. By (9.7), the liftings of the restrictions
of A(—z1) and A(—z2) are of the form

AT (w) =€~ v —sinhwti 5, e Vi Ay (w) =€ 4viC°Shw+i, we V. (15.7)

Lemma 15.4. For w € II(—3n/2,7/2), the following bounds hold:

wy | [wy |

Kiem @ o7 AL (w)] < Kpem @ oP 75 (15.8)

For w € II(—m, ), the following bounds hold:

Jwy | [wy |
4

Kie O o 2 A (w)| < Kpe @29P -, (15.9)
Here Cy 2 and K stand for some positive constants.
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Proof. For w € TI(—3n/2,7/2), consider the function
AT (w) == A=z (w)) = A(—sinhw) = e~ V=sinhw i, (15.10)
Since w € II(—37/2,7/2) only if 2z, € C, it follows that
Re /=21 (w) +i > Clzy (w)|V/4 — 1

by (15.3). Hence, the second inequality in (15.8) follows by virtue of (15.10). The first inequality is
obvious. Inequalities (15.9) can be proved in a similar way.

Finally, let us consider the lifting ¥~ (w) of the function W(—z;, —2) to the universal covering V.
By (15.5) and (15.7), we have

\I’i(’w) — A(—zl(w))A(—zQ(w)) — e~ Y=sinh wti— (l/icoshw+i’ w e I1.

Corollary 15.5. The function ¥~ (w) admits the bound

Jwy |

Kiem@ P [0 (w)] < Koe” @27 well, (15.11)
with some Ci2 >0 and K; 2 > 0.
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