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Abstract

We prove the asymptotic stability of kink for the nonlinear relativistic wave
equations of the Ginzburg—Landau type in one space dimension: for any odd ini-
tial condition in a small neighborhood of the kink, the solution, asymptotically in
time, is the sum of the kink and dispersive part described by the free Klein—Gordon
equation. The remainder converges to zero in a global norm.

1. Introduction

We prove the asymptotic stability of kinks for relativistic nonlinear wave equa-
tions with two-well potentials of Ginzburg—Landau type. We consider the equation

Vi, )=y " (x,t)+ FW(x,1), xeR (1.1)

where ¥ (x, ) is real, and F(y) = —U’(y). We assume U () similar to the
Ginzburg-Landau potential Uy (¢) = (Y2 —1)%/4 which corresponds to the cubic
equation with F(y) = ¢ — y°.

Condition Ul. U (y) is a real smooth even function which satisfies the following
conditions

U() >0 fory # *a, (1.2)

2
m
U =W Fa)’ + Oy Fal'), x— +a (1.3)
with some a, m > 0. In a vector form, Equation (1.1) reads

Y(x, 1) =m(x, 1),

a(x,t)=v%"(x,t) + F(Y(x,1)), x €R. (1.4
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Formally, this is a Hamiltonian system with the Hamilton functional

2 ! 2
H(w,n)=/['”(;)' + id (Zx)| +U(1ﬁ(x))] dx. (1.5)

The corresponding stationary equation reads
s —U'(s) =0. (1.6)
There is an odd finite energy solution s(x) (a “kink”) to (1.6) such that
s(0) =0, s(x)— £a asx — Foo. 1.7)
The condition U1 implies that (s(x) F a)” ~ m?(s(x) F a) for x — 400, hence
s(x)Fa~Ce ¥ x> too. (1.8)
The generator of linearized equations near the kink reads (see Section 2)
= (50)

where H is the Schrodinger operator

d? , d? ) , )
H:—@—F(s):—@ +m -+ Vkx), Vx)=—-F(s(x))—m
=U"(s(x)) — m>. (1.9)

By (1.8), we have
V(x) ~C(s(x) Fa)? ~ce ¥ x & +oo. (1.10)

The continuous spectrum of H coincides with [m2, 00). Not to overburden the
exposition, we consider only odd solutions ¥ (—x, t) = —¥ (x, t). We assume the
following spectral condition:

Condition U2. The discrete spectrum of H, restricted to the subspace of odd func-
tions, consists of only one simple eigenvalue hy < m> with4x1 > m?, and the edge
point . = m? is neither eigenvalue nor resonance for H.

We assume also a non-degeneracy condition, the “Fermi Golden Rule” intro-
duced by S1GAL [24]. The condition provides a strong coupling of the nonlinear
term with the eigenfunctions of the continuous spectrum and the energy radiation.

Condition U3. The non-degeneracy condition holds (see condition (1.0.11) in [3])

/0 P42, () F" (s (x))gy, (x) dx # 0, (1.11)

where @y, (x) and @4, (x) are the odd eigenfunctions of a discrete and continuous
spectrum corresponding to A1 and 4X1 respectively.
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The Ginzburg—Landau potential Ug(y) = (¥> — 1)2/4 satisfies U1-U3 except
(1.3). In Appendix C we construct small perturbations of Uy(y) which satisfy
U1-U3 including (1.3).

Our main result is the following asymptotics

W (x, 1), ¥(x, 1) ~ (s(x),0) + Wo(1)Px, — F00 (1.12)

for solutions to (1.4) with odd initial data close to the kink S(x) = (s(x), 0).
Here Wy(¢) is the dynamical group of the free Klein—Gordon equation, @4 are the
corresponding asymptotic states, and the remainder converges to zero ~ t~'/3 in
H'(R) ® L*(R).

Remark 1.1. We consider the solutions close to the kink, ¢ (x, t) = s(x)+¢(x, 1),
with small perturbations ¢ (x, t). For such solutions, (1.3) and (1.8) mean that
Equation (1.1) is almost linear for large |x|. This fact is helpful for application of
dispersive properties of the corresponding linearized equation.

Let us comment on previous results in this field.

e The Schrodinger equation The asymptotics of type (1.12) were established for
the first time by SOFFER and WEINSTEIN [25,26] (see also [20]) for nonlinear
U (1)-invariant Schrodinger equation with a potential for small initial states, if
the nonlinear coupling constant is sufficiently small.

The results have been extended by BUSLAEV and PERELMAN [1] to the translation
invariant one-dimensional nonlinear U (1)-invariant Schrodinger equation. The ini-
tial states are sufficiently close to the solitary waves with the unique eigenvalue
A = 0 in the discrete spectrum of the corresponding linearized dynamics. The
novel techniques [1] are based on the “separation of variables” along the solitary
manifold and in transversal directions. The symplectic projection allows exclusion
from the transversal dynamics of the unstable directions corresponding to the zero
discrete spectrum of the linearized dynamics. The extensions to higher dimensions
were obtained in [4,13,23,30].

Similar techniques were developed by MILLER, PEGO and WEINSTEIN for the
one-dimensional modified KdV and RLW equations, [18,19]. These techniques
were motivated by the investigation of soliton asymptotics for integrable equations
(a survey can be found in [8,9]), and by the methods introduced in [25,26,32].

The techniques were developed in [2,3] for the Schrodinger equations in a more
complicated spectral situation with presence of a nonzero eigenvalue in the linear-
ized dynamics. In that case the transversal dynamics inherit the nonzero discrete
spectrum. Now the decay for the transversal dynamics is obtained by the reduction
to the Poincaré normal form, which makes obvious that the decay depends on the
Fermi Golden Rule condition [17,24]. The condition states a strong interaction of
the nonlinear term with the eigenfunctions of the continuous spectrum, which pro-
vides the dispersive energy radiation to infinity and the decay for the transversal
dynamics. The extensions to higher dimensions were obtained in [5,6,28]. TSAI
[31] developed the techniques in presence of an arbitrary finite number of discrete
eigenvalues in the linearized dynamics.
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e Nonrelativistic Klein—Gordon equations The asymptotics of type (1.12) were
extended to the nonlinear three-dimensional Klein—Gordon equations with a
potential [27], and for the translation invariant system of the three-dimensional
Klein—Gordon equation coupled to a particle [12].

o Wave front of three-dimensional Ginzburg—Landau equations The asymptotic
stability of wave front was proved for three-dimensional relativistic Ginzburg—
Landau equations with initial data which differ from the wave front on a compact
set [7]. The wave front is the solution which depends on one spatial variable, so
it is not a finite energy soliton. The equation differs from the one-dimensional
equation (1.1) by the additional two-dimensional Laplacian. The additional
Laplacian improves the dispersive decay for the corresponding linearized Klein—
Gordon equation in the continuous spectral space that provides the needed decay
for the transversal dynamics.

e Orbital stability of kinks For one-dimensional relativistic nonlinear Ginzburg—
Landau equations (1.1) the orbital stability of the kinks has been proved in
[11].

The proving of the asymptotic stability of the kinks for relativistic equations
remained an open problem until now. The main obstacle was the slow decay ~ ¢~ 1/2
for the free one-dimensional Klein—Gordon equation (see the discussion in [7, Intro-
duction]).

Let us comment on our approach. We follow the general strategy of [1-7,12,
27,30,31]: linearization of the transversal equations and further Taylor expansion
of the nonlinearity, the Poincaré normal forms and Fermi Golden Rule, etc. We
develop, for relativistic equations, a general scheme which is common to almost all
papers in this area: dispersive and L' — L estimates for the linearized equation,
virial estimates for the nonlinear equation and the method of majorants. However,
the corresponding statements and their proofs in the context of relativistic equations
are completely new.

Let us comment on our novel techniques.

(1) The “virial type” estimate (A.l) for the nonlinear wave equation (1.1)
is a novel relativistic version of the bound [3, (1.2.5)] for the nonlinear
Schrodinger equations.

(i1)) We establish an appropriate relativistic version (3.11) of LY — L esti-
mates.

(i) We give the complete proof of the soliton asymptotics (1.12).
(iv) We construct examples of the potentials satisfying all our spectral conditions,
including the Fermi Golden Rule.

Our paper is organized as follows. In Section 2 we formulate the main theorem.
The linearization at the kink is carried out in Section 3. In Section 4 we derive
the dynamical equations for the “discrete” and “continuous” components of the
solution. In Section 5 we transform the dynamical equations to a Poincare “normal
form”. We apply the method of majorants in Section 6. In Section 7 we obtain the
soliton asymptotics (1.12). In the Appendices we prove some key estimates and
construct examples of the potentials.
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2. Main results

We consider the Cauchy problem for (1.4), which we write as
Y(1) = F(Y(t)), teR: Y(0)=7Y,. (2.1)

Here Y (¢t) = (¥ (¢), m(¢)), Yo = (Yo, mo). We will consider only odd states ¥ =
(¢, ). The space of the odd states is invariant with respect to (2.1) since F (1) is
odd according to Ul.

Let us introduce a suitable phase space. Foro € R,and/ =0,1,2,...,p =1,

denote by W7 ’ the weighted Sobolev space of odd functions with finite norm

!
Wl = D 1A+ D7l < co.

k=0
Denote H! := W2/ and H? = L2.

Definition 2.1. (i) E, := H(} ® Lg is the space of odd states Y = (¢, w) with
finite norm

1 Y1z, = Il + 2. (22)

(i1) The phase space £ := S + E, where E = Eg and S = (s(x), 0). The metric
in £ is defined as

(i) W := Wol’2 ® Wol’1 is the space of odd states Y = (v, ) with finite norm

1Y ltw = 1lly2 + iy (2.4)

Obviously, the Hamilton functional (1.5) is continuous on the phase space £.
The existence and uniqueness of the solutions to the Cauchy problem (2.1) follows
by methods [16,21,29]:

Proposition 2.2. (i) For any Yy € & there exists the unique solution Y (t) €
CR, &) to(2.1).
(ii) Foreveryt € R, the map U (t) : Yo — Y (t) is continuous in E.
(iii) The energy is conserved, that is

HY (@) = H@o), teR. (2.5)
The main result of our paper is the following theorem

Theorem 2.3. Let the potential U satisfy U1-U3 with k=", and let Y (t) be the
solution to the Cauchy problem (2.1) with any initial state Yy € £ which is suffi-
ciently close to the kink:

Yo =S8+ Xo, do:=|Xollg,nw K1, (2.6)
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where o > 5/2. Then the asymptotics hold
Y(x,1) = (s(x),0) + Wo(1)Ps + ra(x, 1), t — %00, 2.7

where &+ € E, and Wo(t) = 2" is the dynamical group of the free Klein—Gordon
equation (see (3.13)), while

lrelle = O(t]713). (2.8)

It suffices to prove the asymptotics (2.7) for t — +o00 since (1.4) is time reversible.

3. Linearization at the kink

3.1. Linearized equation
We linearize (1.4) at the kink S(x), splitting the solution as the sum
Y) =S+ X(@), 3.D

where Y = (Y, ) and X = (W, IT). We substitute (3.1) to (1.4) and using (1.6)
obtain that

X)) =AX®)+NX@), teR (3.2)

where the linear operator A reads

0 1
A= (_H 0) (3.3)
with
d? , d? )
H=—15-Fl)=—T5+m+ V), (3.4)
and
V(x)=—F'(s(x)) —m?> = U"(s(x)) — m>. (3.5)

N (X) is given by

0

N(X’X)z(zv(x W)

) , N, O)=F(sx)+¥Y)—F(s(x)—F'(s(x)W.
(3.6)
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3.2. Spectrum of linearized equation

Let us consider the eigenvalue problem for operator A:

ury) _ 0 1 ury\ _ Ui
()= (o) () =2 ()
From the first equation we have uy = Auj. Then the second equation implies that
(H +8%)ur =0, 3.7)

By U2 operator A has two purely imaginary eigenvalues A = +iu, where u =
/1. The corresponding eigenvectors

u = I/tl = . (pkl ﬁ == .(p)hl .
175) iney, )’ —ipe,

where we choose ¢;,, to be a real function. This is possible since H is a differen-
tial operator with real coefficients. The continuous spectrum of A coincides with
C := (—ioo, —im] U [im, ico). The edge points A = +im are neither eigenvalues
nor resonances for A, by condition U2.

3.3. Decay for linearized dynamics

We consider the linearized equation
X(t)=AX(t), teR. (3.8)

Let (-, -) be the scalar product in L?(R, C2). Denote by P¢ the symplectic projector
onto the eigenspace E? generated by u and u:
(X, ju) (X, ju)

0 —1
Plx = i, XekE,, eR, j= . (39
wm T E o 7 / (1 0) G2

Denote by P¢ = 1 — P the projector onto the continuous spectrum of A, and by
E°€ the continuous spectral subspace.

Next, decay estimates will play the key role in our proofs. The first estimate
follows by Theorem 3.9 of [14] since the condition of type [14, (3.1)] holds in our
case.

Proposition 3.1. Let U2 hold, and 6 > 5/2. Then for any X € E, the bound holds
le* PX|g, £ CA+0DTPX||g,. t€R. (3.10)

Corollary 3.2. For X € E, N W with o > 5/2 the bound holds
I PCX)ille < CA+D72(IXIw + IXIlg,). teR (31D

Here (-)1 stands for the first component of the corresponding vector function.
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Proof. We apply the projector P¢ to both sides of (3.8):

P¢X = APX = AgP°X — VP°X, (3.12)
where
0 1 0 0
Ag= g2 , V= ( ) (3.13)
(El? —m? 0) Vo
Then the Duhamel representation gives,
t
e pex = et pex —/ eAU=DpedTpex dr, 1> 0. (3.14)
0

Applying estimate (265) from [22], the Holder inequality and Proposition 3.1 we
obtain

e PEX) |l oo

t
SCA+07 2P Xlw + c/ (I+1 =) 2Vt P X1y d
0
t
< CA+0 21Xl +C [ (r =07 Pt P dr
0

t
< C(1+t)—1/2||X||w+C/ (141t —0) 20+ 0)732|X |5, dr
0

SCU+07"2(Xw + 1XIE,)-

Proposition 3.3. For o > 5/2 the bound holds
e (A F2iu —0) ' PX| g, SCUA+0)X]|g,, t>0. (3.15)

We will prove the proposition in Appendix B.

4. Decomposition of dynamics

We decompose the solution to (2.1) as Y (¢) = S+ X (¢), where X () = w(t) +
f@t) withw(r) = z(t)u + Z(t)uu € E¢ and f (1) € E°.

Lemma 4.1. Let Y(t) = S + w(t) + f(t) be a solution to (2.1). Then functions
z(t) and f(t) satisfy the equations

(Z —ipz)(u, ju) = (N, ju), 4.1

f=Af + PN 4.2)
with N defined in (3.6).
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Proof. Applying P9 to (3.2), we obtain
fu+zi=Aw+ PIN. 4.3)

Using (u, ju) = 0 and Aw = iu(zu — Zu), we get (4.1), after taking the scalar
product of (4.3) with ju since (P9)*j = jP?. Applying P¢ to (3.2), we obtain
(4.2) since P¢ commutes with A. O

Remark 4.2. In the remaining part of the paper we will prove the asymptotics
If O, ~17' 2@~ I fi@le ~ 172 1> 00 (44)

To justify these asymptotics, we will single out leading terms in the right-hand side
of (4.1)—(4.2). Namely, we shall expand the expressions for z up to terms of the
order O(¢=3/%), and for f up to O(t~!) keeping in mind asymptotics (4.4). This
choice allows us to obtain the uniform bounds using the method of majorants.

We expand N (x, W) from (3.6) in the Taylor series

N(x, V) = No(x, W) + -+ Npp(x, ¥) + Ng(x, W), 4.5)
where
FU .
Nj(x,\I/)zL'(x))\Iﬂ, j=2,...,12 4.6)
J!

and Npg is the remainder. Condition Ul implies that F(¢) = —mz(w Fa)+
oy F a|13). Hence, N;(x, ¥), j < 12 decrease exponentially as |x| — oo by
(1.8), while for Ng we have

INRl = RAWDI¥I = Rzl + || fill =) %", (4.7)

where R(A) is a general notation for a positive function which remains bounded
as A is sufficiently small.

Denote N2[ X1, X2] = (0, N[y, Wo]) and NV3[ X1, X2, X3] = (0, N3[Wy, Wy,
W3]) where

F//(S) F///(S)

Ny[Wy, W] = Wiy, N3V, ¥y, W3] =

U W,Ws.  (4.8)

4.1. Leading term in z

Let us rewrite (4.1) in the form:

o g W) (Aol w4 20w, NS o )
(. ju) (u. ju)

where

1Zrl =Rzl + I fill =) (2 + [ F2_,)* (4.10)
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Note that
Mlw, w] = (2% + 222 + ZHNalu, ul,
Nilw, w, w] = (2% + 32°2 4 3222 + )N3[u, u, ul.
Hence, (4.9) reads

4.11)

t=ipuz+ Zo(2 422747+ 23 + 3252 +3:24 )+ 4D S Z)) + Zr,

(4.12)
where
7, = Mol ul juy ) N3l wd, ju) o, Nalu ul @4.13)
(u, ju) (u, ju) (u, ju)
4.2. Leading term in f
We now turn to (4.2), which we rewrite in the form
f=Af+ PN =Af+ PNo[w, w] + Fg. (4.14)
The remainder Fp = Fgr(x, t) reads
Fr = PN (X) = Nalw, w]) = (1 = PHYW(X) — Nalw, w])
= F + Fu + Fu, (4.15)
where
Fr=—P!N(X) = Ma[w, w]),  Fir = N(X) = Nalw, w] — Nk, @16

Fin = Ng = (0, Ng).
For Fi + Fjp the bound holds

IF1 + Fulle,ow = RAzl + I fillo) (2l + 12l Flle, + L fillzsll fllE,)-
“4.17)

Indeed, Fi admits the estimate by (3.9), since the function u(x) decays exponen-
tially. Further,

(Fi)1 =0, (Fi)2 = 2N2 (w1, f1) + Na(f1. f1) + N3(¥) + - - + N2 (V)
and each summand contains an exponentially decreasing factor by U1, (1.8) and
(4.6).

Similarly, we obtain
1P Na[w, wlllg,nw < Clzl. (4.18)
It remains to estimate the term Fijj.
Lemma 4.3. The bounds hold

I Ftll Esjp = Rz + 1Al A+ D42 + [ fill). 0 <v < 1/2,
(4.19)



On Asymptotic Stability of Kink for Relativistic Ginzburg—Landau Equations 223

I Futllw = Rzl + 1 fill o) (2™ + 1 fill o) (4.20)

Proof. Step (i) Bound (4.7) implies
INRNL2,,, = RO+ 1Al 2+ IAIE W2 -
We will prove in Appendix A that
WOz, = Cd)(+0™". (4.21)

Then (4.19) follows.
Step (ii) By the Cauchy formula,

13 1
NMx,t):%/ (1= p)2FI (s + pW(x, 1) dp. (4.22)
o Jo

Therefore,
INRIlLr = Rzl + |l f1ll o)

/|w|l3dx =Rzl + I fille=)(z] + I fillze) " I3,

=Rzl + I fill=)(zI™ + 11 fill )

since |W(#)||;2 < C(dp) by the results of [11]. Differentiating (4.22) in x, we
obtain

\1113 1
Np = _/ 1=p) 2" + pW)FIV (s + pw)dp
(I3)! Jo

\IJIZ\IJ/

DY

1
/(1—p>12F“3><s+p\D>dp.
0
Hence,

INRllt = Rzl + I fillee) Uzl + A1l s)

since [ W)W (x)dx < || 2] ¥]| ;2 < C(dp). Then (4.20) follows. O

5. Poincare normal forms

Our goal is to transform the equations for z and f to a “normal form” removing
the “nonresonant terms”.
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5.1. Normal form for f
We rewrite (4.14) in a more detailed form as
f=Af+ @ +2:2+Z)F2+ Fr, F>= PNalu, ul. (5.1)

Now we extract the term of order z> ~ t~! (see Remark 4.2). For this purpose we
expand f as

f=h+k+g. (52)
where
g() = —e"k(0), k= axz’ +2a112Z + agyz’ (5.3)
with some aj; = a;;(x) satisfying a;;(x) = @;;(x). Note that 2(0) = f(0).

Lemma 5.1. There exist a;; € H:, with any s > O such that the equation for h
reads

h = Ah + Hg, (5.4)
where Hg = Fg + Hy, with Hy =Y aij(0)R(|z| + | flle_) |21z + [ F 1 E_,)*
Proof. Substituting (5.3) into (5.1), we get

h= f — (Qaxoz +2a112)z — Qanz + 2a022)§ -8
= Af + (2 +2:2+ )P + F
—Qazz +2a112) (ipz + Rzl + I fle_,) (2] + [ fll2_,)%)
—Qar1z + 2a007) (—ipz + Rzl + | fl e_, ) (2l + [ fle_,)%) — Ag.

On the other hand, (5.4) means that i = A(f —axz? —2a1127 — anz’ —g) + Hg.
Equating the coefficients of the quadratic powers of z, we get

Fy = 2ipary = —Aax, F2=—Aai, F>+2ipagp = —Aap,
and
Hg = Fr+ Y aijR(zl + | flle_)lzlzl + I flle,)

Notice that F> € E€ is a smooth, exponentially decreasing function. Hence, there
exists a solution a;; in the form

an =—-A"'F, (5.5)

where A~! stands for the regular part of the resolvent R(A) = (A —A)~lat A =0,
since the singular part of R(A)F> vanishes for F> € E€. The function ay; is expo-
nentially decreasing at infinity.

For ay and ap, we choose the following inverse operators:

ayo = —(A —2iu — 0)_1F2, agy = drg = —(A 4+ 2ip — 0)_1F2- (5.6)
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This choice is motivated by Lemma 3.3. The remainder H; can be written as

Hy = (A=2ipm —0)"'Cp. me{-1,0,1} (5.7)

m

with C,, € E€, satisfying the estimate

ICmlle, = Rzl + I flle_)lzllzl + I £ lE_,)*. (5.8)

5.2. Normal form for

Substituting (5.2) into (4.12) and putting the contribution of f = h +k + g
into Zg, we obtain

P=ipz 4 2o 4224+ + 23 + 32743+ D)
+ 2302 + 25,227 + 20027 + 2637 + Za, (5.9)
where

Zhy = (a2, JZ)), Z5 = {an +ax, jZ}), Zy = {an, jZ}),
Z\y = {ax +an, jZy) (5.10)

by (5.2)—(5.3). We are specially interested in resonance term Zélzzf =7}, 1z|%z.
Formulas (4.13), (5.5), (5.6) imply

Z) = —<A1P”N2[u, ), 2220 11 “]>

(u, ju)

—<(A—2i/L—O)_lPC./\/g[u,u],2jAM>. (5.11)
(u, ju)
For the (u, ju) we get
(u, ju) =18, with s > 0. (5.12)
Lemma 5.2. Let non-degeneracy condition U3 holds. Then
Re Z5, < 0. (5.13)

Proof. Coefficient (A~!P¢jN>[u, ul, 2N3[u, u]) that appears in (5.11) is real
since operator A™12P¢ is selfadjoint. Hence (5.12) implies that Re 7}, reduces
to
((A = 2ip — 0)~' P Nafu, ul, jNalu, ul)

i6

= %Im(R(Ziu + 0)PNolu, ul, jNa[u, ul).

Re Z), = Re2
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Since P¢ commutes with R(2iu + 0), then R(2ip + 0)P¢ = P°R(2iu + 0) P€.
We have also that (P¢)*j = j P¢, hence

2
Re Z), = 5 Im{R(2ip + 0)ex, jar)

with o = P°N;[u, u]. Now we use the representation (see [3], Formula (2.1.9))

l/@(k) & ((Ol, J"M(i)»)>'<u(i?u),ja)
il —2ip —0
b

(RQ2ip + 0)r, jor) :

n (o, ju(ir)) (u(ir), ja>)

—iA —2ip -0
o0 _—
_ /e(x) a (u(ir), ja)(u(i}), ja)
A—2u+10
b
(u(@ir), jo) (u(ir), ja)
. 5.14
+ A+2p—10 ) 514
. 1 S . .
Since — = p.v.— — iwé(v), where p.v. is the Cauchy principal value, we
v 410 %
have
. . (@A), je)|= | [{u@r), ja)l )
RQ2ip + 0), =/ QXdA( +
(RQ2ip + O)a, jor) ﬁ() o A ton
—im Q) [(u (i), jer)|*. (5.15)
The integral term in (5.15) is real. Thus,
Im(Ry iy + 0)e, jor) = —wOQ2u)|(u(2ip), je)* < 0
since 8(2/¢) > 0, and condition U3 implies that
(w2ip), ja) = (uQin), jPNa[u, ul) = (u2ip), jN2[u, ul)
== [ w@ie Nt uleo) dx
1
= / a1, () F" (s(x)) 3, (x) dx # 0.
O

Now we estimate Z R.

Lemma 5.3. The bound holds

1Z&l = Ralzl + 1 le=) [ (2 + 1 £ ) + I2lllgle, + I2llAle, |
(5.16)
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Proof. The remainder Zp is given by
Zr=Zr+ @+ —k JZ}),
where Zp satisfies (4.10). Since f —k = g+ hthen [(f —k, Z})| = C(llglle_, +
IhllE_,)-
Hence, (5.16) follows. 0O

Now we can apply the Poincaré method of normal coordinates to (5.9).

Lemma 5.4. (cf. [3, Proposition 4.9]) There exist coefficients c;; such that function
71(t) defined by

21 =2+ 202” + €122 + cuZ” + €302° + €1222° + €037 (5.17)
satisfies an equation of the form
f = ipzi +iK |z Pz + Zg, (5.18)
where Z g satisfies estimates of the same type as Zg, and
Re iK =Re Z; < 0. (5.19)

Proof. Substituting z; in (5.9) and equating the coefficients, we get, in particular,

i 2i i
c0=—23, ci1=——23, co2=—72, (5.20)
2 2 3u
and
iK =32Z3+ Z5, + (4cao — c11 — 2¢20) Z2. (5.21)

Since coefficients Z> and Z3 defined in (4.13) are purely imaginary then (5.19)
follows. O

It is easier to deal with y = |z1|> rather than z; because y decreases at infinity
while z is oscillating. Multiplying (5.18) by z; and taking the real part, we obtain

y = 2Re(iK)y? + Yg, (5.22)
where

[YrI = Ri(lzl + I fllLeo)lz] [(IZI2 +flle_ )+ Izllgle, + IZIIIhIIE,a] .
(5.23)
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5.3. Summary of normal forms
We summarize the main formulas of Sections 5.1-5.2. First we recall that
f=k+g+h,

where k and g are defined in (5.3). The equations satisfied by f and h are respec-
tively (see (4.14) and (5.4))

f=Af + Fg, (5.24)
h = Ah + Hg. (5.25)

Here Fg = P°Nalw, w] + Fr, Fr = Fi + Fu + Fu, Hr = Fg + Hy. The
remainders F, Fir, P°N>[w, w] and Fyyp are estimated in (4.17)—(4.19), (4.20).
The remainder Hj is estimated in (5.7) and (5.8). Note, that
Iflle, < CUgle., + 1z + IhlEe,). (5.26)
The second equation describes the evolution of z; from (5.18):

21 =inz1 +iK|z11%z1 + Zg, (5.27)

where the remainder Zg admits (5.16). The fourth equation is the dynamics for
y=lal?

y =2Re(iK)y> + Yg, (5.28)

where the remainder Yg admits (5.23). Here ReiK < 0 by Lemma 5.2.

6. Majorants

We define the *majorants’

—1/2
Ml(T)=0r§nta§xT |z(t)|(1+8t) ) 6.1)
—1/2 |
Mo (T) =Or£ta§xT I f1 (@)l Lo (HH) log™ (2 + 1), (6.2)

<t

—32
€ -1
M3(T) = OmégT Ih®llE s, , (m) log™ (2 + &1), (6.3)

and denote by M the three-dimensional vector (M, M3, M3). The goal of this
section is to prove that all these majorants are bounded uniformly in 7 for suffi-
ciently small ¢ > 0.
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6.1. Bound for g

Lemma 6.1. Function g(t) defined in (5.3) admits the bound

lg@ e, < clz(0))? o >5/2. (6.4)

&
<c ,
(1+032 7 (14132
Proof. By (5.3), we have g = —eA’k(0) and k(0) = a20z%(0) + a11z(0)Z(0) +
a0222(0) with g;; defined in (5.5)—(5.6). Then (6.4) follows by Lemma 3.3. O

6.2. Bounds for remainders

Here we rewrite bounds for remainders in terms of majorants.
Lemma 6.2. The remainder Yg defined in (5.23) admits the estimate

5/2

(1 +er)2 /et

Proof. Using the equality f = k + g + h and estimate (5.23), we obtain

|Yr| = R M) log(2 + &t)(1 4+ |[M])°. (6.5)

IYr| = Ra(lzl+I1f L)zl [(|Z|2+||g||E_{,+||h||E_U)2+|Z|(||g||E_(,+||h||E_(,)]

s e \1/2 . , . e \32
=Re M)(1+at) M 1+SIM1+(1+I)3/2+(1+SI)

2 e 1/2 e s 3/2
log(2 + st —_— M
xlog( +8)M3) +<1+8t) ! (1+t)3/2+(1+8t)

x log(2 + 8[)./\/13):| .

Hence, (6.2) follows. 0O

Now let us turn to the remainders Fg = Fi+ Fir+ Fi, FR = P°No[w, w]+Fg,
and Hg = Fg + Hj in equations (5.24) and (5.25) for f and h respectively.

Lemma 6.3. For 0 < v < 1/2 the remainder Fgr admits the bound

3/2
| FrllEspo.y = R M) (ﬁ) log(2 + 1) (M1 + Ma)(1 + M)

+el27 (1 4 |M|)12). (6.6)
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Proof. Step (i) Applying (4.17) with o = 5/2 4 v and (5.26) we obtain
IF+ Fulle, = Rzl + [ fillee) (P + 2l f ey + N Al Nl £lle—,)
= Rzl + I f1llz=) [IZI3 +lzlllglle_, + lzllAll e, + I filedzl® + Igle,

ke,

a e V2 e \!2 .
=RETM (l—l—et) M1+(1+st) Ao

2 12
& £
%) 1og@+ eMMs+ [(—52—)  Tog@ + ey M
+(1+8t) 0g(2 +enMi 3+(1+8t) 0g(2 + e M>

3/2
& 2 & &
X M log(2 + et) M
|:1+8t 1+(1+t)3/2+(1+5t) 0g(2 + 1) 3D

which implies (6.6) for Fi + Fi.
Step (ii) Further, by (4.19)

I Finll 500, = Rzl + L f1lloo) A+ DV (2 + 1 f1ll )
6
=RE"PM)A + )+ 10g"? (2 + &) (ﬁ) M2+ Mm%, (6.7

and then (6.6) for Fyyy follows.

Lemma 6.4. For 0 < v < 1/2 the remainder Fg admits the bound
- 1/2 € 2, 12 12
| Frll s = RE2M)—— (MF+e2a+1MD2). (68)
For Fy and Fyy the bound follows from (4.17). Further, by (4.20)

IFullw = R(zl + [ Al Azl + 1Al )
5/2
&
=RV M) (m) log'' 2 4 ety(m!' + MIY),
which together with (6.7) implies (6.8) for Fyy. Finally, (4.18) implies

c &
| PN, wlllz,nw = R(e2M) - +8IM%,

and then (6.8) follows. 0O

The term Hj is represented by (5.7) with C,,, estimated in (5.8). For C,, we now
obtain

Lemma 6.5. For m = 0, +1, the bounds hold

€
1+ et

3/2
||cm||Ea=R<sl/2M>( ) (M%+el/2(1+|M|)3). (6.9)
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Proof. Estimate (5.8) implies
ICnlle, = Rzl + 1 fle_)lzl(zl + gl e, + IhllE_,)?

" c 1/2 c 1/2 ¢
=re (i) e () Mo

2

e 3/2
- log(2 + e)M> )
+(1+8t) 0g(2 + er) My

which implies (6.9). O

6.3. Initial conditions

We assume the smallness of the initial condition:
2] £ &2 [ fO)lg, = 1RO)]&, < & ho,
IO e, nw < &' fo, (6.10)

where hg, fo are some fixed constant, and ¢ > 0 is sufficiently small by (2.6).
Equation (5.17) implies |z1]> < |z|> + R(|z])|z|*. Therefore

yo = (0) = [z1(0)]* £ & + C(|z(0)])e¥/2. (6.11)

6.4. Estimates via majorants

This section is devoted to studying equations (5.24), (5.25), (5.28) for f, hand y
under assumptions (6.10) on initial data and estimates (6.5)-(6.9) of the remainders.
First we consider equation (5.28) for y which is of Ricatti type.

Lemma 6.6. [3, Proposition 5.6] The solution to (5.28) with an initial condition
and a remainder satisfying (6.11) and (6.5), respectively, admits the bound:
5/2

Yo < 1/2 & 5
————— | S R(Ee/"M)—————=—1log(2 4+ et)(1 + | M])°. (6.12
y 1T 2yoImKz| = ( )(1 e g( Y1+ [M])°. (6.12)
Corollary 6.7. The majorant M satisfies
M2 =R M) (1 201+ |M|)5). (6.13)

Proof. Bounds (6.11) and (6.12) imply

3/2
< R(e'? ° ° log(2 + e1)(1 s
y SR M)[1+8t+(1+8t) og2+et)(1 4+ M) |.

Using that |z|> < y + R(|z])|z]3, we get

£
1+ et

e \32
+ ( ) M?:| :
1+ et

Hence, (6.13) follows. O

32
12> < RV* M) |: —l—(L) log(2 + et)(1 + |IM|)>
1+ st
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Second, we consider Equation (5.24) for f.

Lemma 6.8. The solution to (5.24) admits the bound

172
£
o < - 172
1 fill _C(l+8t) log(2+8t)(fo+R(s M)

M2 +e!2(1 + |M|)12). (6.14)
Proof. We have
t
f@) =eA’f(O)+/ A" Fr () dr.
0

Using the the bounds (3.11) and the estimates (6.8), (6.10), we obtain

il < ﬁum)nmw +/O' ﬁnﬁw)umw dr
<c [fo (ILM)U2 FREPMM + 21 + M2
! dr e
<, ﬁrd} |
Hence, (6.14) follows. O
Corollary 6.9.
My =R M) (M12+8]/2(1 + |M|)12). (6.15)

Finally, we consider Equation (5.25) for A.

Lemma 6.10. The solution to (5.25) admits the bound

14 et
x(1+ M)+ (1 + M) 2. (6.16)

3/2
hlle_, = C (L) log(2 + &1) (ho +R(PM) [(1 + M7+ Mp)

Proof. We have
t
h = e h(0) + / e He () dr.
0

Bounds (6.10), (6.6), (6.9), Proposition 3.1 and Corollary 3.3 imply
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C ! C
iz £ GOl +/0 m(llﬂe(f)ll&,

+Z||cm<r)||zsn) dr

141

t 3
+a%‘”(1+|/\/ll)12]/ log(zﬂt)dsr( - )2
0 (I4+@—1)2 \l+er

! dr
1/2 3 1/2 3 37
+ 2 Re M) (M +e <1+'M'>)/0 L+ (-0

. 32
1 +et ’

which implies (6.16). O

<c |:h0 (L)2+R<8%M> [<M1 + Mao)(1 + M)

Corollary 6.11.

My = R0 [+ M+ M1+ M) +227 1+ M) 617)

6.5. Uniform bounds for majorants

The aim of this section is to prove that if ¢ is sufficiently small, all the M; are
bounded uniformly in 7" and €.

Lemma 6.12. For ¢ sufficiently small, there exists a constant M independent of T
and &, such that,

IM(T)| £ M. (6.18)
Proof. Combining (6.13), (6.15), and (6.17) we obtain
M2 < R(EVEM) [(1 + M+ M)t e+ |M|)24] .
Replacing /\/l% and M by its bound (6.13) and (6.15), we get
M? S REPMYA + 27 FM)),

where F (M) is an appropriate function. The last inequality implies that M is
bounded uniformly in ¢, since M (0) is small and M(¢) is continuous. O
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Corollary 6.13. Fort > 0 and o > 5/2 the bounds hold

12(0)] éM( o )1/2 (6.19)
I fillze < M (1+8 )1/2 log(1 + &), (6.20)
Ihllg., < M( ¢ )3/2 log(1 + &1). 6.21)
Iflle_, =M (Hw) (6.22)

Thus we have proved the following result:
Theorem 6.14. Let the conditions of Theorem 2.3 hold. Then

(i) for e small enough, one can write the solution of (2.1) in the form
Y(x,t) =s(x)+ (@) +z@)u+ f(x,1), (6.23)

(1) in addition, for all t > 0, there exists a constant M > 0 such that

1/2
& &
<M{— <m{——), 5/2. (6.24
lz(H)] = (1+8t) » WfllE., = (1+8t) o >5/2. (6.24)

7. Soliton asymptotics

7.1. Long time behavior of z(t)

We start with Equation (5.18) for z;. By (5.16) the remainder Zq satisfies

2 2
~ log(2 + &t Ce“log(2 + &t
Zr = 7?,(81/2M)—8 0g( al) 1+ M4) < Lerloste el og( ¢ )
(1 + e1)3/2 /et (14 et)3/2 /et

On the other hand, (6.11) and (6.12) imply

32
20 <c (L) log(2 + s1)

Y T T ¥ 2Im Kyor

1+ et

with |yp — ¢| < Ce3/2. With estimate (6.19) for |z| and (obviously) the same one
for |z1|, we have
Yo

=i iK———— VA 7.1
1 =ipzy +1i 1+21me0111+ 1 (7.1

with

Ce? log(2 + ¢t)

1211 = (1 +et)32 /et

(7.2)
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Since yg = ¢ + O(£3/?), we have that 2 Im Kyo = ke. We also denote p = EEK.

The solution z; of (7.1) is written in the form

=

1t t . :
H=— [mow/ e1“5<1+kss>‘/2mzl(s>ds}
(1 4 ker)l/2=1p 0

el;l.t

Loo—.
(14 ker)l/2—1p

+ 2R,

where

o0 .
Zoo = 21(0) +/ e M + kes) /2P Z,(s) ds,
0

oo . 1 k l/2—ip
zR:—/ e””( + ”) Z1(s)ds.
t

1+ ket
Celog(2 t
From (7.2) it follows that |zg| < %. Therefore z(¢) satisfies the
€
estimate
et o(——10e02 3
t) = _ 1)]). 7.
20 =t (1+8t og( +e)) (1.3)
3
Here 700 = 21(0) + O(e), z = z1 + (9(1 " EZ), and [z(0)| = £!/2. Thus |ze0| =
e!/2 4 O(¢). Hence,
elut o e
t) = - log(2 ). 7.4
z(1) Zoo(l+ket)‘/2*‘/’+ <1+st g( +£)) (1.4)

7.2. Asymptotic completeness

Here we prove our main Theorem 2.3. We have obtained solution Y (x, y) to
(2.1) in the form

Y=S4+w+f.

We include w into the remainder r4 from (2.7) since z(r) ~ t~1/2 by (7.4). It
remains to extract the dispersive wave W (¢)®4 from f. We rewrite (4.14) as

h=hHh+0
[f2=f1//—m2f1+Q2’ (7.5)

where

X 1 1
Q1 = (PN = —(PIN) = — SN w4 (N, u)uy =0

02 = (PN)y = (P No[w, w)a + (Fr)2 — Vi
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by (3.9) and (5.12). Then
f@) = Wy(@)f(0) +/0t Wot —1)Q(7)dr
= Wo(?) (f(O) +/000 Wo(—f)Q(T)df)

- / Wolt — DO dt = Wo)ps +7(1).  (1.6)
t

Here Q(t) := (0, Q2(¢)). Equation (7.6) implies asymptotics of type (2.7) and
(2.8), if all the integrals converge. To complete the proof it remains to prove the
following proposition.
Proposition 7.1. The bound holds

lrslle = 0@¢™'3), t — oo. (1.7)

Proof. To check (7.7), we should obtain an appropriate decay for Q2 (¢).
Step (i) According to (4.15), (4.17), (4.19), (6.19), (6.20), and (6.22), we have

I(FR)2ll 2 = O log1t). (7.8)
Further, (3.9), (4.11), and (4.13) imply

(P Nalw, w])a = Na[w, w] — (PNa[w, w])a
= (22 + 222+ 7)) (Nolu, u] — 2ipu1 Z,).

Hence, from (5.2) and (5.3) it follows that
02 = q202% + 291122 + g7 + Q2r (7.9)
with
gij = Noluy, u1l = 2iZopuy — Vaiji, Qor = (Fr)2 — V(f1 — k1), (7.10)

where a;; 1 and k; are the first components of vector-functions ;; and k from (5.3).
By (1.10), (5.2), (6.4) and (6.21) we have

IV(fi —k)l2 =03 logr), t— oco.
The last bound and (B.5) imply that
102kl 2 = O™ log1), 1 — 0. (7.11)

Therefore, the term Qg gives the contribution of order o@1/2 logt) to r4(t).

Step (ii) It remains to estimate the contribution to r4(¢) of the quadratic term
from (7.9). Functions g;;(x) are smooth with exponential decay at infinity since
a;j € H®, with any s > 0 by Lemma 5.1. On the other hand, time decay of
functions z2(¢), z(t)Z(t),Z2(t) is very slow like O~ Y). Therefore, the integral
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representing the contribution of the quadratic term to r4(¢) does not converge
absolutely. Fortunately, we may define the integral as

o0
/ W(t — 1)(g202> + 2q112Z + qoaZ%) dt
t
T

= lim [ W — 1)(g202* + 291127 + q0o7°) dr.

T—o0 J;

We prove below the convergence of the integral with the values in E and the decay
rate O (1~ 1/3).

First we estimate the contribution of 11 (x)zz. Note that (7.4) implies the asymp-
totics zz ~ (1 + ket) L.

Lemma 7.2. Let g(x) € L%(R). Then

dr
/ o= T)()H

Proof. Denote = w(£) = /&2 + m?. Then

/‘”(—sinw”Z(f)) dr < 13 ®)/0®l (7.13)
t

—coswt q) ) 1+1 L2®L2_1

1(t) := =0a™", t—> oo (7.12)

1(:):‘

since the partial integration implies that

o0 eiu)f o deiwf elwr o0 eiwr
s Iy e S R
; 1+ ;w1 4+1) w(l+1) ;. w(l+71)
C
< —. (7.14)
o(l+1)
O

Next we estimate the contribution of g2¢ (x)z and qoz (x)z (see [3, Proposmon
6.51). By (7.4) we have 22 ~ €217 /(1 +ket)!=21P and 22 ~ e =217 /(1 +ket) ! +21P,

Lemma 7.3. Let g(x) € L>(R) N L'(R). Then

i2l’”d‘[
/ Wol=r )( )(1+r)1¥2w

Proof. We consider, for example, the integral with e~>'"“* and omit for simplicity

=0, t > o00. (715

the factor (1 + £)?'7, since with the factor the proof is similar. Let us represent
sin wt and cos wt as a linear combination of €'“? and e~'“?. The contribution of
“nonresonant” terms with the e ™17 to (7.15) is O(t~"), similarly to (7.13) and
(7.14). It remains to prove that

/oo ei(a)72/4)ré(€;) dr
t

_ —1/3
= =0, (7.16)

L2

I1(t) =
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For a fixed g > 0, let us denote

L le@ —2u 1P
xe(&) = <o, () —2ul > 1/7F

Then

1(t) =

/°° el@o-mTy (£)4(€) dr
t

/ooeiawmf(l — x:(§))q(§) dr
+
1+t !

147

L? L?

=L+ L®).
Since § (&) is bounded function, and || x-||*> < 1/t#, we have
L) £ Cllglle=/(1+ 0P,

On the other hand, partial integration implies that

% (1 — % (§))§(§) del o crb o Bdr
) = / cod < ||q||Lz+C/ o7
1 Qo —wd+71) 2 Lt ¢+ (1+71)
1112
_ Cldle
= (1+0)1-p
Equating /2 =1— B, we get B = 2/3. O

Proposition 7.1 is proved. O

Appendix A. Virial type estimates

Here we prove weighted estimate (4.21). Let us recall that we split the solution
(Wo, Ip) := (¥(0), I1(0)).

Proposition 1.1. Let condition U1 hold, and let X satisfy (2.6) witho = 5/2 + v.
Then the bound holds

W@,z < Cldo)(1+D*, 1 >0. (A.1)
5/24v
We will deduce the proposition from the following two lemmas. Denote

2 / 2
e(x. 1) = '”(xz’m + 'W);’t)' F UMW, 0).

Lemma 1.2. For the solution vy (x, t) to (1.1) the local energy estimate holds

b b+t
/ e(x,r)dx §/ e(x,0)dx, a<b, t>0. (A.2)
a a

—t
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Proof. The estimate follows by standard arguments: multiplication (1.1) by ¥ (x, 1)
and integration over trapezium ABC D, where A = (a —¢,0), B = (a,1),C =
(b,t), D = (b + t,0). Then (A.2) follows by partial integration using that
Uy)=0. O

Lemma 1.3. Foranyo = 0
/(1 T 1x|%)e(x, ) dx < C(o)(1 4+ 1) /(1 +x|%)e(x, 0)dx.  (A3)

Proof. By (A.2)

X X+t
/(1 + |x17) (/ e(y, 1) dy) dx = /(1 + |x17) (/ e(y,0) dy) dx.
x—1 x—1—t

Hence,

y+1 y+t+1
/e(y, 1) (/ 1+ leg)dx) dy < /e(y, 0) (/ 1+ lea)dx) dy.
y y—t

and then (A.3) follows. 0O
Proof of Proposition 1.1. First we verify that
Uo = /(1 + PP U o)) dx < 00, Yo(x) =¥ (x,0).  (A4)
Indeed, ¥o(x) = s(x) + Wo(x) is bounded since ¥y € H L(R). Hence by Ul
U@ £ Cldo) o) £ a)? £ Cldo) () £ a)? + Wo(x)?)),

and then (A.4) follows by (2.6). Now (A.3) with 0 = 5+ 2v and (2.6), (A.4) imply
that

p 2
WOR, = [ (/ ‘i’(x,S)dS—‘Po(x)) dx
5/24v 0
t
gz/(1+ |x|5+2”)\y§(x)dx+2t/(1+|x|5+2“)dx/ 72(x,s)ds
0

'
= 2dg+2t [||XO||2E5/2+V+U0] / (1+s)6+2" ds < C(do)(l—i—t)ngz”_
0

Appendix B. Proof of Proposition 3.3

First we prove the following lemma. Denote by B a Banach space with the
norm || - ||
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Lemma 2.1. Let L(v) € B,v € R, and

K(t) = / () Q) dv, Q@) = LT L) (B.1)
VYV — Vo
where ¢ € C3°(R), and
My == sup ||35L(v)|| <oo, k=0,1,2. (B.2)
vesupp ¢
Then
K| =037, t— oo (B.3)

Proof. We take ¢ € C3°(R) and split { = ¢y, + {2, where

C (V) i= PV — VD), (V) := LWL — p((v — vp)V/1D)]. (B.4)
Then

K(t) = / 1 (e Q(v) dv + / £ (Ve Q) dv = Ky (1) + Ka(1).

Step (i) Integrating twice by parts, we obtain

1 - 1 -
Ki(t) = —— ce” Q' wydv — = ¢1re” Q) dv
it |v—v0|<$ |V—V0|<%
] .
—— ¢l e Q' (v)dv.
1 S v—wl<

Since 8¢, (v)| £ C(k)t*k/2, j = 1,2, and

[ L) dr H

Vo

JUL) L7 (s)ds]dr
<M. QW) =1 5 |
[v — v [v — vl

[IA

Tlemi =

1M
2 2’
(B.5)
then

IK\Ollee, 5,y < Crt ™2

Step (ii) Integrating three times by parts, we obtain
1 i 2 [ 1 i
K>(t) :—t—z/el"’Q, Q"()dv — t—z/el"’{é, Q'(v)dv + ”—3/61”’4‘{[Q(v) dv
1 .
+F/ lvzé_z//t Q/(v) dv
= K21(1) + K (1) + K23(t) + K24(1).

Using the bounds from Step (i) we obtain

IK2; (Dl e, by S Cat ™2, j=2,3,4.



On Asymptotic Stability of Kink for Relativistic Ginzburg—Landau Equations 241

To estimate K51 (¢), note that £, (v) = 0 for |[v — vy| < L and

NG
1 VY CcM
Q") = s I ) = v)? = 2/ [/ L”(s)ds} dr| £ ——.
[v — vl Vo r [v — vl
Therefore,
1K1l 2y 5,y S C12
0
Proof of Proposition 3.3. We apply the Laplace representation
1 ico
At . -1 _ At :
e™(A-2ip—0)" = —— e R(A + 0)dr RQ2in + 0).
2711 J s

Using the Hilbert identity for the resolvent

R(A1)R(2) =

[R(A1) — R(A2)], Rei;, Reir >0
Al — A2

for .y = A + 0 and A, = 2iu + 0, we obtain
1 [l RO +0)— RQig+0
_/ em(+) .(1M+)dk
271 ) _ico A —2ip
Pi(t) + P2(r) + P3(1),

eMA=2ip—0)""=—

where
| [l R(L +0) — RQij +0
Pi(1) = ——./ eMr(n) ¢ +0) .( 1+ )dk,
271 ) _ico A —2ip
1 R(O.+0) — R(2i 0
Pz(t)z—r/ M1 —¢(n) ¢+ 0) = RQu+0)
wije uc A—2ip
1 R(A+0) — R(2i 0
Py == | (1 — o REFDZREARED ;.
271 J (“ioo,ico)\ (C1UC-) »—2ip

where ¢ (1) € Ci°(iR), ¢(A) = 1for |A —2iu| < §/2and ¢ (1) = Ofor [A —2iu| >
§,withO < § < 2u — V2. Applying Lemma 2.1 with B = L(E,, E_,), and
L(v) = R(A + 0) we obtain

1P £y by = OGP, 1= 00, o >5/2.
Since Proposition 3.1 imply (B.2) for L(v) = R(iv+0). Proposition 3.1 also yields
1Pl ik, £, = OG?), 1= o0

Here the choice of the sign in A —2iu —0 plays a crucial role. Further, the integrand
in K3() is an analytic function of A # 0, £ip with the values in L(E,, E_) for
o 2 0. At A = 0, £iu the integrand has poles of finite order. However, all the
Laurent coefficients vanish when applied to P.h. Hence, integrating by parts twice,
we obtain

IPs ) PeRllE, < c(1+0)7|hlE,,

completing the proof. O
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Appendix C. Examples

We construct examples of U (¢) satisfying U1-U3. We will construct U () by
small perturbations of the cubic Ginzburg—Landau potential Uy (/) := (1—2)2 /4.
For U (y) = Uo(¥)

5(x)=s0(x) := tanh % V(x) = Vo(x) = U (s0(x)) — 2 = —3 cosh > %
(C.6)

Let us consider the corresponding Schrédinger operator

d? 2 3
Hy=-——+2+ViX)=—5+2 - —F5—F—
dx? ¢ dx? cosh?(x/+/2)

restricted to odd functions. The continuous spectrum of Hy coincides with [2, 00).
It is well known (see [10, pp. 64—65]) that

(i) The discrete spectrum of Hy consists of one point Ag = 3/2.
(i) The edge point A = 2 is not eigenvalue nor resonance.

Hence, the condition U2 holds for Up. The non-degeneracy condition U3 reads

sinh3(x/+/2)
/¢ x )coshs(x/«/_)

where ¢g(x) is a nonzero odd solution to Hyo¢g(x) = 61(x). Numerical calcu-
lation [15] demonstrate the validity of (C.7) and hence U3 holds. Further, Uy (/)
satisfies (1.2) with @ = 1 and m? = 2. However, Uy (/) does not satisfy (1.3) since
Uy (£1) = 46, USY (1) = 6.

Therefore we will construct a small perturbation Uy. Namely, for an appropriate
fixed C > 0, and any sufficiently small § > 0, there exists U (¥) satisfying (1.3)
such that

£0, (C.7)

U®W) = Up(y) for ||| — 1] > 6, sup [UR @) —UuP ) < cs,
v eR,k=0,1,2

sup |U"'(y) — U (¥)] £ C. (C.8)

veR

For example, let us set

1
UW) = Uy(y) — [Z('W' —D* 4 (ly| — 1)3] xs(lyl = 1),

where x5(z) = x(z/8), x(z) € CC(R), x(z) = 1 for |z| < 1/2,and x(z) = 0 for
|z] > 1. Then (C.8) holds, and

U@) = (ly| — 1 for |[y| — 1] <8/2, and U)=Up(y) for || — 1|>8.
Hence, U (1) satisfies Ul. It remains to prove that U (y) satisfies U2 and U3.
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Denote S = {x € R : [[s(x)| — 1], ||so(x)| — 1| < &}. Then s(x) = so(x) and
V(x) = Vp(x) forx € R\ S. For x € S, using (C.8), we obtain

sup |V (x) — Vo(x)| = sup [U"(s(x)) — U"(so(x))| + sup [U" (s0(x)) — Ug (so(x))]
xeS xeS xeS

sup (U (¢)] sup [so(x) — s(x)| + O8) = O(5)
[lp|—1]<8 xeS

since sup |so(x) — s(x)| < 28. Hence
xe$S

sup [V (x) — Vo(x)| = O(). (C.9)
xeR

Let us verify the uniform decay of V (x) for small § > 0. We consider the case
x 2 0 (the case x < 0 can be considered similarly). Note that U () > (¢ — 1)%/4

for 0 < ¢ < 1. Using the identity fg(x) ds//2U (s) = x we obtain for x > 0 and
0 < s(x) < 1 that

</s(x) \/Eds s(x) «/Eds
x = e —_—
“Jo JA-=s52 Jo l-s

Hence, 1 —s(x) < e*/V2 for x >0, and then |1 — [s(x)|| < e~¥I/¥2 Therefore

= —v/2 In(1 — s(x)).

V()| < Ce PV2 y eR. (C.10)

Finally, (C.9)—(C.10) imply that U2 and U3 hold for U (y) for sufficiently small
8 > 0, since they hold for Uy (¥).
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