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Abstract. We consider the Klein-Gordon equation in R"™, n = 2, with constant or variable
coefficients. The initial datum is a random function with a finite mean density of the energy and
satisfies a Rosenblatt- or Ibragimov-Linnik-type mixing condition. We also assume that the random
function is close to different space-homogeneous processes as z, — 00, with the distributions g4 .
We study the distribution p¢ of the random solution at time ¢ € R. The main result is the convergence
of ut to a Gaussian translation-invariant measure as ¢ — oo that means the central limit theorem
for the Klein—Gordon equation. The proof is based on the Bernstein “room-corridor” method and
oscillatory integral estimates. The application to the case of the Gibbs measures p4+ = g+ with two
different temperatures T+ is given. It is proved that limit mean energy current density formally
is —o0 - (0,...,0,T4 —T_) for the Gibbs measures, and it is finite and equals —C(0,...,0,T4 —T_)
with some positive constant C' > 0 for the smoothed solution. This corresponds to the second law of
thermodynamics.
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1. Introduction. This paper concerns a mathematical problem of the founda-
tion of statistical physics. The second law of thermodynamics states that the energy
current is directed from a higher temperature to a lower one and is directly propor-
tional to the difference of temperatures. We derive the law for the Klein—Gordon
equation in R™. The key role is played by the mixing condition of Rosenblatt or
Ibragimov—Linnik type for an initial measure. The mixing condition is introduced
initially by Dobrushin and Suhov in their approach to the problem of the foundation
of statistical physics for infinite-particle systems (see [6], [7]). The convergence to sta-
tistical equilibrium for two-temperature initial measure has been analyzed previously
for (i) 1D chains of harmonic oscillators (see [2], [30]), (ii) 1D chains of anharmonic os-
cillators (see [17], [18], [22]), and (iii) nD harmonic crystals (see [16]). A similar result
for the wave equation in R™ with odd n 2 3 is established in [14]. The Klein—Gordon
equation shares some common features with the wave equation that is formally ob-
tained by setting m = 0 in (1.1). On the other hand, the Klein-Gordon and wave
equations have serious differences; see what follows. For translation-invariant ini-
tial measures the convergence to statistical equilibrium has been proved for the wave
equation in [13], [24], for the Klein—-Gordon equation in [12], [25], and for harmonic
crystals in [15].
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We now pass to a detailed description of our results. Formal definitions and
statements are given in section 2. We consider the Klein—-Gordon equation in R"”,
n=2,

n 9
i(z, t) = Z (9; —iA;(z)) u(z, t) — m*u(z, ), z € R",
(1.1) i=1
U lt=0 = uo(x), 1lt=0 = vo(2).
Here 0; = 0/0x;, m > 0, and (Ai(z),...,An(x)) is a vector potential of a mag-
netic field. We assume that functions A;(z) vanish outside a bounded domain. The
solution u(z,t) is considered as a complex-valued function.

Denote Y(t) = (YO(t), Y*(t)) = (u(-,1), a(-,1)), Yo = (¥5,Y5) = (uo(), vo("))-

Then (1.1) becomes

(1.2) Y(t)=AY(t), teR; Y(0)=Y,.

Here by A we denote an operator-valued matrix

(1.3) Az(i é)

where A =37, (0;—iA,; (x))2—m?. We assume that the initial datum Yj is a random
element of a functional space H of states with a finite local energy; see Definition 2.1 in
what follows. The distribution of Y} is denoted by pg. Denote by p:(dY), t € R, the
measure on H giving the distribution of the random solution Y'(¢) to problem (1.2).

We identify C = R? and denote by ® the tensor product of real vectors. We
assume that the initial correlation matrices

(1.4) §(x,y) =E(Yj(2)®Y{(y)), =xyeR", ij=01,

have the form

(1.5) :
Q—j ('T - y), TnyYn < —a.

ij qﬁﬁ(m - y)7 Tn, Yn > @,
0 (xay) =

Here qg (x —1y) are the correlation matrices of some translation-invariant measures g1
with zero mean value in H, z = (21,...,2,) € R", y = (y1,...,yn) € R", a > 0.
The measure 1 is not translation-invariant if ¢*/ # ¢7.

Next, we assume that the initial mean “energy” density is uniformly bounded:

eo(x) := E{|u0(x)|2 + |Vu0(x)|2 + |1}0($)|2:|
(1.6) = tr ( WOz, 2) + [Vm . Vngo(:E,y)] ’y:;— Q(l)l(x,x)) <eg < o0

for a.a. x € R™. Finally, it is assumed that the measure pg satisfies a mixing condition
of Rosenblatt or Ibragimov—Linnik type, which means that

(1.7)  Yo(x) and Yy(y) are asymptotically independent as |z — y| — oc.
Our main result states the (weak) convergence

(1.8) it — fhoos t — oo
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to an equilibrium measure ji, which is a translation-invariant Gaussian measure
on H. A similar convergence holds as ¢t — —oo since our system is time-reversible.
We construct generic examples of the initial measures pg satisfying all assumptions
imposed. The explicit formulas (2.13)—(2.15) for the limiting correlation matrices are
given.

We apply our results to the case of the Gibbs measures p+ = g+. Formally,

g+ (dug, dvg) = 71 exp{ - % / (\vo(x)f + |VUO(55)|2 —|—m2‘uo($)|2) da:}
(1.9) X Hduo(:r) dvo(z),

where 81 =T 1 Ty > 0 are the corresponding absolute temperatures. We adjust the
definition of the Gibbs measures g4 in section 4. The Gibbs measures g4+ have singular
correlation functions and do not satisfy our assumptions (1.6). Therefore we consider
Gaussian processes uy corresponding to the measures g+ and define the “smoothed”
measures gf. as the distributions of the convolutions u * 6, where § € D = C$°(R™).
The measures gft satisfy all our assumptions, and the convergence g¢ — g2 follows
from (1.8). This implies the weak convergence of the measures g; — goo since 6 is
arbitrary. We show that the limit energy current for g, formally is

joo = —00-(0,...,0, Ty —T_).

Infinity denotes the “ultraviolet divergence.” This relation has a finite value in the
case of smoothed measures g,

i =-Cp-(0,...,0, Ty —T.),
if f(x) is axially symmetric with respect to Ox,; Cy > 0if 8(x) # 0. This corresponds
to the second law of thermodynamics.

We prove convergence (1.8) first for the case of constant coefficients. We de-
compose the proof into three steps using the general strategy of [12], [13], [14], [15],
and [16]:

I. The family of measures p;, t = 0, is weakly compact in an appropriate Fréchet
space.

II. The correlation matrices converge to a limit: For ¢,5 = 0,1,

(110 QYwy) = [ (V@) © V(1) (@) —Qw), -

IIT. The characteristic functionals converge to the Gaussian:

(L11) pe(0) := /exp {i(Y, ®)} i (dY) —>exp{ - % Qoo (7, \Il)}, t — oo,

where ¥ is an arbitrary element of the dual space, and Q. is the quadratic form
with the integral kernel (Q (z,v)): j—0,1; (Y, ¥) denotes the scalar product in a real
Hilbert space L2(R") @ RY.

Property I follows from the Prokhorov compactness theorem by using methods
of Vishik and Fursikov developed by them for problems of statistical hydromechanics
in [5]. First, one proves a uniform bound for the mean local energy with respect to
the measure j;. We deduce the bound from the explicit expression for the correla-
tion matrices @y’ (x,y). The conditions of the Prokhorov theorem then follow from



TWO-TEMPERATURE PROBLEM FOR KLEIN-GORDON EQUATION 585

Sobolev’s embedding theorem. Next, we deduce property II from an analysis of os-
cillatory integrals arising in the Fourier transform. An important role is attributed
to Proposition 5.1, reflecting the properties of the correlation functions in the Fourier
transform deduced from the mixing condition.

Similarly, properties I and II have been established previously in [16] for a har-
monic crystal which is a discrete model of the continuous Klein-Gordon equation.
We extend here the methods of [16] to the continuous case. The main difficulty in
comparison with [16] is the noncompactness of the Fourier space R™ (for the har-
monic crystal the Fourier space is a torus 7" which is a compact space). Namely,
the proofs of properties I and II rely on the uniform bounds of singular oscillatory
integrals in the sense of the Cauchy principal value. The proof of uniform bounds
for such integrals in [16] uses essentially the compactness of set parameters 7™ which
in particular provides the uniform nondegeneracy of the phase functions. In the case
of the Klein—Gordon equation the corresponding phase function is nondegenerate in
any finite region of the Fourier space, but is degenerate at infinity, which makes it
difficult to deduce uniform bounds. In the case of translation-invariant measures,
similar bounds are established in [12] for the Klein—-Gordon equation; however, corre-
sponding oscillatory integrals are less singular since they do not contain the Cauchy
principal value. Therefore in the present paper the uniform bounds of oscillatory in-
tegrals demand new tools: we remove this difficulty by using Proposition 6.2, which
is a modification of Proposition A.4 of [2, p. 152] to our case. Let us note that this
proposition is an extension of results of Fedoryuk (see Theorems 1.8 and 1.10 in [32]).
However, these results are not applied immediately to our problem because of the
degeneracy of the phase function at infinity.

Let us note that we choose the initial correlation matrices in the particular
form (2.9) which corresponds to the initial function (2.22). This allows us to avoid
some technical assumptions on the initial correlation function (cf. [14, condition S2]).

Finally, property III follows by using a variant of the Bernstein “room-corridor”
method from [12], [15]. In conclusion, we extend convergence (1.8) to the equations
with variable coefficients that are constant outside a finite region. The extension
follows from our result for constant coefficients, using the scattering theory for infinite
energy solutions from [12].

The paper is organized as follows. The main result is stated in section 2. We
apply it to Gibbs measures in section 4. Sections 3-8 deal with the case of constant
coefficients. The compactness (property I) and the convergence (1.10) are proved
in sections 5-7. In section 8 we prove the convergence (1.11) using the “room-
corridor” method. In section 9 we establish the convergence (1.8) for variable co-
efficients. Appendix A is concerned with a dynamics in Fourier space; in Appendix B
we prove a bound of some singular oscillatory integrals.

2. Main results.

2.1. Notation. We assume that functions A;(x) in (1.1) satisfy the following
conditions:

E1. A;(z) are real C*°-functions;

E2. A;(z) =0 for |z| > Ry, where Ry < o0;

E3. £ 0 ifp — 2,

We assume that the initial datum Y belongs to the complex phase space H
defined in what follows.

DEFINITION 2.1. 'H = HL_(R™) & HY _(R") is the Fréchet space of pairs Y =

loc
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(u(x),v(x)) of complex functions u(x),v(x) endowed with local energy seminorms

(21) Y|z = /I - (}u(m)|2 + |Vu(x)}2 + |v(1:)|2> dx < oo VR >0.

Proposition 2.1 follows from Theorems V.3.1 and V.3.2 of [26] since the speed of
propagation for (1.1) is finite.

PROPOSITION 2.1. (i) For any Yy € H, there exists a unique solution Y (t) €
C(R,H) of the Cauchy problem (1.2).

(ii) For any t € R, the operator U(t): Yy — Y (t) is continuous on H.

Let us choose a function £{(z) € C§°(R™) with £(0) # 0. Denote by H{ _(R"),
s € R, the local Sobolev spaces, i.e., the Fréchet spaces of distributions u € D'(R™)
with the finite seminorms

||u||S7R = HAG (g(xR_l) u) HLz(Rn)-

Here Asu := F,'_((k)*u(k)), (k) := /]k|2 + 1, and @ := Fu, where F is the Fourier
transform. For ¢ € S = S(R™), write Fy(k) = [ exp(ikz) ¢ (x) dz.

DEFINITION 2.2. For s € R, write H® = H"*(R"™) @ H (R™).

Using the standard techniques of pseudodifferential operators and Sobolev’s em-
bedding theorem (see, e.g., [20]), one can prove that H® = H C H ¢ for every £ > 0,

and the embedding is compact.

2.2. Random solution. Convergence to an equilibrium. Let (2, %, P) be
a probability space with expectation E, and let B(H) denote the Borel o-algebra
in H. We assume that Yy = Yy(w,z) in (1.2) is a measurable random function with
values in (H,B(H)). In other words, (w,x) — Yp(w,z) is a measurable mapping
Q x R® — R? with respect to the (completed) o-algebras ¥ x B(R") and B(R?).
Then, by virtue of Proposition 2.1, Y (t) = U(t)Yp is again a measurable random
function with values in (H, B(H)). Denote by po(dYp) the Borel probability measure
on H giving the distribution of Yy. Without loss of generality, we can assume that
(Q,X,P) = (H,B(H), no) and Yy(w,x) = w(x) for po(dw) x dz-a.a. (w,z) € H x R™.

DEFINITION 2.3. Let pus be the Borel probability measure on H which gives the
distribution of Y (t):

(2.2) u(B) = uo(U(~t)B)  VBeB(H), teR.

Our main objective is to derive the weak convergence of the measures u; in the
Fréchet spaces H™¢ for each ¢ > 0,

H—E
(2.3) e —  foo as t— 00,

where [, is the Borel probability measure on the space H. By definition, this means
the convergence

(2.4) [0y — [ 10 pldy) a1 oo

for any bounded continuous functional f(Y") on the space H~¢. Recall that we identify
C = R?, and ® stands for the tensor product of real vectors. Denote M? = RZ@R?2.
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We introduce the space of test functions S = S @ S and denote (Y, V) = (Y9 ¥0) +
(YLUl) for Y = (YO Y!) € Hand ¥ = (¥°,¥1) € S.

DEFINITION 2.4. The correlation functions of the measure j; are M?-valued
generalized functions defined by

(25) QY (z,y) =E(Y'(z,)®Y(y,t)), 4,j=01, =z,yeR"xR",

where E stands for the integral with respect to the measure po(dY'), and the conver-
gence of the integral is understood in the sense of distributions, i.e.,

(26)  (QY(z,y), ¥(z,y)) = E(Y'(z,0) @ Y (y,1), U(z,y)), ¥ eSR™).

For a Borel probability measure p on the space H, denote by i the characteristic
functional (the Fourier transform)

(o) = /exp (i(Y, ¥)) p(dY), ves.

A probability measure p is called Gaussian (with zero expectation) if its characteristic
functional has the form

(W) = exp < 5o, \If)), ves,

where @ is a real nonnegative quadratic form on S. A measure p is called translation-
invariant if

w(ThB) =u(B)  VBeB(H), heR"

where T;,Y (z) =Y (x — h), z € R™

2.3. Mixing condition. Let O(r) be a set of all pairs of open bounded subsets
A, B C R"™ at the distance dist(A, B) = r, and let 0(A) be a o-algebra in H generated
by the linear functionals Y +— (Y, ¥), where ¥ € D = D ® D with supp¥? C A.
Define the Ibragimov—Linnik mixing coefficient of a probability measure ug on H by
(cf. Definition 17.2.2 of [21, p. 391])

1o (AN B) — po(A) ,UO(B)l.

2.7 r)=  sup sup
( ) SO( ) (A,B)eO(r) A€a(A),Bea(B) [Lo(B)
1o (B)>0

DEFINITION 2.5. The measure ug satisfies the strong uniform Ibragimov—Linnik
mixing condition if

(2.8) p(r) — 0, 7 — 00.

We specify the rate of decay of ¢ in what follows (see condition S3).

2.4. Statistical conditions and main result. We assume that the initial
measure g satisfies the following conditions.

S0. (o has zero expectation value, i.e., EYy(z) =0, z € R".

S1. po has correlation matrices of the form (cf. (1.5))

(2.9) ¢ (2,y) = 7 (x — y) (- (xn) ¢ (yn) + a7 (@ — 1) ¢ (@n) C4 (Yn)-
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Here the functions (+ € C*°(R) such that

1 for £s>a
2.10 = ’
( ) Ge(s) {0 for +s< —a.

S2. po has a finite mean energy density, i.e., (1.6) holds.
S3. ug satisfies the strong uniform Ibragimov—Linnik mixing condition with

(2.11) @E/ o2 (r) dr < .
0

Define the correlation matrix of the limit measure fio. Denote by £(z) the funda-
mental solution for the operator —A +m? i.e., (— A +m?) € = §(x) for z € R™, and
P(x) = —iF~Ysign(ky,)/\/|k|% + m2], Where F is the inverse Fourier transform.
Define the matrix- valued function

(2.12) Qoo(@,y) = (QL(2.9)), ;01 = (4L(z =), ,_,» .Y ER",

where

1

(213) @2 = [@)™+&x (@) +Px (@) - @)Y,

(214) ad=-dk =3 [(Oﬁ)m — (@) +Px (@) +(-A+ m2><q->°°)]7

Goo = (A +m*) g

@)+ A (@) 4P (@) - @),

(2.15)

Here q© = %(q+ +4q.), q = %(q+ — ¢_), and * stands for the convolution of
generalized functions. We show below that D’qug € L*(R"), where v € Z" with
|v| £2—i—j,4,5 =0,1 (see (5.4)). Then the convolutions in (2.13)—(2.15) also belong
to the space L2(R"). Moreover, the explicit formulas for P(x) and (2.13)—(2.15) imply
that ¢ € L>(R"™), i,j = 0,1. Applying the Fourier transform, we obtain

(216) (k) = LK) + G (B),

where

(217) Ta(k) = 5 (@ () + Oy a* () C7 (1),

(218) T (k) = isign(k,) 3 (GG () — & (1) C7 (h)

with matrix C(k) defined by (A.3).
Let H = L*(R") & H'(R") denote the space of complex-valued functions ¥ =
(U0, W) with a finite norm

(2.19) |2, = / (|\I/0(x)]2 + |Vl (@)]? + }\Izl(a:)f) dx < 0.
R'n.
Denote by Q. (¥, V) a real quadratic form on H defined by

(220) =Y [ QL) Vi@ e W) dedy,

4,7=0,1
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where Q¥ (z,y) is as defined in (2.12)—(2.15), and (-,-) stands for the real scalar
product in R? x R? =2 R*. The form Q. is continuous on H by Corollary 5.2.

Write D := C§°(R") and D= D @& D.

THEOREM A. Let n 2 2, m > 0, and assume that conditions E1-E3, S0—S3
hold. Then

(i) convergence (2.3) holds for any e > 0;

(i) the limiting measure po 18 a Gaussian equilibrium measure on H;

(iii) the limiting characteristic functional has the form

fioo (0) = exp{ - % Qoo (WO, W\I!)}, U eD.

Here W: D — H is a linear continuous operator and W = I if A;(z) = 0.
2.5. Examples.

2.5.1. Gaussian measures. We construct the Gaussian initial measures pg
satisfying conditions S0-S3. Let us take some Gaussian measures p4+ on H with
correlation functions ¢¥ (z — y) which are zero for i # j and ¢% € C?*(R") ® M? and
have a compact support

(2.21) @) =0, |o] 2.
For instance, we can take ¢% () = F;_ % [f(k1)--- f(kn)] with
2
flz) = <1C°S(ZW> R

Note that by the Minlos theorem (see [8, Chap. V]) there exist Borel probability
measures p4+ on the space ‘H because formally we have

/ IV 1P s (dY) = [ Br| tr (¢2°0) — Ag(0) + ¢} (0)) < 00, R >0,

Moreover, the measures p+ satisfy conditions S0—S2 and mixing condition (2.8), since
o(r) =0 for r = ¢ by (2.21). Hence condition S3 also follows.

Let us introduce (Y_,Y,}) as a unit random function on the probability space
(H X H,pu— X pg). Then Yy € H are Gaussian independent vectors with zero mean
value. Define g as the distribution of the random function

(2.22) Yo(a) = (- () Y= (@) + G () Y (2),

where the functions (y are introduced in (2.10). Then the correlation matrices of pg
have the form (2.9). Hence, conditions S0—S3 hold for o with the same functions ()
as for py.

2.5.2. Non-Gaussian measures. Let us choose some odd nonconstant func-
tions f9, f! € C?(R™xR") with bounded derivatives. Define p; as the distribution of
the random function (f°(Yy(z)), f1(Yo(z))), where Yy(x) is a random function (2.22)
with the Gaussian distribution pg. Then S0-S3 hold for pf, since corresponding
mixing coefficients ¢*(r) = 0 for r 2 ro. The measure 4 is not Gaussian since the
functions f°, f! are bounded and nonconstant.
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3. Equations with constant coefficients. In sections 3-8 we assume that
coefficients A;(x) = 0. The problem (1.1) then becomes

ii(x,t) = Au(x,t) — m2u(z,t), teR,
(3.1)
U |g=0 = uo(x), Ult=0 = vo(x).

As in (1.2), we rewrite (3.1) in the form

(3.2) Y(t) =AY (t), teR; Y (0) = Y.
Here
(3.3 a=( o).

where Ag = A —m?. Denote by Uy(t), t € R, the dynamical group for problem (3.2);
then Y (t) = Uy(t) Yp. The following proposition is well known and is proved by a
standard integration by parts.

PROPOSITION 3.1. Let Yy = (ug,vo) € H and Y (-,t) = (u(-,t),u(-,t)) € C(R, H)
be the solution to problem (3.2). Then the following energy bound holds: For R > 0
and t € R,

/:c|<R (|it(x,t)|2 + |Vu(z7t)|2 + m2|u(x,t)|2> b
v - /””<R+It| (|U0(x)|2 + [ Vuo(a)|” + m2|Uo($)|2) dz.

Set py(B) = puo(Uo(—t)B), B € B(H), t € R. We formulate the main result for
problem (3.2).

THEOREM B. Letn = 1, m > 0, and conditions S0—S3 hold. Then the conclusions
of Theorem A hold with W = I, and the limiting measure i is translation invariant.

Theorem B can be derived from Propositions 3.2 and 3.3 by using the meth-
ods of [5].

PROPOSITION 3.2. The family of measures {ys,t € R} is weakly compact in H™¢
with any € > 0, and the bounds sup,>q E||Uy(t) Yo% < 0o, R > 0, hold.

PROPOSITION 3.3. For any ¥ € D,

(3.5)  u(¥)= /exp (i(Y, ¥)) p (dY) Hexp{ - % Qoo (T, \IJ)}, t — 0.

Propositions 3.2 and 3.3 are proved in sections 7 and 8, respectively. The proofs
essentially use the explicit formulas (A.2)—(A.6) from Appendix A.

4. Application to Gibbs measures. We apply Theorem B to the case when
i+ = g+ are the Gibbs measures (1.9) corresponding to different positive temperatures
T #T,.

4.1. Gibbs measures. We will define the Gibbs measures g1 as the Gaussian
measures with the correlation functions (cf. (1.9))

QP —y) =TeE(x—y), ¢ (z—y) =Teb(z—y),
(4.1)

@z —y) =gz —y) =0,
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where z,y € R™. The correlation functions qu do not satisfy condition S2 because of
singularity at x = y. The singularity means that the measures g+ are not concentrated
on the space H. Let us introduce appropriate functional spaces for measures g4. First,
let us define the weighted Sobolev space with any s, € R.

DEFINITION 4.1. Hg o(R™) is the Hilbert space of the distributions u € S'(R™)
with the finite norm

(4.2)

sa = |[(@)*A* < o0, Au=F (k) u(k)].

Let us fix arbitrary s, < —n/2.
DEFINITION 4.2. Let G, be the Hilbert space Hsy1,o(R™) & H; o(R™) with the
norm

|||Y|||s,oc = HU”erl,a + ||U||s,a < 00, Y = (u,v).

Introduce the Gaussian Borel probability measures g9 (du), g1 (dv) on the spaces
Hot1.(R™) and H, o(R™), respectively, with characteristic functionals

9%.(¢) = /exp{z'(u,@}gg(du) :eXp{ _{=A +;nﬂﬂ:)_ ¥, ¢>}7

) = [ exp fite, )} o) —exp { - 221},

¢ € D. By the Minlos theorem, the Borel probability measures g%, gl exist on
the spaces Hyy1.4(R™), Hs o(R™), respectively, because formally (see Appendix B
in [12, p. 31])

n
@3) [l st <o, [IolEgh@) <oo,  sa<-3.

Finally, we define the Gibbs measures g4 (dY) as the Borel probability measures
g% (du) x g} (dv) on Gs 4. Let go(dY) be the Borel probability measure on G5, that
is constructed as in section 2.5.1 with p4(dY) = g+(dY'). It satisfies conditions SO
and S1 with ¢7 from (4.1). However, go does not satisfy condition S2. Therefore,
Theorem B cannot be applied directly to 1o = go. The embedding G5, C H?®
is continuous by the standard arguments of pseudodifferential equations [20]. The
following lemma is proved easily by using the Fourier transform from the finite speed
of propagation for the Klein—-Gordon equation.

LEMMA 4.1.  The operators Uy(t): Yy — Y (t) allow a continuous extension
H? — H.

Let Yy be the random function with the distribution go; hence Y, € G54 ass.
Denote by g; the distribution of the function Uy(t) Yp.

Remark 4.1. Let s be a sufficiently large negative number. Then there exists a
Gaussian Borel probability measure g, on H® such that

e
(4.4) 9t — Joos t — oo.
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This can be proved similarly to Theorem A. The limiting measure g, is Gaussian
with the correlation matrix Qo = (Q% (2, y))s j=0,1, Where

(4.5) Q(ég(x,y)zqgg(w—y)Z%(T++T7)5(w—y),
(16) QYY) = Q) = a2 —y) = 3 (T ~ T ) Pla—y),
(47) QL) = 4w —y) = 5 (T4 +T) 8w — y).
The identities (4.5)—(4.7) follow formally from (4.1) and from (2.13)~(2.15). We will

consider them as defining the functions Q¥ (z,y).

4.2. Limit energy current for smoothed fields. Let u(z,t) be the random
solution to problem (3.1) with the initial measure po satisfying conditions S0-S3.
The mean energy current density is Ej(z,t) = —Eu(x,t) Vu(z,t). Therefore, in the
limit ¢ — oo,

Ej(x,) = joo = V452 (0)

by (6.7). In the case of the “Gibbs” initial measure gg, expression (4.6) for the limiting
correlation function implies formally that

- T, —T_
joo = =5 VP(0),
where [VP](z) = —F1[ksign(k,)/\/|k|?> +m?](z). Hence, formally we have the
“ultraviolet divergence” for the hmlt mean of energy current density:
- T, —T_ ksign ky,
Joo =~ SRR gk = —o0 - (0,...,0, Ty —T_).

22m)" Jrn /TR + m2

This is since the Gibbs measures g+ have singular correlation functions and do not
satisfy assumptions (1.6). Respectively, our results cannot be applied directly to g4 .
We consider Gaussian processes u4 corresponding to the measures g4 and define
the “smoothed” measures g% as the distributions of the convolutions uy * 6, where
6 € D = Cg°(R™). The measures g, satisfy all our assumptions, and the convergence
g? — g% follows from Theorem B. For the convolution Uy (t)(Yy*6) the corresponding
limiting mean current density is finite and equals
ksign k,,

0 __E/ _ksignk,
Joo 202m)"  Jgn VIR + m2

if 6(z) is axially symmetric with respect to Oxz,; here Cp > 0 if 6(z) # 0.

o(k)|®

k=-Cy-(0,...,0,Ty —T_)

5. Bounds for initial covariance.

5.1. Mixing in terms of spectral density. The next proposition reflects
the mixing property in the Fourier transforms gi’ of the initial correlation func-

tions qig . Condition S2 implies that qiz (z) are continuous bounded functions. There-
fore, Q (z,y) in (2.9) are also continuous bounded functions.
PROPOSITION 5.1. Let the conditions of Theorem B hold. Then
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(i) fori,j5 = 0,1, the following bounds hold:

/!Qéj(w7y)|dy§C<oo, zeR",
RTL
/|Qéj(l’7y)\dwéc<00, yeR",
Rn

where the constant C does not depend on z,y € R™;

(i) ¢/ € L*(R") @ M2, 4,5 =0, 1.

Proof. (i) Conditions S0, S2, and S3 imply, by Theorem 17.2.3 of [21], that
for a,f € Z™, |a| £1—14, and || £ 1 —j with ¢,57 =0, 1, the following bounds hold:
(5.1) |DgQF (2, y)| < Ceop'?(lx —yl), =y €R™

z,y

The mixing coefficient ¢ is bounded, and hence (5.1) and (2.11) imply

/ D2EQH ()| dy < Cel / o2 (2 — ) dy
R” R”

(5.2) < Cleg/ Lol 2(r) dr < oo, p= 1
0

(ii) Similarly to (5.1), for v € Z™ with |y| <2 —1i—j, i,5 = 0,1, we have
(5.3) [D1¢Y(2)] < Ceop'?(l2]),  z€R™
Hence, by (2.11) we obtain that for p 2 1 (cf. (5.2))
(5.4) D¢ (2) € LP(R") @ M.

Further, by Bohner’s theorem, a distribution gz = (¢’ (k)) dk is a positive-definite
matrix-valued measure on R", and S2 implies that the total measure g+ (R™) is finite.
Finally, (5.4) with p = 2 implies that g}’ € L?(R") ® M2

COROLLARY 5.1. (i) Proposition 5.1(1) implies, by the Shur lemma, that the
quadratic form Qy(¥,¥) = (Qo(z,y), ¥(z) @ ¥(y)) is continuous in L?*(R") @ C2?.

(ii) Similarly to Proposition 5.1(ii), estimate (5.4) and Bohner’s theorem imply
that w2~ =9 (k) Eff(k‘) € LYR")®@M?, i, =0,1. Hence, for the matriz 6’(16), defined
by (A.3), we have

(55)  CR)a=(k)CT(k), Ch)ae(k). qe(h)CT(k) € L'R") © M
Therefore, together with (2.16)—(2.18), it implies that ¥4 € L*(R™)® M? for alli, ;.
COROLLARY 5.2. The quadratic form Q. (¥, W) is continuous in L?>(R™)® C?.

Proof. The proof follows from the explicit formulas (2.12)—(2.15). Indeed, first,
E(z) € LY(R™). Second, for any 1 € L? we have

(Pd)(z —y), ¥(2) @ 9(y)) = (¢ (x —y), (P*9)(x) ©9(y)),

where P(z) := P(—z). Note that ||P * 1|2 < C|jb||r>. Hence, the continuity
of Qoo (¥, U) follows from the Shur lemma by (5.4) with p = 1.
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5.2. Splitting of the initial covariance.
LEMMA 5.1.  The Fourier transforms of the functions (x € C*°(R) admit the
following representations:

(5.6) Co(k) =mb(k) + iPV(;) as(k),

where ay € C°(R).
Proof. Denote ay(z) := £(4(z), z € R. Then (4 (z) = [*__ai(y)dy, (~(z) =
f+°° a_(y)dy. By virtue of (2.10) the functions at satisfy the following properties:

(i) ax € C5°(R), (ii) ax(z) = 0 for |z| > a, (i) [, ar(y)dy = 1; hence, 44 (0) = 1.
Therefore,

+oo
(5.7) Cala) = / 0(y) ot (z — y) dy,

— 00

where 0(x) is a Heaviside function. Denote by PV the Cauchy principal part. Since
0(k) = wé(k) +iPV(1/k), k € R, due to (5.7) we have

Ce(k) = [mS(k) iipv@)] ai (k) = m6(k) iipv@) a (k).

Conditions S1 and S2 imply that Qo(z,y) is a continuous bounded function.
Hence, it belongs to the Schwarz space of tempered distributions as well as its Fourier
transform. Let us apply the Fourier transform to the function Qq(x,y):

(5.8) Qo(k, k) :=F e, Qolz,y), kK ER™

Then the following proposition holds.
PROPOSITION 5.2. Let conditions SO-S3 hold. Then

(5'9) @0(1{37 k/) = Q\(l)(k% k/) + @3(k> k,) + @8(k’ kl)7

where the summands admit the following representations:

(510)  QL(k,K) = 80k — K)(2m)" & @, (k) + 3 (k),

4
Q3 (k, k') = 6(k — K')(2m)" >
T Gy (b — ) Gz(kly —€) -
(5.11) X zi: PV/_OO P - 7= (k, §) dg,
Q3(k, k') = 8(k — K')(2m)" 2mi PV(M)
[T () @ ), = h) + @ () @ — K)
(5.12) ~ G- (R) G, = h) = G (K) G- (ka — )]

Here and in what follows we set k = (k, ky), k= (k1,...,kn—1).



TWO-TEMPERATURE PROBLEM FOR KLEIN-GORDON EQUATION 595

Proof. Using the equality ]/”; = (27r)_2"f>(<§ for the tempered distributions in R?",
we get by (2.9), formally,

Qulb k) = F i, [ 3 Golon) ot e = )
+

= @m) 2> (P (Galwn) By (Colym) ) + (2m)7 () 8k — 1)
=+

(5.13) (%”%kle/ Colh — ) e (K, — €)1, 8)] de,

where * stands for the convolution in k£ and &’. The convolution exists in the sense of
tempered distributions because the distribution (4 () is a smooth function at £ # 0
which decreases rapidly as |£] — oo, and ¢4 are bounded continuous functions. The
last integral exists by the same reasoning as the limit of Riemann integral sums over &
with the values in tempered distributions of (k, k"). We substitute (5.6) in (5.13) and
obtain

R!

2 ’ — / ~ ( )
Qo(k, k') = 2m)" 26k —K') ) PV (k,&) (w6 (kn — &) £
° %; /qi [ Fon 5]

(5.14) [ 6k, — &) F

Finally, (5.14) implies formulas (5.9)—(5.12).

6. Uniform bounds and convergence of covariance. In this section we
prove a uniform bound and convergence (1.10) for the covariance Q:(x,y) of the
measure p introduced in Definition 2.4. Denote

(6.1) Qu(W, V) := (Qy(z,y), V(z) @ ¥(y)), vesS,

where S = S @ S, and S = S(R") denotes Schwarz space. Introduce a subspace of
test functions Sy C S:

(62)  So=UxSn, Sn:={¥eS: U(k)=0for|k| =N or |k, <N}
LEMMA 6.1.  Let limy_,oo Q¢(V, V) = Qo (T, V) for any ¥ € Sy. Then the

convergence holds for all U € S.
Proof. At first, from (A.1) it follows that

<Y($c,t)7 \I/(m)> = <Y0(ac), <I>(x,t)>,
where ®(-,t) = F[G; (k) W(k)]. Therefore, Q;(¥, ¥) = Qo(®(-,t), (-, t)). Hence,
(6.3) sup | Qu (¥, ¥)| < Csup [|@(- 1)]7,

teR teR
by Corollary 5.1(i). By the Parseval identity and (A.3), (A.4), we obtain

©4) 6 0)5 = o (G0 B®I dk < OV e
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For any ¥ € § we can choose ¥y € Sy such that

~ N 2
A B i S and [k 2 2
\I’N(k) = ) 1

0 if |k =N or |k,| < N

and, moreover,
65) Uy — |3, = / (2 +1) [Un(k) — B(k)|*dk —0, N — .

Hence, Lemma 6.1 follows from (6.3)—(6.5) and Corollary 5.2.
PROPOSITION 6.1. Let conditions SO-S3 hold. Then
(i) the function Qi(x,y) is continuous and

(6.6) sup sup |Qq(z,z)| < oo, R >0
t>1 z€BR

(ii) the correlation functions converge in the sense of distributions, i.e.,

(6.7) (T, V) — Que (T, V), t—o0, VYeSs.

Proof. Since the solution Y (¢) of problem (3.1) has the form Y (¢) = (G;(-)*Yp)(x),
the correlation Q;(x,y) admits representation in the form of convolution

Qi(r,y) = [R% (Ge(z —2") Qo(«',y) G (y —v/')) da’ dy,

the existence of which is proved by the Fourier transform. Namely, let us apply the
Fourier transform to the matrix Q:(z,y):

Qe(k. k') = F oot Qu(a,y) = Gi(k) Qo(k. K) G (<), kK € R™,

where the matrix G, (k) is defined by (A.4), and Qo (k, k') by (5.8). Using the equal-
ity gAtT(—k’) = gAtT(k’) and decomposition (5.9), we split Q;(x,y) into three terms:
Qt($7y) = Q%(xay) + Q%(xa y) + Q%(x>y)a where

6.8)  Qlz,y)=(2m)7 / e MG, (k) QY (k, ') G (') dk i,
RZTL
z,y € R", t > 0, j = 1,2,3. Then to prove Proposition 6.1 it suffices to verify
bound (6.6) and convergence (6.7) to a limit for each term Q] (z,y) with j = 1,2, 3.
We do it in Lemmas 6.2, 6.3, and 6.5 as demonstrated below.
LEMMA 6.2. (i) The function Qi (x,y) is continuous and

sup sup Qj(r,r) < C < oo.
t>0 zeR™

(i) Qi (z,y) — ¢t (z —y)/2 ast — oo for all z,y € R™, where the matriz 1, is
defined in (2.17).
Proof. (i) Substitute (5.10) in (6.8) and obtain

(6.9) QL (k,K') = 2m)"6(k — k') G, (k) 5 G (k) GF (k),

N |
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where gt (k) := (G4 (k) + @_(k))/2. Hence,

-n 1 —i(x— - -~
010) Qo) =ale—y)= @0 [ e IGma ()G b .
where z,y € R"™. Hence, (5.5) and (A.4) imply Lemma 6.2(i).
(ii) Applying (A.6) to q(k) := q*(k), we obtain
1 .
) =@n) g [Tk o1),  tow, zeR
since the remaining oscillatory integrals in (6.10) vanish as ¢ — oo by (5.5) and the
Lebesgue-Riemann theorem. Lemma 6.2 is proved.
LEMMA 6.3. (i) The function Q?(x,y) is continuous and

sup sup Q?(z,x) £ C < o0 for any R > 0.
t>1 z€BR

(i) limy o (QF (z,), ¥(7) ® U(y)) = 5(¢L(z — y), ¥(x) © U(y)), ¥ € S.
Proof. (i) Substitute (5.11) in (6.8) and obtain

Q%(z,y) = (2m)~2" / e~ R Y G (k) Q3 (k, k') GF (K') dk: dk’
Rzn

=(2m) "2y / dk dk,, dk!,
+ JR

n41

+oo ~ = (k!
—ikx+ik'y 5 a:t(kn - g) ai(kn - 6)
L I e

(6.11) x G (k, §) d€ @T(k/)]

k=(k,k.)

We change variables and obtain the representation

(6.12)  QF(z,y)=(2m) "2 / e~ R@Y) Ty (8 w0, k) G (B) TL(E, yn, k) dE,
— Jr»

where by Ji(t,2,,k) = (J(t, 20, k))ij—01 We denote the matrix-valued integral

+oo =
(6.13) Ji(t, xp, k) == PV/ e~ iTn aig(g) ét (k, kn, + 5) dg,

and Ji stands for the Hermitian conjugate.

PROPOSITION 6.2. For any k € R™ the functions Ji(t,x,, k) are continuous
and uniformly bounded on t > 1 and x,, € [—R, R]; moreover,

(6.14) sup | JY(txn, k)| < CL+ Co|CH(K)|, 0,5 =0,1,

t21,|zn|SR

where C (k) are defined in (A.3) and the constants Cy,Cy do not depend on k.

The proof of Proposition 6.2 is shown in Appendix B. Now item (i) of Lemma 6.3
follows from (6.12) and from estimate (6.14) by (5.5) and the Lebesgue dominated
convergence theorem.
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(ii) According to Lemma 6.1 it suffices to consider ¥ € Sy with any fixed N € N.
By (6.12), we obtain

(@3a.v), w<m>®w<y)>=<2w> 2(Gu(k) Q3 (k. K') G <k'>,@<k>®$<k'>>

(6.15) (2m)~"~ QZ/ G (t, k) Gu (k)5 (t, k) dk,
where by j1 (¢, k) we denote an inner vector-valued integral

too 5 = ~
(6.16) Jjx(t, k) == PV/ aig(g) U(k, ky + &) Ge(k, ky + &) dE.

Recall ¥ € Sy; therefore k € supp ¥ C BY, := {k € By: |kn| = 1/N}, where by By
we denote a ball of a radius .
LEMMA 6.4. Let ¥ € Sy with some N € N. Then for k € R",

(6.17) j+(t, k) = —msign kng(k) [sinw(k)t — cosw(k) tCA'(k:)] +o(1)

as t — +00; o(1) tends to zero uniformly on k € R™.
Proof. From (A.4) it follows that it suffices to prove (6.17) for the integrals of the
form

+o0 >
(6.18) Gt k) =PV / etiw(kknte)t 0‘2@ g(k, k, + &) dE,

where g(k) € C§°(R™) with supp g C BY,. Since g(k, k,,+&) = 0 for |k, +£| £ 1/N, we
have

|kn + €|

[Vl b )| = 20—

2 C(N) >0,

for (k, k,+£) € supp g(k, k, +£) and k € BY.. Therefore we can apply Lemma 5 from
Chapter VII of [4, p. 151] to the integral j.(¢, k) and, since ay(0) = 1, we conclude
that j.(t, k) = g(k) e“®) tri sign(+£V,w(k)) + o(1), t — +o00. Lemma 6.4 is proved.

Substituting (6.17) in (6.15) and applying (A.7) to g(k) = ¢4 (k) + q—(k), we
obtain, by (2.17), that

(QF(z,y), ¥(z) @ ¥(y))
= (2m) " 212 /n E(k’) [sinw(k) t —cosw(k )tC’( )]( +(k)+q- (k))

x [sinw(k)tI — cosw(k )t CT (k )] U (k) dk + o(1)

(6.19) = —— LGk

2y (k) @ W(k)) +o(1),  t— o0,

<)

since the remaining oscillatory integrals vanish as t — co by the Lebesgue—Riemann
theorem and Corollary 5.1. Lemma 6.3 is proved.
LEMMA 6.5. (i) The function Q3(x,y) is continuous and

sup sup Q2 (z,z) < C < oo for any R > 0.
t>1 x€BR
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(1) limy o (QF (2, 9), ¥(2) ® U(y)) = (¢(z — ¥), ¥(z) ® U(y)) for any ¥ € S,
where the matriz G, is defined in (2.18).
Proof. (i) Substituting (5.12) in (6.8) we obtain

Q}(z,y) = (2m) 2" / e~ ket iK'y G (k) Q3 (k, ') G (k') dk di/
R2n

dk! dk.
K=(kky)

(6.20) = (2m) "7 PV /

. |:efik1:+ik’y g:(k) 21\03(k’ k/) @T(k/)]
R 1

Here we denote

e (@t = ) @ (R) + (R — KL) G (K)

(6.21) G (K = k) T (k) = G (ko — K1) - ()]
Let us substitute (6.21) in (6.20) and consider the first of the arising integrals,
Ii(z,y) :== (2m) " 7i

o ar (k) — kn) a7
99 p —ika+ik'y G (LG (K O“f("i” k' ’ dk! dk.
(6 ) X V\/R‘n+1 |:6 gt( )Q+( ) kn _ k;‘ gt ( ) k’:(k,k"n) n

Changing variables k], — k, — k, = £ we obtain

n

(6.23)  IL(z,y) = —(27)~"2ri / DR Gy (k) G (k) T (8 g ) d,

where J4(t,yn, k) is defined in (6.13). Equalities (6.23) and (A.4), Proposition 6.2,
and (5.5) imply that for z,y € Br

[z y)| £ C | (A+ICE|EE|(1L+ICT(k)]) dk < C1 < o,

which proves item (i) of Lemma 6.5.
(ii) According to Lemma 6.1, it suffices to prove item (ii) of Lemma 6.5 for ¥ € Sy
with any fixed N € N. Applying (6.20) we obtain

(Q3(w,y), U(x) @ U(y)) = (2m) "2 (QS(k, K), B (k) @ B(K'))
020 = o 2wiey [ R0 G @k ) 6T () B0
Rn+1

Let us substitute (6.21) in (6.24) and consider, for example, (I:(z,y), ¥(z) ® ¥(y)),
where ¥ € Sy and Ii(x,y) defined in (6.22). Changing variables k], — kI, — k, = &,
we obtain that

dk!, dk.
k'=(k,k!)

(6.25)

~

1(W) = (Ia), ¥(e) () = ~(20) " 2xi [ T G0 T (1) 30, 4)
where j (t, k) is defined in (6.16). Substituting (6.17) in the integral in the right-hand
side of (6.25), we get

L(¥) = (2n) " 2n?

X/
R’n

~

(k) Gi(k) @y (k) [sinwt — coswt éT(k)} sign(kn) W(k) dk + o(1).

)
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Further, we apply (A.8) with g(k) = ¢4 (k) and conclude that as t — oo

(6.26)

~

1(¥) = (2m) "L / Tk (OR) @ () — @ (6) O (8)) sign(kn)B(R) dk + o(1),

since the remaining oscillatory integrals tend to zero as t — oo by the Lebesgue—
Riemann theorem and (5.5). This implies the convergence of I;(¥) to a limit as t — oo.
Similar arguments give the limits of type (6.26) for all remaining terms in (6.24).
Hence, finally,

<Qt (z,y), ‘1’(96) ®W(y

E é G (k) —a (k) CT(k)) sign (k) U (k) dk

- 5 R
= (2m) " (G (k), @(k)@@(k)>+o(1),

where ¢t — 400, (k) = (¢ (k) — ¢_(k))/2. Lemma 6.5 is proved.
Now Proposition 6.1 follows from Lemmas 6.2, 6.3, and 6.5.

7. Compactness of measures family. Proposition 3.2 can be deduced from
the bound (7.19) with the help of the Prokhorov theorem (see Lemma 3.1 in [5]). As
a preliminary we prove two auxiliary lemmas.

LEMMA 7.1. The function V- V,Q%(x,y) is continuous and

(7.1) sup sup (V -V, QY (x,y) } ) <0 < oo, R > 0.
t>1 2EBR

Proof. For simplicity, let us consider the case Y(z) = 0 a.e. (The general case
Y (x) # 0 is proved similarly.) Then

. i ~ ~ 00
V. V,QP(,y) = (27) 72" / e Y o kG, (k) Qo K) G ()] dk i
R2n

oosinw(k)t A inw(k')t
(7.2) = (27r)*2”/ emitai'y SOV E g oy SR
R2n

w(k) w(k')

As in the proof of Proposition 6.1, we represent V. - V,Q%(z,y) as a sum:
3
(7.3) Ve Vy Z v, Q1) ",

where each term V, - V,[Q](z,y)]? is defined similarly to (7.2) with the func-
tion [@%(k:,k’ )J* in the integrand instead of Qi!(k,k’). Further, we estimate each
term V,, - V,,[Q](z,y)]* separately by the methods of Lemmas 6.2, 6.3, and 6.5.

I. From (5.10) and (7.2) it follows that

(7.4)

o Ol (amn L [ e BP@E0) TR
V. Vi QHe )P = oy [ D () 0
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Hence, by Proposition 5.1(ii), we obtain that the function V, - V,[Q} (z,4)]% is con-
tinuous by the Lebesgue dominated convergence theorem. Moreover,

(7.5) sup |V, -V, [Q%(m,y)}oo ’ ’ < C/ (|A11 | + ’AH |) dk < oo.
120 v=c

II. Consider the second term in the right-hand side of (7.3) (cf. (6.11)):

V.-V, [Q2(z,y)]”

=(2m) "2 zi:/

dk dk,, k), [e““*““'y o gy SnelR) t sinw ()¢

- o) W)
+oo ~ =T
O (kn — &) ax(ky, — &) o4
7.6 PV k,&)d .
(7.0 I e e UG | N
Changing variables, we obtain that
Vo V(@2 )" = CZ/ e @) (9t 2, ) TECE s ) K
(7.7) + ity 2, k) T+ (E Yn, k)) gy (k) dk,
where J (¢, z,,, k) is defined in (6.13), and
+oo P~
(7.8) Ji(t,xpn,k): PV/ﬁOo e ¢ sinw(k, k, + &)t o1 ) dg.
By Lemma B.1, we obtain the estimate |J (¢, x,,k)| < C1/w(k). Since

‘ kn+€ Ky
w(k,kn +§&)  w(k)

< Clel,

it follows that sup;>; ,1<p | T (t, zn, k)| £ C} < 0o by Lemma B.1. Hence, by virtue

of Proposition 5.1(ii), the function V, - V,[Q?%(z,y)]? is continuous by the Lebesgue
dominated convergence theorem. Moreover,

(7.9)
ik R N
V. V@) ", | € C/R" (w”(kl) +Cg) (17 ®)] + |72 ()] ) dicdk, < oo,

III. Applying (5.12) and (7.2), we obtain (cf. (6.20))

V, (@3, 9)]" = Co PV emicktig ML), [k, k)]
Rn+1 w(k)
: !
(7.10) sinw(k') ¢ dk d,
w(k) =, k)

where Cy = (27) " 2mi and g5 (k, k') is defined in (6.21). We substitute (6.21) and
estimate one of the integrals (for the remaining integrals the proof is similar):

e S k)t
Ii(z,y) := Co PV / emimtrivk SRV o
Rn+1 (JJ(k‘)

sinw(k')t ay (k, — k)

7.11
(7.11) w(k") kn —k;, k=0, k;)

dk di,.
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Changing variables k!, — k], — k, = £, we obtain that

; i k)t .
(712) It(xvy) = _CO/ne_Z(w_y)kSlrz:E]i)) 11( )JZ(t ynak) dkv
where
719) (k) =PV [ 0o T i, e R g
[ ¢ TR
Note that

w(k)

Hence, by Lemma B.2, sup;>1 |, <gr [J2(t,yn, k)| = Ck? Jw(k). Therefore, from (7.13)

and Proposition 5.1(ii) it follows that the function V, - V,[Q3(x,y)]% is continuous
by the Lebesgue dominated convergence theorem. Moreover,

K2+ kK
wk b, +&)  w(k)

< [¢]

. L. 1
sup |Li(z,2)| £ C’/ sinw(k)t gy (k)| dk < O3 |1 < .
til,xGBR| } n Wz(k)
Lemma 7.1 is proved.
Denote
(7.14) er(z,2") == QP (x, ') + Vi - Vo QY (2, 2) + Q1 (2, 2').

LEMMA 7.2. For any R > 0, the following equality holds:

(7.15) E||Us(t) YO()H; = / o ei(z, x) dz, teR.

Proof. The estimate (3.4) for Up(t) Yo = Y (x,t) = (Y°(x,t), Y1(z,t)) implies that

(7.16) E|Y(.0)|% < E|Yo(- <00

i

by condition S2 and the Fubini theorem. Hence, the mathematical expectation
E||Y(-,t)||% is finite for any R > 0, t = 0. Therefore, by the Fubini theorem, we
obtain that

E(|Yo(as,t)|2 + ‘VYO(x,t)|2 + ‘Yl(a:,t)’2> < 00, re X CR",
where mes(R™ \ X)) = 0. Hence, by the Cauchy—Schwarz inequality,
E(yyo(x,t) YO/, )| + |V YO, 1) - Vo YO/, 1)
(7.17) + Y (2, t) Yl(x',t)D < o0, z, 2 € X.

We take 0y (x) = k"0(kz), where 6(z) € C3°(R"), [6(x)dx =1, and 6(x) = 0. Then
definition (2.6) of the correlation functions gives

(T18)  E[0x+Y ()| = /|< de | Oz —y)Ox(z —y) ey, ) dy dy'.
z|<R R2n
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It is obvious that 0y (z) — 6(x) as k — oo. Therefore, the right-hand side of (7.18)
converges to flw‘SRet(x,x) dz, since e(+,-) € C(R™ x R™), and the left-hand side
converges to E||Y (-,t)||% by the Lebesgue dominated convergence theorem. Indeed,
10+ Y 0ln — IV, 0)lR as k — oo, and 6« Y(,0)lr < [Y(Dllnsme).
where ||Y(-,t)H%+R(G) is a summable majorant, by virtue of (7.16). Hence, (7.18)
implies (7.15) as k — oo.

COROLLARY 7.1. The estimate (7.17) implies the convergence of the integrals
n (2.5), for a.e. (z,y) € R*™.

LEMMA 7.3. Let conditions SO-S3 hold. Then

(7.19) sup E||Us () Yo[5, < 00, R >0,
t=0

Proof. From Lemma 7.2 it follows that

E||Y(-,t)”;=/ ei(x, ) dx.

|z|<R
Proposition 6.1(i) and Lemma 7.1 imply that

sup ez, z) SE < oo.
t>1,x€BRr

Hence,
E|[Uo(t) Vo[, = / e,z x) dz < ¢ Bp| < co.
Br

Lemma 7.3 is proved.
Finally, Proposition 3.2 follows from (7.19), by the methods of [5].

8. Convergence of characteristic functionals. In this section we apply the
Bernstein “room-corridor” method to prove Proposition 3.3. We rewrite (3.5) in the
form

(8.1) /exp (i(Uo(t) Yo, ¥)) po(dYp) —>exp{ — %QOO(\I/, \11)}, t — oo.

We use the standard integral representation for Uy(t) Yy, divide the domain of inte-
gration into “rooms” and “corridors,” and evaluate their contribution. As the result,
the expression (Up(t) Yo, ¥) in (8.1) is represented as the sum of weakly dependent
random variables. Further, we evaluate the variances of these random variables. A
similar method was used in [12, section 7, pp. 17-19]. However, the proofs are not
identical since in the present paper we study nontranslation-invariant measures.

First, we evaluate (Uy(t) Yp, ¥) in (8.1) by using a dual group. For ¢ € R, intro-
duce the “formal adjoint” operators U/(t), U’(t) from space D to a suitable space of
distributions. For example,

(8.2) (Y, U)(1)®) = (Up(t) Y, ¥), WeD, YeH.
Denote ®(-,t) = Uj(t) U. Then (8.2) can be rewritten as

(8.3) (Y(t), ¥) = (Yo, ®(-,t)), teR.
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The adjoint groups admit a convenient description. Lemma 8.1 in what follows dis-
plays that the action of groups U/(t), U’(t) coincides, respectively, with the action of
groups Up(t), U(t), up to the order of the components. In particular, Uj(t), U'(t) are
continuous groups of operators from D to D.

LEMMA 8.1 (see Lemma 7.1 in [12, p. 17]). For ¥ = (VY ¥!) € D,

(8'4) Ué(t) U= (¢('7t)7 ¢('>t))7 Ul(t) U= (¢('7t)> 1/J('7t))7
where ¢(z,t) is the solution of (3.1) with the initial date (ug, vo) = (¥, ¥°) and ¥(z, 1)
is the solution of (1.1) with the initial date (ug,vo) = (U1, ¥O).

Next we divide R™ into “rooms” and “corridors.” Given ¢t > 0, choose d = d; = 1
and p = p; > 0 as follows: take 0 < § < 1 and p; ~ t'7%, d; ~ t/logt, t — oco. Set
h=d+ p and

(8.5) o =jh, ¥ =d+d, jeZ.

We call the slabs Rl = {z € R": a/ < z, < b/} “rooms” and the slabs C{ =
{reR": ¥V £z, < at} “corridors.” Here x = (x1,...,2,), d is the width of a
room, and p is the width of a corridor.

Denote by x, the indicator of the interval [0,d] and by x. the indicator of the
interval [d, h] so that }°; (xr(s — jh) + xc(s — jh)) = 1 for a.a. s € R. Then the
following decomposition holds:

(8.6) (Yo, ©(, 1) = 3 (Yo, O, 1)) + (Yo, xZ0(, 1)),

JEZ

where x7 := x,(z, — jh) and x := Xxc(x, — jh). Consider the random variables
r{,ci, where

(87) th = <Y07 X'gq)(7t)>7 Ctj = <Y07 chq)(7t)>a ] €Z.
Then (8.3) and (8.6) imply that
(88) (Uolt) Yo, U) =Y (r{ +¢}).

JEZ

Note that the series in (8.8) is a finite sum. In fact, the support supp ¥ C B with
an 7 > 0. Then, by Huygen’s principle, the support of the function ® at ¢t > 0 is a
subset of an “inflated future cone” (see [12, p. 18]):

(8.9) supp® C {(z,t) e R" x Ryt |z| St +7}.

Hence, (8.7) implies that

(8.10) ri =c¢] =0 for jh+t<—F or jh—t>T.
Therefore, series (8.8) becomes a sum

Ny
S t
(8.11) (Up(t) Yo, W) = _EN: (rl +¢l)y Ny~ 7

LEMMA 8.2. Letn =1, m > 0, and conditions SO—S3 hold. Then the following
bounds hold for t > 1:

) d .
(8.12) BP0, BlGPom ez
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Proof. We prove the first bound in (8.12) only; the second is done in a similar
way. Let us express E|r/|? in correlation matrices. Definition (8.7) and condition S2

imply, by the Fubini theorem, that

(8.13) Elr! > = (x{(2n) X} () Qo(x, 1), (x,1) @ (y,1)).

For the function ®(z,t), the following bound holds (cf. Theorem XI.17(b) of [29,
p. 54]):

(8.14) sup |®(z,t)| = o(t—"/?), t — oo.
zER™

Applying (8.9) and (8.14) to equality (8.13), we obtain that

s15)  BPsor [ ([ Q] ar) s
|z|St+7 R
where [|Qo(x,)]|| stands for the norm of a matrix (Qf (z,y)). Therefore, the first
bound (8.12) follows from Proposition 5.1(i). Lemma 8.2 is proved.
Now convergence (8.1) follows just as in sections 8 and 9 in [12, pp. 20-25].

9. Variable coefficients: The scattering theory for infinite energy so-
lutions. In this section we prove Theorem A. We deduce it from Propositions 9.1
and 9.2 below by using the arguments as in sections 10 and 11 in [12, pp. 25-29].

Consider the operators U’(t), Uj(t) in H = L*(R") @ H'(R") (see (2.19)). The
energy conservation for the Klein—-Gordon equation implies the following corollary.

COROLLARY 9.1. There ezists a constant C > 0 such that for any ¥ € H,

01 @], <Clele VO], <Cl¥lL  teR.

Lemma 9.1 follows from the results of Vainberg (see Theorems 3-5 in [3]). Con-
sider a family of finite seminorms in H,

1911¢r) = /|st (|\I/0(x)|2+ W (2)] + |wl(x){2) dr, R>0.

Denote by H(g) the subspace of functions from H with a support in the ball Bg.
DEFINITION 9.1. H. denotes the space |J o H(r) endowed with the following
convergence: A sequence V,, converges to ¥ in H. as n — oo if and only if there
exists R > 0 such that all ¥,, € H gy, and ¥,, converges to ¥ in the norm || - ||(g)
asn — oo.
In what follows, we speak of continuity of maps from H, in the sense of sequential
continuity. Given ¢ 2 0, denote

_Jesn, nz3,
(9-2) () = {(t +1)7Mog T (t+2), n=2

LEMMA 9.1 (see [3]). Letn 2 2 and conditions E1-E3 hold. Then, for any
R, Ry > 0, there exists a constant C = C(R, Ry) such that for V € Hg,

(9.3) |0/ | ) £ O[] e 0.
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Given t 2 0, set

{(t+1)‘1/2, n =3,
(94) 81(t =

log™ ' (t +2), n=2.

THEOREM 9.1. Let n = 2 and conditions E1-E3 and S0-S3 hold. Then there
exist linear continuous operators W,r(t): H. — H such that for ¥ € H,,

(9.5) Uty =Ust)y W +r(t) 0, t=0,
and the following bounds hold: For any R >0 and ¥ € H gy,
(9-6) lr#®) ¥llg = C(R)ex(t) [[¥]l(r),  t20,
(9.7) E[(Yo,r(t) O)|* < C(R) () |¥|[ER),  t20.

Proof. Relations (9.5) and (9.6) are proved just as in section 10 in [12, p. 25-27].
It remains to prove (9.7). First, similarly to (8.13),

(98)  E(Yo, r(1) ¥)” = (Qolx,y), (1) () @ r(t) U(y)) = Qo(r(t) ¥, r(t) W),

Hence, Corollary 5.1(i) and (9.6) imply the following inequality for ¥ € H(g):
2 2 2
(9-9) E(Yo, r(t) )" < C|[r(t) ¥|[L. £ C|r(t) ¥ £ C(R) €1(t) V] Fg)-

Theorem 9.1 is proved.

Finally, Theorem A follows from the two propositions below.

PROPOSITION 9.1.  The family of the measures {ut, t € R} is weakly compact
in H™¢, for any € > 0.

ProproSITION 9.2. For any ¥ € D,

9.10) (W) = /exp (i(Y, ©)) e (dY) —>exp{ - % Q. (WD, W\I/)}

as t — o0.

We deduce these propositions from Propositions 3.2 and 3.3, respectively, with
the help of Theorem 9.1.

Proof of Proposition 9.1.  Similarly to Proposition 3.2, Proposition 9.1 follows
from the bounds

(9.11) supE||U(t) Yo||, <00,  R>0,
20

which follow from Theorem 9.1 and Proposition 3.2 as in [12].
Proof of Proposition 9.2.  Equations (9.5) and (9.7) imply, by the Cauchy—
Schwarz inequality, that
[Eexp (i(U(1) Yo, 0)} ~ Eexp {i(Yo, Us(t) W)}

1/2

S E[(Yo,r(t) ¥)| £ (E[(Yo, r() ©)PP) " —0,  t— o0

It remains to prove that

(9.12)  Eexp {i(Yo, U(t) W¥)} Hexp{ - % Qoo (WU, W\IJ)}, t — oo.
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This does not follow directly from Proposition 3.3, since generally, WU ¢ D. We

approximate WU by functions from D. It is possible since WW¥ € H, and D is dense
in H. Hence, for any € > 0 there exists ® € D such that

(9.13) [W¥ — |z e
Now we can derive (9.12) by the triangle inequality
1
‘Eexp {i(Yo, Uty W)} — exp{ ~3 Qoo (W, W\P)}‘
< ’Eexp {i(Yo, UY(t) W)} — Bexp {i(Yo, Uj(t) @)}‘

+E

exp {§{Un(t) Yo, @)} — exp{ _ % Qoo(cb,@)}’

(9.14) +

1 1
exp{ ~3 Qo (P, @)} - exp{ ~3 Qoo (WU, W\II)H
Applying the Cauchy—Schwarz inequality, we get, similarly to (9.8) and (9.9), that
o\ 1/2
B|(¥o. U)W — )] < (BI(Y, U)W e — #)") < g we - @),
Hence, (9.1) and (9.13) imply that

(9.15) E|(Yo, U(t)(W¥ — ®))| < Ce, t=>0.

Now we can estimate each term in the right-hand side of (9.14). The first term
is O(g) uniformly in ¢ > 0 by (9.15). The second term converges to zero as t — oo by
Proposition 3.3, since ® € D. Finally, the third term is O(e) owing to (9.13) and the
continuity of the quadratic form Q. (¥, ¥) in L?(R") ® C? (Corollary 5.2). Now the
convergence (9.12) follows since € > 0 is arbitrary.

Appendix A. Fourier transform. We consider the dynamics and correlation
functions of system (3.2). Denote by F': w — @ the Fourier transform of a tempered
distribution w € D'(R™) (see, e.g., [19]). We also use this notation for vector- and
matrix-valued functions. )

In the Fourier representation, system (3.2) becomes Y (k,t) = Ay(k) Y (k,t), and
hence,

o~ o~

(A1) Y (k,t) = Gi(k) Yo(k),  Gi(k) = exp (Ao(k)1).

Here we denote

sinwt
a2 Am=( % g ), @<k>:< coswt = )

—w —wsinwt  coswt

where w = w(k) = /|k|?> + m2. Denote by I the identity matrix and

(A.3) Ck) = (C9(K); ;= ( —wo(k:) wjz)(k) >

~

(A4) Gi(k) = coswt I + sinwt C (k).
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Hence,

Gu(k) Q(k, k) G (k') = cosw(k) t cosw(k)t QK. K)
+ sinw(k) t sinw(k) t C(k) Q(k, k') CT (k)
+ cosw(k)t sinw(k) t Q(k, k") CT (k)
+ cosw(k) t sinw(k) t C(k) Q(k, k')

- %Z { cos (wk) £ w (k) t (Qk,K') 5 Ck) QU k) CT (k)
+

(A.5) + % sin (w(k) £ w(k')) ¢ (é(k) Ok, k') £ Ok, k) éT(k')) }

In the particular case when Cj(k, k") = 6(k — k') q(k), we obtain

~

Gu(R) (k) GF (k) = 5 {a(k) + C(k) k) C7 ()}

1 N ~ N ~
+ 5 cos 2w(k) ¢ {q(k) — C(k) k) C’T(k)}
1 ~ FONP
(A.6) +5 sin2w(k)¢ {C(k) q(k) + (k) CT(k)}.
The following formulas are used in the proofs of Lemmas 6.3 and 6.5, respectively:

[Sinwtf — coswt 6(k)} q(k) {sinwtl — coswt GT(/{)}
1

= 2 {a) + Gy ak) €7} — 1 cos20(h) 1 {a(k) — Ok a(h) O (k) )

A7) — % sin2u(k) £ { C (k) @(R) + (k) OT (k) },
Gy (k) G(k) [smw(k) t1— cosw(k)t éT(k)]
CR) k) — Q0R) CT ()} — 5 cos 20(k) ¢ {a(k) €7 (k) + C (k) ()}

(A.8) sin 2w (k) ¢ { (k) — C(k) (k) € (k) }.

Appendix B. Singular oscillatory integrals. By virtue of (A.4), Proposi-
tion 6.2 follows from the following lemma.

LEMMA B.1. Let w(k) = +/|k|?> + m?; the function Q(k) be one of the func-
tions w(k), w=1(k) or 1; and =, € [-R, R]. Then the matriz-valued integral

I(t,zn, k) =PV / e Tn gFiw(kkn+£)t 0‘2(5) Qk, k, + &) d¢
R

is uniformly bounded:

(B.1) sup  |I(t,zn, k)| £ CQk),
lzn|SRt21

where a constant C' does not depend on k.
The bound (B.1) follows from the inequalities

wik, kn +&) —w(k)| = Cl¢

VkeR",
Wtk kn + &) —wTH(R)| £ ClElwH (k)



TWO-TEMPERATURE PROBLEM FOR KLEIN-GORDON EQUATION 609

le?¢*n — 1| < min{|¢||z,|,2} and the following lemma.

LEMMA B.2. The integral J;(k) :== PV f:rOO: ekt OtG  (€)/€dE is bounded
forallt>1, k= (kk,) € R".

Proof. Note that a similar integral around the circle (instead of R) has been
considered in Proposition A.4 of [2] for n = 1 and the condition w®)(0) = 0 for
p=1,...,m—1and w(™(0) # 0 for a finite number m. Moreover, it is assumed in [2]
that the inequality and the estimates for all functions are fulfilled uniformly on the
parameter, which belongs to a compact set. In our case the parameter belongs to an
infinite space, and these estimates are not uniform because all derivatives agnw(k, kn)
vanish as |k| — oo. Then Proposition A.4(ii) from [2] is not applied directly and we
have to modify it to apply it to our case. Since a; € S(R1), it suffices to prove that
the integral

8 giw(kkn+E)t
(B.2) (k) == PV/ — &
)

is bounded uniformly on ¢ > 1 and k € R" for a small enough 6 > 0. Let us consider
separately two cases |ky,| = B6 and |k,| < BS, where B is a large enough number.
(i) Let |ky,| = Bé. Then Ok, w(k) =k, /w(k) # 0. We change the variables

w(k, ky + &) —w(k)
Ok, w(k)

§— z=2z(k§) =

Then w(k, ky, + &) = w(k) + zkp/w(k) and z|¢—o = 0, (02/0¢) |¢=o = 1. Therefore,
denoting by ¢ = @(k, z) the inverse function to z = z(k, ), we obtain that for small
enough ¢ for |k,| = B6

) 6 iztk"/w(k)a k

. e Lo(k, 2)

e (k :eWWPV/ dz+O(1
t( ) —6 gO(k,Z) ( )

uniformly on k. Note that (9,¢(k,2))/e(k,z) = 1/z + x(k, z), where x(k,z) is a
bounded function for |z| £ § uniformly on |k,| = B for large enough B. Hence,

) 6 eiztkn/w(k)
(k) = et PV/ T ron)
-6
uniformly on k for |k,| = B6. Further, denote A\ := tk,/w(k). Hence, j:(k) =
e“®tI(\) + O(1), where I(\) := PV ffé(e”)‘/z) dz. For |\ £ C < oo, we have
[I(A)] £ |A26 £ Cy. For |A\| 2 C, using the formula limy_, 1o [()\) = i, we obtain
the uniform boundedness of the integral I(\) for all A\. Hence, for the case |k,| = Bé
the integral j;:(k) is uniformly bounded in ¢ and k.
(ii) Let |k,| £ Bé with fixed B above. We use the following relation:

1
w(k,0)

0 w(k,0) = #0, keR"

The phase function in the integral (B.2) admits a representation in the form

97 w(k,0)

Wk, bn +€) = w(k,0) + (kn +€)* =2

4+ .= w(k7 O) + Ck/lzz(k, kn + E)a
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where Cy := (2w(k,0))~". Moreover, u(k,0) = 0 and p;, (k,0) = 1, and the inte-
gral (B.2) becomes
‘ 8 iCwp® (kkn+€)t
Y
)

Take a new variable ¢ by the rule u(k, k, + &) = p(k, k) + ¢, and express a variable &
by ¢. Denote by ¢(k, ) = k,, the inverse function to u = p(k, k,). Then k,, + & =
¢(k, ¢ + p(k, kn)). Hence,

In particular, 0. = d,¢(k, ¢ + u(k)), and then,

de.

Ji(k) =

) 6 piCkt[C+u(k)]?
ezw(k,O) t PV/ € 8#@(1(7 C + /J’(k)) dC + O(l)

—s (kO 4 p(k)) — ok, p(k))

8 iCit[C+u(k)]?
@y  =ewtorpy [
_6 C

uniformly in k for |k,| < Bé. In contrast to Proposition A.4 of [2], in our case
Cx # const., and, moreover, Cx — 0 as |k| — oco. Let us take a new parameter
A := Ckt. Then

¢ + 0(1)

X[z (k))?

6
e(k) :eiw(k,O)th/ %dZ—FO(l)
—s

uniformly in k for |k,| £ Bé. Note that |u(k)| £ |k,| < B6. Hence, the uniform
boundedness of the last integral PV ff s follows by Proposition A.4 (ii) of [2].
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