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Abstract. We consider the dynamics of a field coupled to a harmonic crystal with n compo-
nents in dimension d, d,n > 1. The crystal and the dynamics are translation-invariant with

respect to the subgroup 7% of R%. The initial data form a random function with a finite mean
density of energy which also satisfies a mixing condition of Rosenblatt or Ibragimov—Linnik
type. Moreover, initial correlation functions are translation invariant with respect to the dis-

crete subgroup 7. We study the distribution p¢ of the solution at times ¢ € R. The main
result is the convergence of y; to a Gaussian measure as t — 00, where poo is translation

invariant with respect to the subgroup 7.

1. INTRODUCTION

The paper concerns problems of long-time convergence to an equilibrium distribution in a coupled
system which is similar to the Born—-Oppenheimer model of a solid state. In [5-7, 10], we have started
the convergence analysis for partial differential equations of hyperbolic type in R?. In [8, 9], we have
extended the results to harmonic crystals.

Here we treat a harmonic crystal coupled to a scalar Klein—Gordon field. In this case, the
corresponding problem in the unit cell is an infinite-dimensional Schrédinger operator, whereas in
[8, 9] (and in [5-7, 10]), it was a finite-dimensional matrix. This situation usually arises in the
solid-state problems similar to that for the Schrédinger equation with space-periodic potential [18].
The main novelty in our methods consists in that they yield exact estimates of trace norms for the
problem in the unit cell.

We assume that an initial state Yy of the coupled system is a random element of a Hilbert
phase space &£, see Definition 2.4. The distribution of Y[ is a probability measure po (with zero
mean) satisfying conditions S1-S3. In particular, the measure pg is invariant with respect to
translations by vectors of Z%. For a given ¢t € R, we denote by y; the probability measure defining
the distribution of the solution Y (¢) to the dynamical equations with random initial state Y. We
study the asymptotics of u; as t — +o0.

Our main result gives the (weak) convergence of the measures p; to a limit measure fiso,
Wt = foo, t— 00. (1.1)

The measure fio is Gaussian and translation-invariant with respect to the group Z?. We give
explicit formulas for the covariance of the measure .. The dynamical group is ergodic and mixing
with respect to the limit measure pi,. Similar results also hold as t — —oo because the dynamics
is time-reversible.

Similar results have been established in [1, 24] for one-dimensional chains of harmonic oscillators
(with d = 1) and in [11, 13, 16, 21] for one-dimensional chains of anharmonic oscillators coupled to

*Partially supported by the research grants of RFBR (03-01-00189) and DFG (436 RUS 113/615/0-1) and by the
Austrian Science Foundation (FWF) project (P16105-N05).

**0On leave from Department of Mechanics and Mathematics at the Moscow State University. Partially supported
by Max-Planck-Institute for Mathematics in the Sciences (Leipzig) and by the Wolfgang Pauli Institute (Wien).

301



302 T. V. DUDNIKOVA, A. I. KOMECH

heat baths. For d-dimensional harmonic crystals, with d > 1, the convergence (1.1) was proved in
[8, 9, 17]. The mixing condition was first introduced by R. Dobrushin and Yu. Suhov for an ideal gas
in [3]. The condition can replace the (quasi-) ergodic hypothesis when proving the convergence to
the equilibrium distribution, and this plays a crucial role in our approach. Developing a Bernshtein-
type approach, we have proved the convergence for the wave and Klein—Gordon equations and for
harmonic crystals with translation-invariant initial measures [5, 6, 8]. In [7, 9, 10], we have extended
the results to two-temperature initial measures. The present paper extends our previous results to
the scalar Klein—Gordon field coupled to the nearest neighbor crystal.

Let us outline our main result and the strategy of the proof. (For the formal definitions and
statements, see Section 2.) Consider the Hamiltonian system with the following Hamiltonian func-
tional:

H(pum0) = 5 [ (966 >12+\w<x>\2+m3w<x>12)das (12)
d
5 30 (Do hulh ) W+ o0+ ) + Y [ BB uhya) e
kezd =1 kezd

involving a real scalar field (x) and its momentum 7(z), * € R? coupled to a “simple lattice”
described by the deviations u(k) € R™ of the “atoms” and their velocities v(k) € R, k € Z.
The symbol R(z) stands for an R"-valued function and e; € Z¢ for the vector with the coordinates

eJ = 5’ Taking the variational derivatives of H (1, u,m,v), we formally obtain the following system

for = E]Rd and k € Z4:

U (x, (0H Jom) = 7(z,1),

t) ) =
u(k,t) = (0H/0v) = v(k,t), (13)
w(x,t) = —(0H /6Y) = (A —md)Y(x,t) — > cqa u(k' 1) - R(x — k'), '
o(k,t) = —(0H Jou) = (Ap — v3)u(k,t) — [ R(z' — k)y(2',t) da’.
Here mq, vg > 0 and the symbol A, denotes the discrete Laplace operator on the lattice Z<,
Apu(k) == Y (u(k+e) — u(k)).
e,le|=1

Note that, for n = d and R(z) = —Vp(x), the interaction term in the Hamiltonian is the linearized

Pauli-Fierz approximation of the translation-invariant coupling

Z/p(:c —k —u(k)Y(z) dz. (1.4)
k

A similar model was analyzed by Born and Oppenheimer [2] as a model of a solid state (coupled
Maxwell-Schrédinger equations for electrons in the harmonic crystal; see, e.g., [18]). The traditional
analysis of the coupled field-crystal system (1.3) is based on an iterative perturbation procedure
using the adiabatic approzimation. Namely, in the zero approximation, the crystal and the (electron)
field are discoupled. The electron field in the crystal defines a slow displacement of nuclei. The
displacements give the corresponding contribution to the field via the static Coulombic potentials,
which means a non-relativistic approximation, etc. The iterations converge if the motion of the
nuclei is sufficiently slow, i.e., the nuclei are rather heavy as compared with the electrons. A similar
procedure applies to the corresponding stationary problem of finding the dispersion relations.

Our analysis of the dispersion relations is a bit different and holds for small displacements.
Namely, we linearize the translation-invariant coupling (1.4) at the zero displacements of the nuclei
and obtain equations (1.3) corresponding to the Pauli-Fierz approximation. On the other hand, we
analyze the dispersion relations of the linearized equations without any adiabatic or non-relativistic
approximation. We give an exact nonperturbative spectral analysis of the coupled system (1.3).

We study the Cauchy problem for the system (1.3) with the initial data
lb(fl’ao) :wO(x)a W(.Q?,O) :WO(x)a xERd,
u(k,0) = ug(k), wv(k,0) =wvo(k), keZ
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ON THE CONVERGENCE TO A STATISTICAL EQUILIBRIUM 303

Let us write
POi=, Yli=7, ui=wu, ul:i=w,
YO(t) == (¥°(x, 1), u’(k, 1)) == (v (@,1), u(k,1))
Py— 0 1 ) ) ) ) ) b )
ro= 00 o) [0 D ) e 0
In other words, Y (-,t) are functions defined on the disjoint union P := R? U Z¢,
. , it = R4
Vi) = vi(pt) = 4 V@D p=TERL L
u(k,t), p=keZ
In this case, the system (1.3), (1.5) becomes a dynamical problem of the form

Y(t) =AY (t), teR; Y(0) =Y. (1.7)
Here Yy = (0, uo, 70, v9) and
_ 2
A=JVH(Y) = <_% é) H = < Astmo _ALS+V3), J= <_(1) (1)) (1.8)
where Su(z) =, .0 R(x — k)u(k), S*¢(k) = R(z — k)¢ (x) dz, and

* Rd
(W, Su)p2may = (S*, Wpzzayn, ¢ € L*(RY), we [P(Z)".
We assume that the initial data Y| define a random function, and the initial correlation matrix
Qop.0) = E(Yop) Vo)), .o €P,
is translation invariant with respect to translations by Z<, i.e.,

Qo(p +k,p' +k)=Qo(p,p), pp €P, (1.9)
for any k € Z%. We also assume that the initial mean energy densities are uniformly bounded,

er(x) == E(|Vo(x)]? + [Yo(x)]* + |mo(x)]?) < &p < 00, a.a. z € RY (1.10)
er = E(|uo(k)]* + |vo(k)]?) < 00, k€ Z% (1.11)

Finally, we assume that the measure pg satisfies a mixing condition of Rosenblatt- or Ibragimov—
Linnik type, which means that

Yo(p) and Yy(p') are asymptotically independent as |p — p’| — oo. (1.12)
Our main result gives the (weak) convergence (1.1) of p; to a limit measure pio., which is a stationary
Gaussian probability measure.

Let us comment on the methods of the proof. The key role in our proof is played by the standard
reduction of system (1.7) to the Bloch problem on the torus. Namely, we split € R? in the form
r=k+vy keZyec K¢ = (0,19 and apply the Fourier transform Fj_.9 to the solution

Y (k1) = ((k + ), ulle, ), w(k + 1), 0k, 1)),

Y (6,t) := Fr—gY (k,t) = Z eV (k,t) = (¥(0,y,1),a(0,t), 7(0,y,t),5(0,t), 6ecR?
kezd

which is a version of the Bloch-Floquet transform. The functions 15, 7 are periodic with respect to
f and quasi-periodic with respect to y, i.e.,

Further, introduce the Zak transform of Y(-,¢) (which is also known under the title of Lifshitz—
Gelfand-Zak transform) (cf. [18, p. 5]) as

ZY(, t) = ?H(Hv t) = (&H(ea Y, t)a &(0, t)v 77(1_[(07 Y, t)v ’D(Ha t))v (113)
where 1 (0, y,t) := ¥%(6,y,t) and 7 (0, y,t) := €7 (0, y,t) are periodic functions with respect
to y (and quasi-periodic with respect to 6). Denote by T¢ := R9/Z? the real d-torus and write
R = T8 U {0}. Set
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- - I ~ _ d
YH(H,r,t) = Yn(e,t) — (Q?H(‘%ylt)ﬂrn(‘%y’t))v r Yy e Tl ;
(u(@,t),v(@,t)), r=0.
Problem (1.7) is now equivalent to the problem on the unit torus y € T with the parameter
6 c K=]0,2n],

{ffn(e,t) _ ,fi(e)ffn(e,t), teR| 4 1)
YH(Hv 0) = }/OH(G)
Here
A(0) = (_73(9) é) ; (1.15)
and H(0) :== ZHZ"" is the “Schrédinger operator” on the torus T,
Sy [V +0)?+md S5(0)
o= (TR 56 (H10)
where
w2(0) :=2(1 —cosOy) + -+ 2(1 — cos 0g) + 15, (1.17)
(50)i0) 0. 1= Fu(0.9) - 0), (503 (0.))(0) == [ Ra(~6.0)in(0.)dy. (118)

1

(@ (0,-), (S(0)@)(0, ) L2(zey = (S*(0)dm)(0) - @(0), Pn(0,-) € H'(T{), a(6) € C".
Then, formally,
Vi (0, t) = A0V (0), 6 K< (1.19)
To justify the definition of the exponential, we note that 7:{(9) is a self-adjoint operator with a

discrete spectrum. Indeed, if R = 0, then this follows from elliptic theory and, if R # 0, then

the operators S(#) and S*() are finite-dimensional for a fixed . We assume that H(f) > 0
(condition R2), which corresponds to the hyperbolicity of problem (1.3).

Note that in [8, 9], we considered the harmonic crystal without any field. In this case, the operator
A(0) is a finite-dimensional matrix.
Let us prove the convergence (1.1) by using the strategy of [5-10] in the following three steps.
I. The family of measures u;, t > 0, is weakly compact in an appropriate Fréchet space.
II. The correlation functions converge to a limit,

@)= [ (Y0 8 Y0)) mldY) = Qulprl), t—oe, pif € (120)
ITI. The characteristic functionals converge to a Gaussian functional,
. 1
ﬂt(Z) = /€Z<Y,Z> Ht(dy) —>6Xp{ _QQOO(Z7Z)}7 t — 00, (121)

where Z is an arbitrary element of the dual space and Q. is a quadratic form.
Property I follows from the Prokhorov theorem. First, let us prove the uniform bound (2.15)

for the mean local energy in u;. To this end, we shall show that the operator (Qicjij(é?)ﬁj)
i,j=0,1

is of trace class, where ('jzj(ﬁ) represents the covariance of the measure u; in the Zak transform
(see (3.7)) and Q = Q(f) := 1/ H(6). Moreover, we derive the uniform bound
sup sup tr (QZQZJ(H)QJ) < 00. (1.22)
t>0 0€[0,2m]4 ,7=0,1

This implies the compactness of y; by the Prokhorov theorem (when applying Sobolev’s embedding
theorem as in [5]).

To derive property 11, we study oscillatory integrals in the Zak transform by developing our
cutting strategy introduced in [8]. Namely, we rewrite (1.20) in the form

Qi(Z,7) — Qx(4,7Z), t— o0, (1.23)
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 12 No. 3 2005
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where Q,(Z,Z) stands for the quadratic correlation form for the measure u;. Further, we prove
formula (1.23) for Z € DY as follows: by the definition of DY, the Zak transform Zpj(6) vanishes in
a neighborhood of a “critical set” C ¢ K. In particular, the set C includes all points § € K¢ with
a degenerate Hessian of w;() and the points for which the function w;(€) is non-smooth. One can
cut off the critical set C by the following two crucial observations: (i) mesC = 0 and (ii) the initial
quadratic correlation form is continuous in L? due to the mixing condition. The continuity follows
from the spatial decay of the correlation functions in accordance with the well-known Schur lemma.

Similarly, we first prove property III for Z € D° and then extend it to all points Z € D. For
Z € D°, we use a version of the S. N. Bernshtein “room-corridor” technique (cf. [5, 8]). This leads
to a representation of the solution as the sum of weakly dependent random variables. Then (1.21)
follows from the Central Limit Theorem under a Lindeberg-type condition.

Let us comment on the two main technical novelties of our paper. The first of them is the
bound (1.22), which then ensures compactness. We derive formula (1.22) in Section 4 directly from
our assumption concerning the finiteness of the mean energy density (1.10), (1.11). The derivation
uses the technique of trace class operators [23], which enables us to avoid additional continuity
conditions for higher-order derivatives of the correlation functions. An essential ingredient of the
proof is the “unitary trick” (4.6), which is a natural consequence of the Hamiltonian structure of
system (1.3). The second main novelty is the bound (2.2) for the dynamics in weighted norms. In the
Zak transform, the weighted norms become Sobolev norms with negative index. We derive (2.2)
in Appendix A, by usng duality arguments, from the corresponding bounds for the derivatives
of the exponential (1.19). The bounds for the derivatives follow by differentiating the dynamical
equations.

Let us comment on our conditions E1 and E2. The conditions are natural generalizations of
similar conditions in [8, 9]. Condition E1 enables us to apply the stationary phase method to the
oscillatory integral representation for the covariance. This helps to prove that the stationary points
of the phase functions are non-degenerate.

The paper is organized as follows. In Section 2, we formally state our main result. The com-
pactness (property I) is established in Section 4, the convergence (1.20) in Section 6, and the
convergence (1.21) in Section 7. In Section 8, mixing properties for the limit measures are proved.
Appendix A concerns the dynamics in the Fourier transform, in Appendix B, we analyze the cross-
ing points of the dispersion relations, and in Appendix C, we discuss the covariance in the spectral
representation.

2. MAIN RESULTS

2.1. Notation

We assume that the initial data Y are given by an element of the real phase space £ defined
below.

Definition 2.1. Let H** = H**(R%), s € R, a € R, be the Hilbert space of distributions
¢ € S'(R?) with finite norm

[¥lls,0 = [{2)* APl L2 ray < 00

For ¢ € D = C°(RY), write Fi)(¢) = /e’f'%b(x)dx. Let A%y = FE__{I((@‘G&(@) and (z) =
V]#]2 + 1, where ¢ := F1) stands for the Fourier transform of a tempered distribution 1.

Remark 2.2. Fors =0,1,2,..., the space H*(R?) is the Hilbert space of real-valued functions
¥ (x) with finite norm

Yo [+ ) D ()] de < oo,

lvI<s

which is equivalent to [[¢]]2 .
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Definition 2.3. Let LY, o € R, be the Hilbert space of vector functions u(k) € R", k € Z9,
with finite norm

lulls, = > (14 k) |u(k)* < oo.
kezd

Definition 2.4. Let £ := H!T5%(R%) @ L* ® H**(R%) @ L* be the Hilbert space of vectors
Y = (¢, u, 7, v) with finite norm
V12 0 = 1913 s 0+ lull + 17112 o + l0ll5-

Choose some «, o < —d/2. Assume that Yy € £ := £%«.
Using the standard technique of pseudo-differential operators and Sobolev’s theorem (see, e.g.
[14]), one can prove that £%% = & C £ for every s < 0 and 3 < «, and the embedding is compact.

Definition 2.5. The phase space of problem (1.7) is £ := €% a < —d/2.

Introduce the space Hj := H*(T{) ® C", s € R, where H*(T{) stands for the Sobolev space.
We assume that the following conditions hold for the real-valued coupling vector function R(z):
R1. R € C*(R?) and |R(x)| < Rexp(—¢|z|) for some ¢ > 0 and some R < oo.

R2. The operator H(6) is positive definite for § € K¢ = [0,2x]¢. This is equivalent to the uniform
bound

(X°, H(0)XO) > RPIXO|F for X° € Hy, @€ K, (2.1)

where k > 0 is a constant and (-,-) stands for the inner product in HY (see (3.13)).

Remark 2.6. i) Condition R2 ensures that the operator i.A(#) is self-adjoint with respect to
the energy inner product. This corresponds to the hyperbolicity of problem (1.3).

ii) Condition R2 holds, in particular, if the following condition R2" holds (see Remark 9.3):
2
R2'. / ‘ Z R(k—l—y)‘ dy < vgmg /2.
[Ovl]d kEZd
iii) Condition R2’ holds for functions R satisfying condition R1 with Re~% < 1.
Proposition 2.7. Let conditions R1 and R2 hold. Then (i) for any Yy € &, there is a unique

solution Y (t) € C(R,E) to the Cauchy problem (1.7), (ii) the operator W (t): Yy +— Y (t) is contin-
wous in £ for any t € R,

s W (@Yol < O Yol (2.2)
if a is even and a < —2. h

Proof. (i) Local existence. Introduce the matrices

o 0 1 (A +md 0
Then problem (1.3) can be rewritten as the Duhamel integral

t

Y(t) = ety, + / eI BY (s) ds,
0

where

BY = (0,0,— " u(k)R(x - k’),—/

R(x — k)w(z") dm’), Y = (¢, u,m,v).
k' €z Rd

Condition R1 implies that || BY (s)]l0,o < C||Y (s)[|0,. Further, for 0 < s < ¢ < T, we obtain

( - le** = BY (s)]o,0. < DY (5)llo,a-
see, e.g., . Hence,

Y ()0, < CD)|Yollo,a + TC(T Y (8)[lo,e < (T +1)C(T Y (5)[lo,a-
max [V ()llo.e < CTYollo,o + TC(T) max [V (s)llo,o < (T + DET) max [[Y (s)llo

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 12 No. 3 2005



ON THE CONVERGENCE TO A STATISTICAL EQUILIBRIUM 307

We choose a T' > 0 so that (T'+ 1)C(T') < 1. Then the contraction mapping principle implies the
existence of a unique solution Y (t) € C([0,T]; ). The global existence follows from the bound (2.2).

(ii) The bounds (2.2) are proved in Corollary 9.6. O

Conditions R1, R2 imply that, for a fixed # € K¢, the operator ﬂ(@) is positive definite and
self-adjoint in HY and its spectrum is discrete. Introduce the Hermitian positive-definite operator

Q(6) := \/H(®) > 0.
Denote by w;(6) > 0 and F;(0,-),l =1,2,..., the eigenvalues (“Bloch bands”) and the orthonormal
eigenvectors (“Bloch functions”) of the operator Q() in HY, respectively. Note that Fj(f,-) €
H® := C°(T{) ® C" because these are eigenfunctions of the elliptic operator H(8).

As is well known, the functions w;(-) and Fj(-,r) are real-analytic outside the set of the “crossing”
points 6, where w;(0.) = wy (6.) for some [ # I'. However, the functions are not smooth at the
crossing points in general if w;(0) # wy (#). Therefore, we need the following lemma, which is proved
in Appendix B.

Lemma 2.8 [26]. There exists a closed subset C. C K% such that (i) the Lebesque measure of Cs

vanishes, mesC, = 0. (2.4)

(ii) For every point © € K%\ C, and N € N, there exists a neighborhood O(0) C K¢\ C, such that
each of the functions w;(6) and F;(0,-), l=1,...,N, can be chosen to be real-analytic on O(O).
(iii) The eigenvalues wi(6) have constant multiplicity in O(O), i.e., one can enumerate them in
such a way that

w@) = =w,(0), wyp1(0)=-=w,(0), ..., (2.5)
wTa (9) §é Wr, (9) Zf o 7é v, Toy Ty 2 1
for any 6 € O(O).

Corollary 2.9. The spectral decomposition holds,
+oo
=1

where P,(0) are the orthogonal projectors in HY onto the linear span of F;(0,-), and P;(0) and w;(0)
depend on 0 € O(O) analytically.

Assume that system (1.7) satisfies the following conditions E1 and E2. For every © € K%\ C,:
0w (0) ) d
00,00,

E1. Dy(0) 20,1 =1,2,..., where D;(0) := det (
Lemma 2.8. Write

, 0 € O(0) and O(0©) is defined in
i,j=1
C= |J {#€0(®©): D(O) =0}, 1=12,...
QcKd\C,
The following lemma, is also proved in Appendix B.
Lemma 2.10. Let conditions R1, R2 hold. Then mes C; =0,1=1,2,...

E2. For each | # I, the identity w;(f) — wi(0) = const_, § € O(©), cannot hold for any constant
const_ # 0, and the identity w;(0) + wy () = const cannot hold for any constant const # 0.

Condition E2 could be considerably weakened (cf. [8, Remark 2.10, iii, condition E5']). Note
that conditions E1 and E2 hold if R = 0.

Let us show that conditions E1 and E2 hold for “almost all” functions R satisfying conditions
R1, R2. More precisely, consider finitely many coupling functions Ry, ... , Ry satisfying conditions
R1 and R2’ and take their linear combinations

N
Re(x) =Y CiRy(z), C=(Cy,...,Cn) €R".
s=1

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 12 No. 3 2005
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For Re(x), conditions R1 and R2’ hold if ||C|| < & with a sufficiently small € > 0. Let

M, :={C € B.: condition E1 holds for R¢(x)}, My :={C € B.: condition E2 holds for R¢(z)},
where B, := {C € RV : ||C|| < ¢}. In Appendix B, we prove the following lemma.

Lemma 2.11. The sets M; and My are dense in some ball B, for a sufficiently small € > 0.

2.2. Random Solution. Convergence to Equilibrium

Let (£2,%, P) be a probability space with expectation F and let B(€) denote the Borel o-algebra
in £. Assume that Yy = Yp(w,p) (see (1.7)) is a measurable random function with values in
(€, B(E)). In other words, the map Q2 x P — R?T2" given by the rule (w,p) — Yy (w, p) is measurable
with respect to the (completed) o-algebra ¥ x B(P) and B(R*T2"). Then Y (t) = W (t)Yj is also a
measurable random function with values in (€, B(£)) owing to Proposition 2.7. Denote by 10(dYp)
the Borel probability measure in £ defining the distribution of Yy. Without loss of generality, we can
assume (2, %, P) = (&,B(E), po) and Yo (w, p) = w(p) for po(dw) x dp-almost all point (w,p) € € xP.

Definition 2.12. The measure u; is a Borel probability measure in £ defining the distribution
of Y(t),
pe(B) = po(W(-t)B), VBeB(E), teR.

Our main objective is to prove the weak convergence of the measures u; in the Fréchet spaces

£%P for each s <0, B < a < —d/2, ,
Lht £ loo as T — 00, (2.8)

where fio is a limit measure on £ = £%%. This is equivalent to the convergence

/f(Y),ut(dY) —>/f(Y),uoo(dY) as t— oo

for any bounded continuous functional f(Y) on £%5.

Let D = [Dr @ Dr]? with D = C5°(R?), and let Dy, be the set of vector sequences u(k) € R™,
k € Z4, such that u(k) = 0 for k € Z% outside a finite set. For a probability measure ;1 on &, denote
by fi the characteristic functional (Fourier transform)

[(Z) = /ei<Y’Z> w(dY), ZeD.
Here (-, -) stands for the inner product in L?(P) ® RY with different N = 1,2,...,

(V,2):=) (vi,z"), Y=@°Y", Z=(2°2"),

vz = [ Yoz wa= [ Ve ot 3w )

where Y = (', u?), Z* = (¢4, x"). A measure p is said to be Gaussian (with zero expectation) if
its characteristic functional has the form

1
Z) = exp{ - 591z, Z)}, Z €D,
where Q is a real nonnegative quadratic form in D.

Definition 2.13. The correlation functions of the measure py, t € R, are defined by
J(p.p) = E(Yi(p,t) ® Y’ (p’,t)), i,j=0,1, pp €P, (2.9)

where E stands for the integral against the measure ug(dY) and the convergence of the integral
in (2.9) is understood in the sense of distributions, namely,

(@ (:0), Z1(p) © Za(p)) = EQY' (p, 1), ()Y (W', 1), Z2(P')),  Z1,%2 € Dp @ Do (2.10)
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2.3. Mixing Condition

Let O(r) be the set of all pairs of open subsets A, B C P such that the distance p(A, B) is not
less than r, and let o(.A) be the o-algebra in £ generated by the linear functionals Y — (Y, Z)
for which Z € D and supp Z C A. Define the Ibragimov-Linnik mixing coefficient of a probability
measure fo on £ by the formula (cf. [15, Definition 17.2.2])

lo(ANB) — /JO(A)MO(B)’.

o(r)= sup sup
(A,B)EO(r) A€o (A), BEa(B) fo(B)
po(B)>0

Definition 2.14. A measure p satisfies the strong uniform Ibragimov—Linnik mixing condition
if o(r) — 0 as r — co.

Below we specify the rate of the decay of ¢ (see condition S3).

2.4. Main Theorem

Assume that the initial measure pg satisfies the following properties S0-S3:
S0. The measure p has zero expectation value, EYy(p) =0, p € P.
S1. The correlation matrices of j1 are invariant with respect to translations in Z?, i.e., equation (1.9)
holds for a.a. p,p’ € P.
S2. The measure p has a finite mean “energy” density, i.e., equations (1.10), (1.11) hold.
S3. The measure g satisfies the strong uniform Ibragimov—Linnik mixing condition with

+oo
/ ri 1oV 2 (1) dr < co. (2.11)
0
Introduce the correlation matrix Q. (p,p’) of the limit measure ji. It is translation invariant with
respect to translations in Z<, i.e.,

Qoo(p:7) = Quo(p+ k.0’ + k), keZ. (2.12)
For Z € D, write

0uul(Z.2) = (Que(po1). Z(p) ® Z(p')) = (2)~" /

Kd

(4 (6). Zu(6,) © Zu(6.))db, ~ (213)
where () is the operator-valued function given by the rule
o0 ~
. L@ 0) +H 1 (0)d (0) a5 (0) — 45" ()
Joo(0) == Pl(é?)—( 0\ 20 . 401 02 P(0), (2.14)
LI\ e e mede + o)
for € K9\ C,. Here the symbol cjéj (#) = Op (cjéj @,r, 7“’)) stands for the integral operator with
the integral kernel G5 (6, r,r") (see formula (3.7) with t = 0), r,7’ € R, and P;(#) is the spectral
projection operator introduced in Corollary 2.9.

Theorem A. Let conditions S0-S3, R1, R2, E1, and E2 hold. Then the following assertions
are valid:

(i) the convergence (2.8) holds for any s <0 and < —d/2;
(ii) the limit measure po is Gaussian on &,

)
1
(iii) the characteristic functional of ji is Gaussian, fiso(Z) = exp { - §QOO(Z, Z)}, Z e D;
(iv) the measure ps is invariant, i.e., [W(t)]* oo = fhoo, tER.
Assertions (i)—(iii) of Theorem A follow from Propositions 2.15 and 2.16 below.
Proposition 2.15. The family of measures {j;, t € R} is weakly compact in £8 with any
s <0 and f < a< —d/2, and the following bounds hold:
supE]HVV(?S)Y()]H%,(l < Cla) < oo. (2.15)
teR

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 12 No. 3 2005



310 T. V. DUDNIKOVA, A. I. KOMECH

Proposition 2.16. The convergence (1.21) holds for every Z € D.

Proposition 2.15 (Proposition 2.16) provides the existence (the uniqueness) of the limit mea-
sure fio.. They are proved in Sections 4 and 7, respectively.

Theorem A, (iv) follows from (2.8) because the group W (t) is continuous with respect to £ by
Proposition 2.7, (ii).

3. CORRELATION MATRICES

To prove the compactness of the family of measures {u;}, we introduce auxiliary notation and
prove necessary bounds for initial correlation matrices. Since Y*(p,t) = (¢*(x,t),u"(k,t)), we can

rewrite formula (2.9) as follows:
B(v'(e ) @vi@,) B¢t suw,1)

Cpr) = OOV plinnewan) Blekn s wn)

_ QU (@) QU (w,K)
- .17 i g
FY (k) QT (k)
Let us rewrite the correlation matrices Qij (p,p’) by using condition S1. Note that the dynamical
group W (t) commutes with the translations in Z?. In this case, condition S1 implies that
Qt(k +p7 k +p/) = Qt(pvp,)v le Rv ke Zd‘ (32)
Let us introduce the splitting p = k + 7, where k € Z¢ and r» € K¢ U0. In other words,
. — r—[r] € K¢ ifp=axeR%
0 if p==~k ez

), i,j=0,1, teR. (3.1)

In this notation, (3.2) implies that

. - wW / il gy
Itk 1) =g ey = (% FoR ) (k) g
Y — k) g (k- K)

Using the Zak transform (1.13), introduce the following matrices (cf. (2.10)):
)7 (0,7,0",r') = E[YE(0,r,t) @ V(0,1 1), 6,6 € K%Y 1o’ e R=TIUO, (3.4)

where the convergence of the mathematical expectation is understood in the sense of distributions.
Namely, write D = [Dr @ Dr]? and Dp := C®(K? x T{), D, := [C=(T%)]". Then
(@Y (0,1,0',1), Z41(0,7) © Z (0, ")) = E(Yi(0,7,1), Z4 (0, 7)) (YA (0", 77,8), Z§ (0/,7))  (3.5)

for Zy = (2%, Zk) € D. Now (3.2) implies that

270,70 1) = (2m)46(0 — 0GP (0,7, "), 0,0/ e K¢, 1 eR, tekR, (3.6)

where i
~¢ P / ~
(0 r 74 _ ez(r r’)o Z ezke iJ k r, ’I”) ( ~ulw](0 'Y, y) Qt~ (0 y)) (3'7)
kezd (0,y") g ()
Recall that P is the disjoint union R? U Z¢. For a measurable function Y (p), write

/Y(p) dp _/ Y(@)de+ 3 Y(k). (3.8)

F Re =

Proposition 3.1. Let conditions SO-S3 be satisfied. Then the following assertions hold.

/ [Qo(p,p)ldp < C < oo forany p' €P, (3.9)
. P
(i)
/ [Qo(p,p)|dp’ < C < oo forany peP, (3.10)
P
where the constant C' does not depend on p,p’ € P.
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i g YY), q K Y), /q ’ Y, q”“‘ are uniformly bounded in
i) DG (0,4.y), DGl (6 DA (0,y), @ (6 ly bounded
(H,y,y)edeTldeld, la| <1—d, |B|<1—j.
Proof. (i) By [15, Lemma 17.2.3], conditions S0, S2, and S3 imply

Qo(p,p')| < Cmax{ep,er} o' *(Ip - '), p,p' €P. (3.11)
Hence, the bounds (3.9) and (3.10) follow from (2.11).
(ii) Similarly to (3.11), conditions S0, S2, and S3 imply

DEEG ™ (0,y.9) < S IDSEG Y (k4 y, ) <O Y WPk +y—y))

kEZd keZd
<C Y (k] -2Vd) < C < .
kezd
Similar arguments imply the other bounds. O

Corollary 3.2. By the Schur lemma, Proposition 3.1, (i) implies that the following bound holds
for any F,G € L? := [L*(P,dp)]* = [L*(RY) @ [I(Z%)]"]*:

[{Qo(p,p"), F(p) © G(p')| < Cl|FllL2 |Gl
Corollary 3.3. The quadratic form Q. (Z,Z) defined in (2.13)—(2.14) is continuous in L.
Proof. Formulas (2.13) and (2.14) imply

<Q00(p7p/)7 Z(p) ® Z(p/)> = (277)_(1 /Kd\c (Cjoo(e’rv T/)v ZH(Hvr) ® ZH(G’T/)> do

(2m) dlZ / e, (d0(0,,") + Fo(0,7,7"), PuO) Zu(6,7) & Pi(0) Zu(0,77) ) o, (3.12)

Oror) i the o (OO a0
where 7 (0, r,7’) is the integral kernel of the operator 7¢(6) := ( 20 - 10 . Here
=40 (0)  H(0)q°(0)
and below, the symbol (-,-) stands for the inner product in HY = H(K¢) ® C", i.e.,

(F,G)—/Kdﬁ(y)Gl(y)dy—i—ﬁ-GQ, F=(F'F%, G=(G'G* e HY, (3.13)

or in HY = [HY]?. Consider the terms on the right-hand side of (3.12). Since

YR Zallfeaxrye < ClZulfzigaxry: = ClIZIE (3.14)
=1
we obtain

Z/ (@ 0.7.7"), P(O)Z5(0,7) © RUOZ (0,17) ) b < CZ13s, i, 5 = 0,1, (3.15)
= Jra\c

by Corollary 3.2. Further consider ""0 For the terms with 70! and 7Y, estimate (3.15) holds. We
rewrite the term with 70° in the form

Z/de* (ngO(H,r, "), P(0)Z3(6,r) ®Pl(0)m) a0

=1
= Z/Kd\c H0,r,r"), HH(0)P(0) Z1 (0, 7) ®B(9)W) db. (3.16)
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It follows from estimates (3.14) and (9.7) and Corollary 3.2 that the right-hand side of (3.16) is
estimated from above by C|Z°|%, (p)- Finally, consider the term with 73! and represent it in the
form,

S [ o, (RO ROZO. @ ROZEE ) 9
(@°(6,7.7), 2OV P(0) ZE(9,7) © OV PUO)Z}(6,77) ) db. (3.17)

By the bounds (3.14) and (9.6), the right-hand side of (3.17) is bounded by

€ [ (08" O e+ 18O s+ 15”0, sy +138"(0)) | ZA 0, g .
In turn, (3.18) is estimated by CHZlH%Q(P) by Proposition 3.1, (ii). O (3.18)

Remark 3.4. The operator Go(f) in H® is nonnegative and self-adjoint. Indeed, for any function
Z € D, we have

/Kd (40(0). Zn(0.) ® Zn(6.) ) do = (2" BI(¥. ) > 0.

Hence, (Go(0), Zn(0,-) ® Zn(6,-)) >0, 6 € K<.

4. COMPACTNESS OF THE SET OF MEASURES OF THE FORM pup

Proposition 2.15 follows from the bound (2.15) by the Prokhorov theorem [25, Lemma I1.3.1] by

using the method of [25, Theorem XII.5.2] because the embedding £%% C £%8 is compact if s < 0
and a > [.

Lemma 4.1. Let conditions SO-S3 hold. Then the bounds (2.15) hold for o < —d/2.

Proof. Step (i). By condition S1,
EIY (IR = E| / A+ P (@ D + Ve, O + (1)) da
+ 3 (1 IR (e, ) + otk D) | < Clay de(d), (4.1)

kezd

where
()= B | (10608 + 900 +Ix(0 ) dy + [u(0.0 +]u(0.0)P].
Denote by C; the correllation operator of the random function
(9Dl w0,6), 70, )l erg, v(0,0)) € & = H' (K) o R? & HO(K{) & R

Then e(t) is equal to the trace of the operator C;. Note that C; = Op (qt(O,r, r )) is an integral
operator with the integral kernel ¢;(0,r,7") (see (3.7)),

q:(0,7r,r") = (27r)_d/ —i(r=r )eqt(é? rr')d, o € Ry = K{U{0}. (4.2)
Kd

Denote by G;(0) := Op (q}(@, T, r’)) the integral operator with the integral kernel g;(0,r,7’). In this
case, (4.2) implies that

e(t) = tre, Oy = (2m) 74 / tre, [e‘”ecjt(é?)e"/e] df. (4.3)
Kd
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Step (ii). Introduce the operator I' defined by HEH(H, y) = (Vylﬁn(é?, y), ¥ (6, y)) and the oper-

ator ', given by
I 0
Loy := (O 1) 0

0 I
Then, since ¢ () > 0 and the operator e : (Y(y), u, m(y),v) — (%%, u, e, v) in & is bounded
uniformly with respect to § € K¢, we have

tre, [e—wqt(e)e”’ﬂ < Ctre, G4(6) = C trepo [re,;qt(e)r;fx] (4.4)

Let us now estimate the trace tryo [Fez(jt (H)F:z] . Introduce the matrix-valued self-adjoint operator

Dy = 0 (0) = <Q§f’) ?) ,

where I stands for the identity operator on HY. Note that 2.,G:(0)Qec, = 0 (recall that Q. is a self-
adjoint operator). Further, B := (I'.,€_.}) is a bounded operator on H? since Q! : HY(K{)®C" =
HY - HI, and (g ?) . H} — HY. Therefore,

trego [LezGe(0)T7,] = trigo [BQerGt(0)Qex BY] < C trigo [Qex Gt (0)Qez], (4.5)

Q. on the space H,

by [23, Theorem 1.6]. Let us now estimate the trace of the operator Q.,q:(6)2c.. We first use the
formula Q.,G(0,t) = U(0,t)2,, where G(0,t) is defined in (11.1) and

L cos Ut sin it
U,t) = (—sin Qt  cos Qt> ’

Hence, by (11.4), we have
QezGi(0)Qer = QLexG(0,1)G0(0)G*(0,1)Qer = U(0,1)QerGo(0) Qe U™ (0, 1).

Since U(t, ) is a unitary operator on H°,

tr0 [Qes G (0)Qes] = trao [U(6,1)Qesqo(0) Qe U™ (0,1)] = trio [QesGo(0)Qes] (4.6)
by [19, Theorem VI.18, (c)]. Finally, it follows from (4.3)—(4.6) that
supe(t) < C’l/ treo [QexGo(0) ez ] db. (4.7
teR Kd

Step (iii). Let us now prove that the right-hand side of (4.7) is finite. We use the representation
Qexo(0)S22, = (Qewre_zl)re:ijO(e)FZz(Qewre_zl)*v

where I'_! stands for the left inverse operator of T'.,. On the other hand, Q.,I'_,! is a bounded

operator in H since Q.. (0) (I',,l, respectively) is (a finite-dimensional perturbation of) a pseudo-

differential operator of order 1 (—1, respectively) on K¢{. Moreover, 2., (#) is uniformly bounded
on # € K% Hence, - - . -

trp0 [QesGo(0)Qes] < Ctrgo[Lesgo(0),] = Ctre, [Go(0)]. (4.8)
Finally, by inequalities (4.7) and (4.8) and by condition S2, we obtain

supe(t) < C tre, go(6) do

teR Kd
<GE[ [ (Wo) + 9000 + Imo@)) du -+ luo(OF + ()]
< Ci(ep —i—leL) < o0. (4.9)
Now the bound (2.15) follows from (4.1) and (4.9). O
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5. “CUTTING OUT” THE CRITICAL SPECTRUM

Definition 5.1. (i) Introduce the critical set C := C, U (Uk Ck> (see E1).
(i) Introduce the set D C D given by

D’ = UnDy, Dy = {Z €D

PZu(0,) =0 forVi>N, 0 e K, }

- 5.1
Zn(0,-) = 0 in a neighborhood of a set C U IK? (5.1)

Lemma 5.2. Let limy .o, Qi(Z,72) = Quo(Z,Z) for any Z € D°. Then the convergence holds
for any Z € D.

Proof. First, Definition 2.13 implies that

Qi(Z,Z) == E[Y (), Z)] = (Qi(p.1'), Z(p) ® Z(¢p)), Z € D. (5:2)
Therefore, by (7.2), we have Q;(Z,Z) = Qo(Z(-,t), Z(-,t)), and hence
Sup 1Q:(2,2)| < Csup 1Z ()1 (5:3)

by Corollary 3.2. By the Parseval identity and by the bound (7.5), we obtain
12000 = C@) [ 1A O 20, oy 8 < C [ 1200, oy @0 = CIZIE (5.0

uniformly with respect to t. Here £ := L*(R?) @ [12(Z9)]" @ H'(RY) @ [I?(Z%)]". Further, by
Lemma 2.8, for any Z € D, we can find a Z € Dy such that ||Z — ZV||; — 0 as N — oo. Namely,
ZN(0) = 31y Pi(0)Zn(6) if Zu(6) = 0 for 6 in a neighborhood of C U @K, Finally, the set of
such functions Z is dense in £. Then Lemma 5.2 follows from (5.3), (5.4), and Corollary 3.3. O

Lemma 5.3. The convergence (1.21) holds for any Z € D if it holds for Z € D.

Proof. This follows immediately from Lemma 5.2 by the Cauchy—Bunyakovskii-Schwartz in-
equality:

(2 = (2] = | [ (20 = 2 ) uay)| < [160°7 2 < tjptay)

/yYZ' Z"Y | (dY) \//\YZ’ Z") 21y (dY)

— \/Qt — "7 — Z// < CHZ/ Z//HL 0

6. CONVERGENCE OF THE COVARIANCE

Proposition 6.1. Let conditions E1-E2, R1-R3, and S0-S3 hold. Then, for any Z € D,
Q(Z,7Z)— Q(Z,Z), t— . (6.1)

Proof. By Lemma 5.2, it suffices to prove the convergence (6.1) for Z € D° only. If Z € D,
then Z € Dy for some N. Let us apply the Zak transform to the matrix Q¢(p,p’),

(Qi(p, P, Z(p) ® Z(p)) = (2m) >HQu(0,0,v,7"), Zu(0,7) @ Zu (0, 7). (6.2)
Further, by Lemma 2.8, we can choose some smooth branches of the functions F;(0,r) and w; () to
apply the stationary phase arguments, which requires some smoothness with respect to §. Denote

by supp Z the closure of the set {8 € K% : Z(0,y) # 0 Y € T%}. Since supp Zi N (CUAKY) = 0,
we can apply Lemma 2.8. Namely, for any point © € supp Zij, there is a neighborhood O(0) ¢ K d\

(CUOK %) with the corresponding properties. Hence, supp Z; € UM_,O(0,,), where ©,,, € supp Zr.
Therefore, there is a finite partition of unity

Z gm(0) =1, 6 € supp Zn, (6.3)
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where g, are nonnegative functions of C§°(K9) and suppg,, C O(©,,). Further, using Defini-
tion 5.1, (ii) and the partition (6.3), represent the right hand side of (6.2) as

(Qlp.p"), Z(p) ® Z(p') Z Z gm (@)1 (t,0), A1(0) © Ay (9)), (6.4)

m=11'=1

using formulas (3.6) and (11.6). Here A;(0) = (F)(6,-), Zu(6,)), ru (t,0) is the 2 x 2 matrix
g (3.6) (11.6). ) )5 :

ru (t,0) % ; { cos (wy(0) xwy (6))t (puf(ﬁ) F 01(9)1?11/(«9)0,7(9))
+ sin (w(8) = (0))t (Cu(B)pr (6) + pur(B)CT (9)) }. (6.5)
where
pif(0) = (Fi(6,), @ O)F)(0,)), 9 €0O), LU=12.., ij=01, (67)

and (-,-) stands for the inner product in HY = H(T¢) @ C" (see (3.13)) or in H® = [H)]?.
By Lemma 2.8, the eigenvalues w;(f) and the eigenfunctions Fj(6,r) are real-analytic functions in
0 € supp g, for every m: we do not mark the functions by the index m to simplify the notation.

Lemma 6.2. Let conditions S0-S3 hold. Then pjj,(0) € LY(O(0,,)), 3,5 = 0,1, [,I' = 1,2, ...
foreachm=1,... M.

Proof. Since {F;(0,-)} is an orthonormal basis, by the Cauchy-Bunyakovskii-Schwartz in-
equlity, we have

(/O P ( yde( c/ P (0)2d6 < / ‘(Fl(é?,'r),cjéj(H,r,r’)E/(H,r’)>‘Qdé?
(Om O(Om)

</ de/ dr/ G2 (0, r,")?dr’. O
0(Om) R R

Further, let us study the terms in (6.4), which are oscillatory integrals with respect to the
variable . The identities w;(0) 4+ wy () = consty or wi(#) — wy(0) = const_ with consty # 0 are
impossible by condition E2. Moreover, the oscillatory integrals with w;(0) £ wy (6) # const vanish
as t — oo. Hence, only the integrals with w;(6) — wy(6) = 0 contribute to the limit because the
relation w;(#) 4+ wyr(0) = 0 would imply the relation w;(6) = wy () = 0, which is impossible by E2.
Let us index the eigenvalues w;(6) as in (2.5). Then cos (w;(0) — wy(0))t =1 for I,I" € (ro—1,70),
o=1,2,... Hence, for [,I' € (r,_1,7], we have

ru (t,0) = %(pll’(e) + Cl(Q)Z?Uf(G)ClT(H)) + % cos 2w (0)t (puf(@) — C(0)py (@C’f(@))

+ 5 sin2u(0)t (CoO)pwr (6) + pur (B)CF (0)). (6.8)
Therefore,
(Qi(p,p), Z(p) © Z(p')) = (2n) dZZ / Im (0 Mw ---,Azw)@m(e)) do,  (6.9)
m [, l'=1

where My (0) = (M} (0))} ] _o» L, =1,2,..., is the matrix with the continuous entries

i ~ / ~ / T g !
M 0) = x5 (RO, [qow,r,r )+ CiO)ao(6, . )CT(O)] Fr(®.r)): (6.10)
here the symbol x;; is given by the rule (see (2.5))

1 it LU'e(ro—1,70), 0=1,2,..., r0:=0
, = ) ol I ’ 6.11
X { 0 otherwise. ( )
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Further, for 6 € supp g,, C O(O) (see Lemma 2.8), we write

“+oo
L O.rr") = Y FO.r) My (0)Fy (0,r'), i.j=0,1. (6.12)
LU'=1

The local representation (6.12) can be expressed globally in the form (2.14). Hence,

(@i(p.0), Z(p) © Z2(p)) = 2m) 4 / 9n(0) (@e6,7.77), Z01(6,7) @ Zua(8,47) ) d9 + -+, (6.13)

where the symbol “---” stands for the oscillatory integrals which contain cos(w;(0) £ wy (0))t

and sin(w;(0) + wy(0))t with w;(0) & wy(0) Fconst. The oscillatory integrals converge to zero
by the Lebesgue-Riemann theorem because the integrands in “---” are summable, and we have
V(wi(#) £ wir(0)) = 0 on the set of Lebesgue measure zero only. The summability follows from
Lemma 6.2 because the functions A;(6) are smooth. The zero-measure condition follows as in (2.4)
since wy(0) & wy (#) #const. This completes the proof of Proposition 6.1. O

7. BERNSHTEIN’S ARGUMENT
7.1. Oscillatory Representation and Stationary Phase Method

To prove (1.21), we evaluate (Y (+,t), Z) by duality arguments. Namely, introduce the dual space
E=H 1R oL s H" *R?) & L™ with finite norm
206, —a)? = 11121, o + 75 —o + Nl + )12 -
For ¢t € R, introduce the “formal adjoint” operator W’(¢),
(W)Y, Z) =Y, W' t)Z), Ye€& Zek&, (7.1)
where (-, -) stands for the inner product in L?(R%) @ [I?(Z9)]" @ L*(R?) & [12(Z4)]".
Write Z(-,t) = W’(t)Z. Then formula (7.1) can be rewritten as
(Y (1), 2) = (Yo, Z(,1)), tER. (7.2
The adjoint group W’(t) admits a convenient description.

Lemma 7.1. The action of the group W'(t) coincides with the action of W (t) up to the order
of components. Namely, W'(t) = exp(ATt), where A is the generator of the group W (t).

Proof. Differentiating (7.1) with respect to t for Y, Z € D, we obtain

Y (6)2) = (W(0)Y, 2). (73)
The group W (t) has the generator A (see (1.8)). The generator of W(t) is the conjugate operator
(0 —H i o4, [ A+ m% S
a=(§00) e (TR ) ()
Hence, A" = AT. O
Corollary 7.2. The following uniform bound holds:
14" 20 ) aporr < C1 2. Mugons.  Zn(0.) € HY @ H], (7.5)

which can be proved similarly to (9.3).

Applying Lemma 7.1, we can rewrite Z(t) = W'(t)Z as the Zak transform, i.e., Zr(0,r,t)
= exp (/l”ﬂ)t) Z11(6, 7). Recall that we can restrict ourselves to elements Z € Dy with a fixed
index N. Using the partition of unity (6.3), we obtain

M N
Z(k+r,t) = (2m) "¢ m (0)e ™ FTOGT (0, )Fy(0,7) A (0) df
() =0 33 [ o 0,05 (6,1)A40)

m=1 [=1
N .
= Z Z/ ) 6—1(9(k+7’):|:wz(B)t)gm(g)ali((g)Fl(9’T)Al(e) do, 7 € Dy. (7.6)
mx 1=1 7K
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Here A;(0) = (Fi(6,-), Zu(6, ")),
sin wy(0)t
wi(6) ) 0 € supp gm, (7.7)
—wi(0) sinw;(0)t  cosw;(0)t
and w;(f) and ali(ﬁ) are real-analytic functions in the interior of the set supp g,, for every m.

Gi(0,1) = cos wy(0)t

Let us derive formula (1.21) by analyzing the propagation of the solution Z(k + r,t) of the form
(7.6) in diverse directions k = vt with v € R? and for » € R. To this end, we apply the stationary
phase method to the oscillatory integral (7.6) along the rays k = vt, ¢ > 0. Then the phase becomes
(Bv £ w(0))t, and its stationary points are the solutions of the equations v = FVw;(6).

Note that Zi(6,7) = 0 at the points (6,7) € K% ® R with degenerate Hessian D;(6) (see E1).
Therefore, the stationary phase method leads to the following two different types of asymptotic
behavior of Z(vt,t) as t — co.

I. Let the velocity v be inside the light cone, v = £Vw;(6), where § € O(©) \ C. Then

Z(vt,t) = O(t=Y?). (7.8)
IT. Let the velocity v be outside the light cone, v # £Vw;(#), where § € O(©)\C, [l =1,...,N.
Then

Z(vt,t) = O@t™%), Vk>o. (7.9)
Lemma 7.3. The following bounds hold for any fized Z € D°:

(i) sup|Z(p,t)| < C 2, (7.10)
peP

(ii) for any k > 0, there exist numbers Cy,~y > 0 such that
Z(p. )] < Ce(L+1Ipl +[t) 7% |p| =t (7.11)

Proof. Consider Z(k + r,t) along each ray k = vt with an arbitrary v € R%. Substituting the
related expressions into (7.6), we obtain

N
Zwt+rt)=Y > /K ) e i OvE (@)t () F(0,r) A1(0) df, Z € Dy (7.12)

m,+ =1
This is a sum of oscillatory integrals with phase functions of the form ¢j(0) = v 4 w;(6) and with
amplitudes ali (0) that are real-analytic functions of # in the interiors of the sets supp g,,. Since
wi(0) is real-analytic, each function ¢li has at most finitely many stationary points 6 € supp g,
(solutions of the equation v = FVw;(#)). The stationary points are nondegenerate for 6 € supp g,

by Definition 5.1 and by E1 since

82¢li =+D,;(0 0, 0 7.13
8«9189]-) = 1(8) # 0, € Supp gm- (7.13)
At last, Zp(6,r) is smooth because Z € D. Therefore, we have Z(vt + r,t) = O(t~%?) according

to the standard stationary phase method of [12, 20]. This implies the bounds (7.10) in each cone
|k| < et with any finite c.

det (

Further, write ¥ := max,, max;—1 xy MaXgcsupp g,, | Vwi(d)|. Then, for |v| > v, there are no sta-
tionary points in supp Zp. Hence, integration by parts (as in [20]) yields Z (vt + r,t) = O(t~%)
for any k£ > 0. On the other hand, the integration by parts in (7.6) implies a similar bound,

Z(p,t) = O((t/|p|)l) for any [ > 0. Therefore, relation (7.11) follows with any « > ©. This shows
that the bounds (7.10) hold everywhere. O

7.2. “Room-Corridor” Partition

The remaining constructions in the proof of (1.21) are similar to [5, 8]. However, the proofs are
not identical, since here we consider a non-translation-invariant case and a coupled system.
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Introduce a “room-corridor” partition of the ball {p € P: |p| < vt} with + taken from (7.11).
For t > 0, choose A; and p; € N. Asymptotic relations between ¢, At, and p; are specified below.
Set hy = Ay + pr and ' '

) a’ = jhta v =a’ + At7 ] € Z7 Nt = [(’Yt)/ht] . (714)
The slabs R} = {p € P : |p| < Nihs, o/ < pg < W} are referred to as “rooms,” Cf = {p € P :
Ipl < Nihy, ¥ < pg < /') as “corridors,” and Ly = {p € P : |p| > Ny} as “tails.” Here
p=(p1,---,Pa), A is the width of a room, and p; is that of a corridor. Denote by X; the indicator
of the room R}, by &/ the indicator of the corridor C{, and by 7; the indicator of the tail L;. In

this case, Z[Xg P+ & @ +mp) =1, peP, (7.15)

where the sum ), stands for Z;V_t_ n,- Hence, we obtain the following Bernshtein’s type represen-
tation:

(Yo, Z(, ) = D [(Yo, X4 Z(, 1)) + (Yo, & Z(, )] + (Yo, me Z(,t)). (7.16)

Introduce the random variables ;t“i ) 67 and [; by the formulas
rl = (0.0 20.0), d = Yo,62(.0), 1= (Yo,nZ(.1)). (7.17)

Then relation (7.16) becomes
(Yo, Z(t)) = > (r] + ) + 1. (7.18)
Lemma 7.4. Let S0-S3 hold and Z € D°. T;Le following bounds hold for t > 1:

Elr{? <C(2) At Vi, (7.19)
E|d]> < C(Z) pi/t Vi, (7.20)
EllL><Cy(Z) t™" VEk>o0. (7.21)

Proof. Relation (7.21) follows from (7.11) and Proposition 3.1, (i). We discuss (7.19) only, and
relation (7.20) can be studied in a similar way. Let us express E|r? |2 in terms of correlation matrices.

Definition (7.17) implies N i ,
Elrf]* = (Qo(p.0"), X3 (0)Z(p,t) @ X] (1) Z (¥, 1)) (7.22)
According to (7.10), equation (7.22) yields

B < [d@lQo. ) dpdy’ =t [ i) d [ Qoo p)ldy' < CA. (7.23)
where ||Qo(p,p’)|| stands for the norm of the matrix (Qéj(p,p’)). Therefore, (7.23) follows by
Corollary 3.2. O

7.3. Proof of Theorem A

The remaining part of the proof of the convergence (1.21) uses the Ibragimov-Linnik central
limit theorem [15] and the bounds (7.19)—(7.21). For details, see [5, Secs. 8,9] and [9, Secs. 9, 10].

8. ERGODICITY AND MIXING FOR THE LIMIT MEASURES

The limit measure (i is invariant by Theorem A, (iv). Let E., be the integral with respect
to poo-

Theorem 8.1. Let the assumptions of Theorem A hold. Then W (t) is mizing with respect to
the corresponding limit measure jio, i.e., for any f,g € L*(E, liso), we have

Tim Bo f(W(HY)g(Y) = Eac f(Y) Excg(Y). (.1)
In particular, the group W( 18 ergodzc with respect to the measure pioo,
Thm —/ fw dt = Exo f(Y) (mod peo). (8.2)
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Proof. Step (i). Since po is Gaussian, the proof of (8.1) reduces to that of the convergence
Jim Eoo (W)Y, Z)(Y, ZHh =0 (8.3)
— 00
for any Z,Z' € D. It suffices to prove relation (8.3) for Z, Z* € Dy. However, this follows from
Corollary 3.3 and Theorem A, (iv).
Step (ii). Let Z, Z' € Dy. Applying the Zak transform and the Parseval identity, we obtain

1) = B (W)Y, 2)(Y, 21)
= E (Y, W ) Z)(Y,Z") = 21) Udoo (0,7, 7"), G*(6,1) Z11 (0, 7) ®Z_ﬁ(0,r’)>. (8.4)
Using a finite partition of unity (6 3), and relations (8.4) and (6.12), we see that

= (2m)~ Z Z / Gm (0)G (0, 1) Ay (0) My (0) Ay () db. (8.5)
m=11,I'=1
Here A;(0) = (Fi(6,-), Zu(6, )) and Ay (0) = (Fi(0,-),Z5(6,-)), and Gi(t,0) is defined in (7.7).
Similarly to (7.6) we have
B ) ol PO ORI e ) 59
m Ll'=1
Here all the phase functions w;(f) and the amplitudes a;" () are smooth on supp g,,. Further, the
relation Vw;(#) = 0 holds on a set of Lebesgue measure zero only. This follows similarly to (2.4)
since Vw(f) # const by condition E2. Hence, I(t) — 0 as t — oo by the Lebesgue-Riemann
theorem since the functions Mj; () are continuous. (]

Remark. A similar result for wave equations and for harmonic crystals was proved in [4, 8].

9. APPENDIX A: DYNAMICS IN THE BLOCH-FOURIER REPRESENTATION

In this appendix, we prove the bound (2.2). We first construct the exponential exp(.A(6)t) for any
chosen 0 € K¢ = [0,27]? and study its properties. Let us choose # € K¢ and X, € H! := H] ® H),
where H} = H*(T{) @ C". Introduce the functions exp(A(6)t) Xy for Xo € H' as the solutions
X(0,t) to the probl . ~

(6,1) to the problem { X(0,t) = A(0)X(0,1), teR,

X(6,0) = X, (9-1)

Proposition 9.1. For any chosen 6 € K%, the Cauchy problem (9.1) admits a unique solution
X(6,t) € C(R;H'). Moreover, _

X(0,t) = A0 X, (9.2)
1X (0, )l < O Xolla, (9.3)
where the constant C does not depend on 6 € K¢ and t € R.

and

We prove this proposition in Subsection 9.2.

9.1. Schrédinger Operator

Let us first construct solutions X (6,t) to problem (9.1) with a chosen parameter § € K?. Write
X(0,t) = (X°0,t), X*(0,t)), where X°(0,t) = (p(0,t),u(6,t)) and X(0,t) = (¢(0,t),v(0,1)).
By (9.1) and (1.15), we have X1(0,t) = XO(H, t), and X°(6,) is a solution to the following Cauchy
problem with a chosen parameter 6 € K

XO(H,t) HO)X(0,1), teR,

(9.4)
% )‘t

(XO 6,1), (X0, X1) = Xo,

where H(6) is the “Schrédinger operator” (1.16). Hence, formally,
X9(0,t) = cos QO)t X§ +sin QO)t Q1 (0) X, (9.5)
where Q(0) = /H(6) > 0.
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Lemma 9.2. For X° € HY, the following bounds hold:
120X -1 < CX° . (9.6)
I OX N o < CIX o, (9.7)
where the constant C does not depend on 6 € K9,

Proof. (i) Formula (1.16) for H(0) implies that

IHO)X |y < CIX°|gr, X° € HY, (9.8)
where the constant C' does not depend on 0 € K d, Hence,
12(0)X° 170 = (X, H(O)X®) < Xz 1HO)X O] 2 < CIXONF,- (9.9)

Since, Q(0) = Q*(#), the bound (9.9) implies (9.6).
(ii) Condition R2 implies that .
X IO X 2 = (X HO)X) > w2 XO13,

>k
Hence, [|H(8)X°||;; -+ > #2(|X°| 3. Therefore, [|H™"(6) X" g1 < w7 %||X°[| ;1. In particular, (9.7)
follows. [

Remark 9.3. Condition R2 implies condition R2.

Proof. Indeed, for X° = (p(y),u) € Hf and 6 € K¢, we have
0 AOX) = [ [p)0V, +0)* + mEle) + a0,y w@ely)
+ B (0,) - u(O)p(y)] dy + 2 (O)]u(6)

2
.

6V, + ) (y) + 5
OO - = [ 1Fn@u@)Pdy+ 5 [ ety

m2
o [ IVuetnPay+ (52 - sazn) [ 1t ay
Td Td
2) -
+ |u(6)]? V2——/ Ru(6,y)|? dy
wOF (4 - | Min(0.0) )

o(y) + m%f?n(&y)uw)

for some 3 > 0 and « € (0,3/(3 + 1)). Take 3 < m2/(4nd). It remains to prove that

92 .
2 2
— R (0, dy > 0.
Yo mg /T y |Ru(0,y)|" dy
With regard to condition R2’, the Parseval equality implies

/|Rn(9y|dy—/ (Z “f@Rmy(dy\/ ‘Z|Rk+y|‘ dy < v2m2/2. O

Ty kezd Ty kezd

9.2. Existence of the Schrodinger Group

Recall that w;(0) > 0 (Fi(0,-)), Il = 1,2,..., are the eigenvalues (orthonormal eigenvectors) of
the operator Q(f) in HY. Let us prove the existence of solutions to the Cauchy problem (9.1). We
represent X%(6,t) in the form

- i A((F(0,7), teR, (9.10)
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where A;(t) = A;(6,t) is the unique solution of the Cauchy problem
Ai(t) = WP (O)A(t), (A1), Au(t)) =0 = (AT, Agy),
and A}, = A}, (0) = (F,(0,-), Xi(+)), i = 0,1. Hence,

i 0)t
Aj(t) = coswy (0)t A, + MA%H. (9.11)
wi(0)
By the energy conservation, this yields
AP | o AP AP o [Aail”

Summing up, for t € R we obtain

—HXO(9 Bl + 5 (X0(9 t), H(0)X°(6,1)) = HXoHHo +3 (XOaH(H)Xé)) <Ol Xolf  (912)

by (9.8). Hence, the solution (9.10) exists and is unique.

Further, relation (9.11) implies (9.5). Finally, the solution to problem (9.1) exists; it is unique
and can be represented by (9.2). The bound (9.3) follows from (9.12) and (2.1). O

Now the exponential exp (fl(ﬂ)t) is defined for any chosen value § € K¢, and this exponential is
a continuous operator in H!.

9.3. Smoothness of the Schrodinger Group

To complete the proof of Proposition 9.1, we must prove the smoothness of the exponential
with respect to 0. This is needed to define the product (1.19) of the exponential and the distribu-

tion Y/OH()
Consider the operators exp (/l’(@)t), teR,on H ' := (H)* = H; ' ® H?, where A'(f) is the
formal adjoint operator to A(6):

(X, A(0)Z) o = (AO)X, Z)pro, X, Z € C3(TY) x C™.

Note that .
A'(0) = AT (0) = (‘1) —776(9)) . (9.13)
Lemma 9.4. For any a > 0, the following bound holds:
sup sup Y || Dye AO X =1 < C(T)]| Xo |l g-1- (9.14)
tIST 6eKe 272,
Proof. For a = 0, the bound
et Xl < CllXo| - (9.15)

follows from the bound (9.3) by duality arguments. Consider the case of a = 1. Introduce the
function X, (t) := D) X (6,t), where X (0,t) = e (V) X;. Then

X, (0) = A (0)X,(0) + [DFAOX(0,1). X,(0) = 0.

Hence,
t R
X, (1) = / A O [Dy X (9)]X (0, 5) ds.
0
Therefore, by the bound (9.15),
t R ¢ R
X Olles < [ 1A O DIAGIX O, aos ds < [ NDFAGIX O, ds. 916)
0 0
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It follows from (9.13) that

v i (0 —[DIH(6 vy — [ 2(Dg0)(iVy +0) (D7 5(6)]
(D] A'(0)] = (O (D57 )]), (D]F(0)] ._< LRty N gy (0)>.

Here [D)S(0)]u := [Dy Ru(6,)]u, u € C", and [D}S*(0)] ¢(y) := /[DVRH( 0,vy)]e(y) dy. Hence,
if § € K9, then

1D A (0))X (8, )12 =[|[DFHO)X" (0, 5) | -1+ SCI X (0, ) 110 <Clle @ Xoler-1 <C| Kol

(9.17)
by the bound (9.15). Inequalities (9.16) and (9.17) imply the bound (9.14) with a = 1. For a > 1,
the estimate follows by induction. U

9.4. Dual Group

Here we complete the proof of the bound (2.2) by duality arguments. Introduce the dual space
E=H 1R oL o H" *RY) & L™ of functions Z with finite norm

NZN6,—a)? = 101121 o + 17IE o + ull® o + [0l
For Z € £, we have Z(0,-) € H*(K*;H™').

Lemma 9.5. Let o be even and let o« < —2. Then
sup W' () Z[6,—0 < C(DZI6,-a- (9.18)
[t|<T
Proof. Note first that
U200~ 3 [ 1052000, s-s a9 (9.19)
lyI<—a

for any Z € £’. Indeed,

lala = > k) > uk)? =C [ |(1—Ag)~*2a()[* b,

keZd T
121 = (@) A" 0(@)l3e ~ A (@) (@) 22 = CIIL+ [£2)Y2(1 = Ag) /2 (&) |22
~ Y / (14 [2mm + 012)V2|(1 = Ag)~/2(2mm + 6)” d6
meZd
N Z/ (14 [mP) 2|1 — Ag)~/2(2mm + 0)2 dO
meZd
o [ 202000,y . (9.20)
Kd !
Hence, by Lemma 9.4 and by (9.19),
2
UV 070 -0 ~ Y / 25 (X Zn(6.)) |y 0
[v|<—a
2
H Y / 103 Zu6, ) |[fys d0 ~ COY (125 _o)*. O
I'vl< a

Corollary 9.6. The bound (2.2) follows from (9.18) by the duality considerations.
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10. APPENDIX B: CROSSING POINTS
10.1. Proof of Lemmas 2.8 and 2.10

Let us prove Lemma 2.8. For any chosen # € RY, the Schrodinger operator H(6) admits the

spectral resolution 0o
H(O) =D N(O)P(0),
l

=1
where 0 < A1(0) < X\2(0) < ..., and P;(6) are one-dimensional orthogonal projectors in HY. Further,
let us take an arbitrary point © € R% and a number A € (Ay/(0), Aar41(0)), where M > N and
A (O) < Ap41(0). Then A # N (0) for 6 € O(O) if O(O) is a sufficiently small neighborhood
of ©. Write HA(0) = 2o 0)<a M(O)Pi(0), PAO) =3 5\ 0)<aPi(0), 0 € O(O).

Further, let us choose a contour I'y (in the complex plane C) surrounding the interval (0, A).
In this case, by the Cauchy theorem,

o) = [ 22 pagy = [ g o).

ra H(O) — A ran H(O) — A

Finally, by (1.16)—(1.18) and by condition R1, the mapping H(#) is an analytic operator-valued
function in 6 € O.(0), where O.(0) is a complex neighborhood of O(©). Therefore, the same
integrals converge for # € O.(0), and the functions P*(#) and H"(#) are analytic in a smaller
neighborhood O,(0). Reducing O.(0O) again, we can choose a basis e1(f),...,ep(0) in the space
RA(0) := PM0)HY, where the functions e;(6) depend analytically on 6 € O.(6). For example, it
suffices to choose an arbitrary basis e1(0),..., e (0) and set e;(8) = P*(0)e;(0). The operator
H(0) on the invariant space R*(#) can be identified with the corresponding matrix

dA

HA(9) = (ml(e))) , (10.1)

k,1=0,...,M
which depends analytically on 6 € O.(©). Therefore, the eigenvalues A1(), ..., Ay (0) and
the eigenvectors Fiy(6), ..., Fu(0) of this matrix can be chosen as real-analytic functions of

0 € 0,.(0)\CL where 0,.(0) := 0.(0) NR? and C2 is a subset of R? of Lebesgue measure

zero. This can be proved by using the methods of [8, Appendix|. It remains to pass to the limit

as A — oo and define C, := UCA. Finally, w;(6) := 1/ \(6). After this, relations (2.5) and (2.6)

follow as in [8, Appendix]. O
Lemma 2.10 can be proved in a similar way.

10.2. Proof of Lemma 2.11

First let us show that conditions E1, E2 hold for R¢(x) = 0 corresponding to C; = --- = Cy = 0.

Indeed, in this case, relation (1.16) becomes

ooy [(((iVy+0)2+mg 0

o= (V4] 200))
Therefore, w;(6) are equal to either w, () or \/(27k + 0)2 + mZ, k € Z¢. Namely, w.(#) corresponds
to the eigenvectors (0, u) with an arbitrary v € R™. The square root corresponds to the eigenvectors
Fu(0,y) = (e72™kv 0) with k € Z9. Tt can readily be seen that conditions E1 and E2 hold in
this case.

Further, choose an arbitrary [ = 1,2,..., a point © € R?\C,, and a bound A € (Ays(0), Ar11(0))
as above (with M > 1). The function Ro(z) and the corresponding operator H2 () depend ana-
lytically on (6,C) € C? x CN. Moreover, Rc(x) satisfies conditions R1 and R2’ for C € B. with
a sufficiently small € > 0. Therefore, as in the proof of Lemma 2.8, the corresponding eigenvalues
wi(0,C), 1 =1,...,M, are also analytic functions of (f,C) in the domain M;(©) = O, \ C, where
O. is a complex neighborhood of O,.(0) x B., and C is a proper analytic subset of O.. Hence,
the corresponding determinant D;(#,C) is an analytic function of M,;(0). Further, M,;(©) is an
open connected set since C is a proper analytic subset. Therefore, D;(6,C) # 0 on M,(©) since
Dy(6,0) # 0, 6 € RY. Further, introduce the set My = {C € B, : Di(6,C) # 0}. The set B. \ My,
cannot contain any open ball, since otherwise D;(6,C) = 0. Hence, Mj; is an open dense set in B..
It remains to note that M; = N;My; is thus a dense subset of B.. For Ms, the proof is similar. [
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11. APPENDIX C: COVARIANCE IN THE SPECTRAL REPRESENTATION

Introduce the matrix-valued operator

100t cos ()t sin (At Q16
G(0,t) == At = <_Q(0) sir(l()l(é?)t cés)ﬂ(e)t( )> : (11.1)

Note that we can represent the matrix G(6,t) in the form
G(0,t) = cosQ(0)t I +sinQ(0)t C(0), (11.2)

where [ stands for the unit matrix, and

c) = <_£(9> 97;(9)) '

In this case, the solution of (1.14) has the form Yi(0,7,t) = G(0,t)Yor(0,7), 7 € R. Using (11.2)
and (3.4), we obtain

Q:(0,7,0",1") = E[Yr(0,7,t) @ Y (6,77, 1)]

Q0)t Qo(0,7,0', ") cos Q(0")t

+sin Q(0)t C(0)Qo(0, 7,0, )CT(8") sin Q(O')t

+ cos QO)t Qo(0,7,0",7")CT (') sin Q6 )t

+sin Q(0)t C(0)Qo(8,7,8', ") cos Q(0')t. (11.3)

= COS

By (3.6), we see that

Gi(0) = G(0,1)qo(0)G" (6, ) = cos Q(0)t Go(6) cos Q(0)¢
+ cos Q(0)t Go(9)CT (9) sin Q( )t +sin Q(0)t C(60)Go(0) cos ()t
+sin Q(0)t C(0)Go(0)CT () sin Q(A)t, (11.4)

where ¢;(0) is the integral operator with the kernel ¢:(0,r,r’) defined by (3.7).

For the simplicity of our manipulations, we assume now that the set of “crossing” points 6, is
empty, i.e., w;(f) # wy(0) for any [,I’ € N, and the functions w;(f) and F;(6,r) are real-analytic.
(Otherwise we need a partition of unity (6.3).) Consider the first term on the right-hand side
of (11.4) and represent it in the form

cos Q(0)t Go(0) cosQ(0)t

= ZFI 0,r) (coswl )t pur(6) cos wl/(ﬁ)t)F_y(H,r')
LU

1

2

~ 3" F(6.r) [cos(wl(e) wir (0)t + cos(wy (8)+wp (0))t] puw () F7 (6, 7),
LU (11.5)

where pus(0) = (pi/(0)), ,_o = (Fi(60,"), (@ (0)Fv)(8,-)); ,_, (p}i,(0) are introduced in (6.7)). Sim-

ilarly, we can rewrite the remaining three terms on the right-hand side of (11.4). Finally,
o

3 (O.r.r') = D B0, )i (t.0) @ Fr (8,1), (11.6)
L,I'=1

where 7y (t,0) = (r}7, (¢, 0))i;—o are defined in (6.5).
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