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Programme of exam

I.  Fourier transform of test functions and tempered distributions: Lemmas 2.2, 2.7, 2.8,
and Theorem 2.10.

II.  Sobolev spaces: Lemmas 4.3, 4.4, 6.1.
III.  First Sobolev’s Embedding Theorem: Theorem 5.3.
IV.  Sobolev’s Compactness Embedding Theorem: Theorem 7.2.
V. Strongly elliptic PDE with constant coefficients: Theorem 8.5.
VI.  Schur’s lemma: Lemma 10.1.
VII. Boundedness of multiplication operator: Lemma 10.4.
VIII. Boundedness of PDO: Theorem 10.7.
IX. Composition of PDO: Theorem 11.1.
X. Regulariser for strongly elliptic PDE with variable coefficients: Theorem 12.4.

XI.  Solvability of strongly elliptic PDE with variable coefficients: Theorem 13.3.
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1 Tempered Distributions

1.1 Definitions and examples

Let us introduce the Schwartz space S(IR) of test functions.

Definition 1.1 i) S = S(IR) is the space of functions o(x) € C*°(IR) such that
(1.1) lpllay = sup(1 + |z)™[8g o (2)] < oo
z€R
for any o, N = 1,2, ..., where 0%p(z) := @@ (x).
ii) The sequence py,(x) S, o(x) iff
(1.2) lon = @llay =0, n— o0
for any a, N = 1,2, ....
Let us note that (1.1) implies the bound
(1.3) 0%0(@)] < lellan@+]z)™Y,  zeR.
for any a, N = 1,2, .... Hence, we have

Corollary 1.2 For any a« =0,1,2,... and q € IR the bound holds

(1.4) 0z0(@)| < llollan@+]z))7  zelR

for any N > q.

Example 1.3 The function ¢(x) = e~ belongs to the Schwartz space S (check this!).

Definition 1.4 i) S’(IR) is the space of linear continuous functionals on S(RR), i.e. f € S'(IR) if f
is the map S — S, and the following two conditions hold:

(1.5) Linearity : f(ap + 0¢) = af(e)+8f(¢)  for any o, € C and p,¢) € S;

(1.6) Continuity :  f(¢n) — f(0) if oo — .

ii) The functionals f € S'(IR) are called tempered distributions.

iii) The scalar product (f(x),p(x)) denotes the value of a functional f € S'(IR) at the test function
v e S(R), ie.

(1.7) (f(@),0(x)) == f(), peS.

Example 1.5 Let us consider a continuous function f(x) € C(IR) satisfying the bounds
(1.8) |f(@)] < O+ |z])P, reR

with some constants C,p € IR. Let us define the functional

(1.9) (fo)i= [ F@e(@)ds,  wes.
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Lemma 1.6 The integral (1.9) converges, and the functional is tempered distribution.

Proof i) First we note that | f(z)| < ||¢|lo.n(1+ |z])7P~2 by the bound (1.4) with an ¢ = p+ 2, hence
the integrand of (1.9) is bounded by C||¢|lo.n (1 + |z])~2. Therefore, the integral converges:

(1.10) ()] < Cllelloy [(1+ fal)do < cx.

ii) The linearity (1.5) of the functional follows from the properties of the integral.

iii) The continuity (1.6) of the functional follows from the estimate (1.10): if ¢, S.0asn — 00,
then [lpllo,y — 0, henee

(1.11) (.00 < Cliglloy [(L+1a)2dz =0, n—c.
|

Remark 1.7 The bounds (1.9) motivate the term “tempered distribution” for the corresponding func-
tionals.

Exercise 1.8 Prove that functional of type (1.9) is tempered distribution if:
i) f(z) € LY(IR),
ii) f(z) € L¥(IR),
itr) f(z) € LP(IR) with a p > 1.
Hint: Use the bound (1.4) with a suitable ¢ depending on p. For ii) use the Cauchy-Schwarz inequality,
and for iii) use the Hélder inequality.

Exercise 1.9 Let us check that e* ¢ 8’. Hint: Construct a sequence o, € S such that oy, 550 as
n — oo while (f,pn) # 0. For example, take on(z) = ¢(x — n), where ¢ is an arbitrary nonnegative

function ¢ € D with /qﬁ(m)da: #0.

Remark 1.10 We have the continuous inclusion D(IR) C S(R) (check this!). Hence, each tempered
distribution f € 8" belongs also to D' since the scalar product (f,p) is linear and continuous for all
test functions ¢ € S, hence also for all ¢ € D. Therefore, we have the map f € S'+— f €D’

Exercise 1.11 Prove that the map D' — S’ is injective, so the map is the inclusion: D' C §'.
Hint: The space D is dense everywhere in S (check this!).

1
Exercise 1.12 Check that 6(z) € S’ and pu_ € S'.

1.2 Differentiation of tempered distributions
Definition 1.13 For f € S8’ let us define the derivative f' as the following functional on S:
(1.12) (f' ) = —={f,¢), p€S.

Lemma 1.14 f'e S if fe€ S’

Exercise 1.15 Prove this lemma. Hint: ¢, s, o if on S, ¢ (check this!).
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1.3 Convergence of tempered distributions

Definition 1.16 f, o f if
(1.13) (frs ) = (. 0), pES.

Exercise 1.17 Check that the differentiation is continuous operator in S', i.e. f), N fif fn 5, f.

1.4 Multiplication by smooth functions

Let us consider smooth functions M (z) satisfying the bounds
(1.14) [M® ()] < O(k) (L + ] PO
with some constants C(k),p(k) € IR for every k =0,1,2...

Example 1.18 i) Any polynomial M (x) = SN Mya® satisfies the bounds (1.14) (find p(k) !).
ii) The exponential function e does not satisfy the bounds (1.14) (check this!).

Lemma 1.19 Let M(x) satisfies the bounds (1.14). Then
i) Mp €S forpe S, and
it) Multiplication map M : o(x) — M(x)p(x) is linear continuous map S — S.

Proof i) By definition (1.1), we have to check that

(1.15) Sullé(l +[a)¥10g (M (2)p(x))| < oo
S
for any a, N = 1,2, .... This follows from the Leibniz formula
(1.16) 03 (M(z)p(x)) = - CAMP (@) M (x))
k=0

by the condition (1.14) since sup, g (1+]z|) VN TP#)|0%p(2)| < oo by the bounds (1.4) with ¢ = N+p(k).
ii) The continuity of the map means that

(1.17) sup(1 + [2)) V102 (M(2)gn(s)] = 0, n— oo,

zeR
if sup,er(1+ |:c\)N |0 @n(x)] — 0. This follows by arguments of previous step i). Finally, the linearity
of the multiplication map is obvious. |

Definition 1.20 For f € S’ let us set
(1.18) (M(z)f(z), o(x)) = (f(x), M(x)p(x)), peS.
Here the right hand side is defined since M (x)p(xz) € S by previous lemma 1i).

Lemma 1.21 i) The functional (1.18) is tempered distribution, and
i1) Multiplication operator M : f(x) — M (x)f(x) is linear continuous map 8" — S’ if M(x) satisfies
the bounds (1.14).

Proof i) The functional (1.18) is obviously linear. Let us check its continuity: if ¢, S, 0, then
(1.19) (M(2) f(z), en(z)) = (f(2), M(z)pn(z)) — 0, n — o0,

since M (z)pn(x) S50 by previous lemma ii), and the functional f is continuous on S.

ii) It remains to prove continuity of the map M in S': if f, N f, then
(1.20) (M(z) fn(2), 0(2)) := (fa(z), M(z)p(x)) — (f(z), M(x)p(x)), pES.

Hence, M f, M f by definition of the convergence of tempered distributions. |
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2 Fourier Transform of Tempered Distributions

We are going to define the Fourier transform for tempered distributions. First we need to study the
Fourier transform of the test functions.

2.1 Fourier Transform of Test Functions

Definition 2.1 For ¢ € S(IR) the Fourier transform is defined by
2.1) Fo(k) = (k) = / R () de, k€ R,
R

kx

where e := coskx + isin kx.

It is well known that the inversion of the Fourier transform is given by

(2.2) o(x) : ! /Re*“%(k)dk, r € R.

T o

Lemma 2.2
i) For any test function ¢ € S, its Fourier transform ¢(k) also belongs to the Schwartz space S.
ii) The operator F' : ¢ — ¢ is linear and continuous in S.

Proof i) We have to prove the bounds (1.1) for the Fourier transform ¢(k). i.e.

(2.3) 1¢lla,n := sup (L + k™7 a(k)| < oo, a,N=12,..
kelR
Equivalently
(2.4) sup |k|N|0g (k)| < oo, a,N=1,2,..
kelR

Exercise 2.3 Check that the bounds (2.4) imply (2.3). Hint: Prove the estimates

N
(2.5) [¢llay < Cn D sup [k[Moge (k)|
a—o KER

To prove bounds (2.4), note very important formulas of differentiation of the Fourier integral:

(2.6) op(k) = /]R(ix)eimgo(x)dx = Fl(iz)Y(x)], k€.

Another important formula of multiplication we obtain integrating by parts:

(2.7) kp(k) = /R (—=i0,)e™ o(z)da = /IR 7 (i0,)p(2)de = F[(i02)p(z)], k € R.
In operator form the identities (2.6) and (2.7) can be written as

(2.8) o F = F iz, k F=Fid,

Applying « times the first formula and N times the second one, we obtain

(2.9) KN oga(k) = F(i0:)N ((i2) () )]
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This can be written as

(2.10) KN 2 (k) = / e (i0,)N ((i2) () ) do,

that implies the bound

(2.11) KYope)] < [ 160" () (@) ) lda

Now we apply the Leibniz formula for differentiation of the product and obtain

(2.12) (10 ()p(@)) = > CN M0 M (i2)*)(i0:)N M ().

M=0,...,.N

This formula implies that

(2-13)!(i3x)N((iw)"w(w))| <Cv Y @+ MM ()] < Banlellyara(l+ |z) 72
M=0,....N

Substituting into (2.11), we obtain that
(2.14) kN oR (k)| < Clll@HN,aH/(l +Jz|) Pz < oo
that implies the desired bound (2.4).

ii) The linearity of the operator F' in the space S is obvious. To prove the continuity of the operator
F' in the space S, we note that

(2.15) [ella.ny < Danl[@lln,ara

by the estimates (2.5) and bounds (2.14). Now the continuity follows from definition of the convergence
in S. |

2.2 Definition

Lemma 2.4 For any test functions f(x), (k) € S the following identity holds
(2.16) (f(k),e(k)) = (f(z), p(x)).

Proof The left hand side admits the following representation:

(2.17) (G0 = [ (5 [ e radr)pthyir.

Applying here the Fubini theorem, we obtain

(2.18) o) = [ 1) (5 [ = obyin)ds

that is the right hand side of (2.16). [ ]
Exercise 2.5 Check that the Fubini theorem is applicable here.

Now we are going to define the Fourier transform for tempered distributions. The definition can
be done using the following identity:
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Definition 2.6 For any distribution f € S’ let us define the functional

(2.19) (f(k), (k) = (f(z),@(x), @€S,
where the right hand side is well defined since p € S by Lemma 2.2 i).

Lemma 2.7
i) For any tempered distribution f € S', its Fourier transform f is also a tempered distribution.
ii) The operator F : f — f is linear and continuous in S'.

Proof i) The linearity of the functional f follows easy: for any numbers «, 3 € € and test functions
p, €S, we have

(f(k), ap(k) + B (k) = (f(2), ad(@) + Bi(x)) = alf (x), p(x)) + B{f (x), 9 (x))

(2.20) = alf(k), e(k)) + B{f(k),¥(k)),

where the first and last identities follows by definition 2.6, while the middle one follows by the linearity
of the functional f. R
Similarly, the continuity of f follows from definition 2.6 and continuity of the functional f: if

on(k) S5, o(k) as n — oo, we have
(2.21) (f(k), on(k)) = (f(2), @n(2)) — (f(2), §(2)) = (f(k), (k)
since @y, () S5, &(z) by Lemma 2.2 ii).

ii) The continuity of the map F : 8" — &’ follows similarly: if f,, (k) R f(k) as n — oo, we have

(2.22) (falk), o(k)) = (fa(®), @(x)) — (f(x), §(x)) = (f(K), p(F)),
where the identities follow from definition 2.6. Finally, the linearity of the map F' is easy to check
(Please check!) [ |

2.3 Parseval-Plancherel theory

Now the Fourier transform f(k) is defined for any tempered distribution f(z). Let us study f(k) for
the Lebesgue functions f(z) € LP(IR) with p > 1. This is possible since LP(IR) C &’ for every p > 1.

I. First consider p = 1.

Lemma 2.8 For f(z) € L'(R) the Fourier transform f(k) is a bounded continuous function, i.e.
f € Cy(R). It is given by the Fourier integral

(2.23) Ff(k) = f(k) = / ¢ f(2)dz, kTR,

R
where identities hold in the sense of distributions though the right hand side is a classical continuous
function.

Proof By definition 2.19 and the Fubini theorem, we have

(224) (f(k), (k) = (f(a). p(a)) = [ f@)( [ e*oyak)da= [

R

(/Reikxf(x)dx)go(k)dk

for any ¢ € S (check the conditions of the Fubini theorem!). The comparison of the first and last
terms implies the formula (2.23) in the sense of the functionals.
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Let us check that the integral (2.23) is bounded and continuous function of k£ € IR. The bounded-
ness follows from the estimate

(2.25) 0l < [ lf@)de <o, ke
R
The continuity means that f(k,) — f(k) if kn, — k as n — oo, i.e.

(2.26) /IR ek f(r)dr — /]R ek f(x)dx, ky — k.

This follows from the Lebesgue dominated convergence theorem since
i) The integrand converges:

(2.27) ekn® f () — k% f(x) for almost all z € IR.
ii) The integrand admits summable majorant which does not depend on n:
(2.28) le?kn® f(2)] < |f(z)]  for almost all z € IR.
The lemma, is proved. u
Exercise 2.9 Check that for f(x) € L*(IR) we have
(2.29) f(k) =0, k| — oc.

Hints: i) Check (2.29) for characteristic functions of intervals.

ii) Approximate the function f(z), in the norm of the space L!(IR), by finite linear combinations of
the characteristic functions.

iii) Use the bound (2.25).

I1. Now consider p = 2.

Theorem 2.10 (The Parseval Theorem) For f(x) € L? = L2(IR) the Fourier transform f(k) also
belongs to L?(IR), and the Parseval identity holds:

(2.30) £ = 27|l £

Proof Step i) First let us prove (2.30) for the functions f(x) € S. For this purpose substitute

o(k) = f(k) into (2.16): this is possible since f(k) € S by Lemma 2.2 i). Let us note that 3(z) =
ek f(k)dk = /e_ikxf(k:)dk = 27 f(x) according to the inversion formula (2.2). Hence, (2.16) with

o(k) = f(k) gives that
(2.31) (f(k), f(R)) = 2m(f (), f(=)),
i.e. (2.30) and the Parseval Theorem 2.10 are proved for the functions f(x) € S.

Step ii) For general functions f(z) € L?(IR) we take an approximating sequence f,(z) € S(IR) such
that

(2.32) [fn(x) = f(2)]L2 = O, n — oo.

Such sequence exists since S is dense in L? (Please check the density!). The convergence (2.32) implies
that f, is the Cauchy sequence, i.e.

1
(
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Applying (2.30), we obtain from (2.33) that fn is also the Cauchy sequence, i.e.
(2.34) (k) = fin(R) |2 — O, n,m — oo.

Now we use the completeness of the Hilbert space L?(IR): every Cauchy sequence has limit function
g(k) € L?, ie. R
(2.35) [fn(k) = g(k)llz2 — 0, n — oo.

Step iii) Now let us prove that g = f. Namely, the convergence (2.32) implies that (Please check this!)

(2.36) falz) =5 f(a), n — oo.

Similarly, the convergence (2.35) implies that

(2.37) Falk) =5 gk), n — 0o,

However, the convergence (2.36) implies that

(2.38) Fall) =5 F(k), n — co.

by continuity of the Fourier transform in &’ (Lemma 2.7 ii)). Finally, (2.37) and (2.38) imply that
f=gelL?

Step iv) It remains to prove the Parseval identity (2.30). We have proved the identity for the test
functions from S, hence

(2.39) I fnll? = 27| £l |-

Let us take here the limit n — co. Then we get
(2.40) gl = 27| fII?

using (2.32) in the right hand side and (2.35) in the left hand side. Finally, this implies (2.30) taking
into account that g = f. |

Corollary 2.11 The Parseval identity (2.30) means that the operator \/%F : L2(IR) — L2(IR) is an
1sometry, i.e.

1 .
(2.41) H\/—Q—ﬂ_f(k)”ﬂ(]R) = Hf(x)HLQ(IR)-
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3 Generalisation to n variables

3.1 Definitions and examples

Let us introduce test functions and tempered distributions of n variables x = (x1,...,2,) € IR",
n > 1. Let us denote |z| = /22 + ... + 22, and 0%p(x) := 0$...0%"p(z) = (¥ (z) for any multiindex
ot
a=(o,...,ap) with a; =0,1,2,.... Here 07" ¢(z) := 8ﬂ(1x), ete.
1

Definition 3.1 i) S = S(IR") is the space of functions ¢(x) € C*°(IR"™) such that

(3.1) I pllan = sup (14 |z|)N]0gp(x)| < oo
z€R™

for any N =1,2, ..., and any multiindex o = (a1, ..., o) with a; =0,1,2, ...

ii) The sequence py,(x) 5, o(x) iff
(3.2) len = @llay =0, n— o0
for any N =1,2,... and o = (a1, ..., ) with o; =0,1,2, ...
Example 3.2 Function ¢(z) = e 1=° belongs to the space S(IR™).

Further, the space of tempered distributions S’'(IR™) is defined similarly to the case n = 1.
Example 3.3 i) Let us consider a continuous function f(x) € C(IR) satisfying the bounds
(3-3) [f(@)] < O+ [z])?, reR

with some constants C,p € IR. Let us define the functional

(3.4) (o) = [ f@)p@dz, pes.

Then the integral (3.4) converges, and the functional is tempered distribution.
ii) The functional (3.4) is tempered distribution if f(z) € LP(IR) with a p > 1.
ii1) Dirac delta-function is defined as the distribution

(3.5) (0(z),0(x)) = (0), ¢€eS.

It is also tempered distribution of n variables.

3.2 Differentiation

Differentiation of tempered distributions is defined similarly to the case n = 1: for any k =1, ..., n,

(3.6) (Okf(x), p(x)) = =(f(2),Ohp(2)), @€S.

Then for any multiindex a = (aq, ..., @y ), we get general formula

(3.7) (0%f (@), p(x)) = (=)™ T (f(2),0%(x)).
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3.3 Fourier transform

Further, the Fourier transform of test functions ¢ € S(IR) is defined by

(3.8) Fo(k) i= (k) := / Mo (o)de, ke R,
where kx = k121 + ... + kpxy. The inversion of the Fourier transform is given by
1 i
. = S (k) dk ",
(39 o) = i [ R, € R

Similarly to the case n = 1, for any test function ¢ € S(IR"), its Fourier transform ¢(k) also belongs

to the Schwartz space S(IR"), and the operator F': ¢ +— ¢ is linear and continuous in S(IR").
Finally, the Fourier transform of tempered distribution f € S’(IR"™) is defined by the Parseval

identity: R

(3.10) Fk), o) = (fe), @), ¢ € SRM).

Lemma 2.8 and Theorem 2.10 generalises to any dimension n > 1:

Lemma 3.4 For f(z) € LY(IR™) the Fourier transform f(k) is a bounded continuous function, i.e.
f € Cy(IR™). It is given by the Fourier integral

(3.11) Ffk) = f(k) ;:/ ¢ f(2)dz, k€ R™.

n

Theorem 3.5 (The Parseval Theorem) For f(z) € L? = L*(IR") the Fourier transform f(k) also
belongs to L2(IR™), and the Parseval identity holds (Cf. (2.50)):

(3.12) IFI7 = @m)" I £

3.4 Fourier transform of derivative
For any tempered distribution f € S’(IR"), the following generalisations of the identities (2.8) hold:
(3.13) kif (k) = F[i0; f(x)], 0;f (k) = Fliz; f ()]

For the test function f € S(IR™) the identities follows similarly to (2.8). For tempered distributions
f € S'(IR"™) the proof of the first formula is the following:

(ki Ef(R), o(k)) = (Ff(k), kjpe(R)) = (f(x), F(kjp(k))) = (f(x), =i, F(p(k)))

= (i0x; f(x), F(p(k))) = (F[i0x, f ()], o (k))-

Here i) first identity follows by definition of distributions by smooth function k;,
ii) second and last identities follow from definition of the Fourier transform for distributions,
iii) third identity follows by differentiation of the Fourier integral:

F(kjp(k)) = /R CeMhjp(k)dk = fgn (—i0s, )€ (k) dk

(3.14)

(3.15)
- b, /]R e o(k)dk = —id, F(p).

iv) The fourth identity in (3.14) follows by definition of the derivative for distributions.
Finally, second formula (3.13) follows similarly. [ ]

Exercise 3.6 Prove the second formula (3.13).
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4 The Sobolev spaces

Here we introduce the Sobolev spaces and prove simplest properties. Let s be a real number.

Definition 4.1 H*® = H*(IR") is the space of tempered distributions f(z) € S'(IR") such that (1 +
|k|)f(k) € L? = L2(IR"), and the corresponding Sobolev’s norm is defined as

(4.1) 1Flls == 1L+ 1K) £ (k) 2

Remark 4.2 For s = 0 the Sobolev space HY(IR™) coincides with the Hilbert space L*(IR™) by the
Parseval Lemma 3.5, and

(4.2) 1£llo = I1f(R)ll2 = 2m)" | f (@)l .2
according to (3.12).

Lemma 4.3 Every Sobolev space H® is isomorphic to the Hilbert space L? = L*(IR™). The map
(14|k|)*F : H® — L? is continuous, and the inverse map F~*(1+|k|)~* : L?> — H® is also continuous.

Proof i) By Definition 4.1, g(k) = (1+ |k|)*Ff(k) = (1 + |k|)*f(k) € L? if f(z) € H®. Furthermore,
[ ()]s == llg(k)]| 2, hence
(4.3) lg(B)llLz < [1f ()]s

that implies the continuity of the map (1 + |k|)*F : f(z) — g(k) from H® to L2

ii) We have f(k) = (1 + |k|)"®g(k), hence the inverse map is given by f(z) = F~1f = F71[(1 +
|k])~%g(k)]. Tt is important that this map is defined on the whole of g(k) € L? since (1 + |k|)~*g(k)
is a tempered distribution for every g(k) € L? (check this!), hence f(x) = F~'[(1+ |k|)~*g(k)] is also
tempered distribution! Now we check that f(k) = (1+|k|)~*g(k), hence (1+|k|)* f (k) = g(k) € L?, and
therefore, by definition, f € H*. Furthermore, ||f(x)|s := [|g(k)| 12, hence the map F~(1 + |k[)~* :
g(k) — f(x) is continuous from L? to H®. [ ]

For a multiindex o = (a, ..., ) let us define monomial k% := ki''...k3™ of n complex variables
ki,....,k, € C. Consider polynomials A(k) = Y. ank® of order m = 0,1,2,... and corresponding

ler|<m
differential operators

(4.4) A(Q)u(x) = Z a0 0%u(x).

laj<m

For any tempered distribution u(z) € &', we also have A(9)u(z) € S’ since any derivative of tempered
distribution also is a tempered distribution. By definition, the Sobolev spaces H® are subspaces of &,
hence A(0)u is a tempered distribution for any u € H®.

Lemma 4.4 Foranys € R andu € H® we have A(O)u € H*™™, and the operator A(0) : H* — H*™™
is linear and continuous.

Proof By definition, A(0)u € H5™™ if (1 + |k|)* "™ F[A(9)u](k) € L?, and
(4.5) [A@)ulls—m = (1 + [k)*"™ F[A@)u] (k)| 2-

Let us calculate the Fourier transform: using first formulas of (3.13), we obtain that F[0%u](k) =
(—10)*u(k), hence F[A(0)u|(k) = A(—ik)u(k), and (4.5) becomes

(4.6) [A@)ulls—m = [|(1 + [k])*"™ A(=ik)a(k)| -
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Note that the polynomial A(k) is continuous function, hence the product (1 + |k|)5~™A(—ik)u(k) is
measurable function of k € IR". Furthermore, |A(—ik)| < C(1+ |k|)™ for k € IR"™, hence

(4.7) (1+ [k|)5"™A(—ik)| < C(1 + |k|])*,  for ke IR™
This implies that

11+ k) ™ A(=ik)a(k)|[7. = /(1 + [k~ A(=ik)a(k)dk < /(1 + [k|)*a(k)*dk

(4.8) Cll (A + [k a(k) |72 = Cllull:-

Therefore (4.6) implies that
(4.9) [A@)ulls—m < Chljulls < oo

that proves the lemma. [ ]
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5 First Sobolev’s embedding theorem

First we state the following generalisation of Lemma 2.8 to n variables:

Lemma 5.1 For f(z) € LY(IR™) the Fourier transform f(k) is a bounded continuous function, i.e.
f e Cy(IR™). It is given by the Fourier integral

(5.1) Ff(k) = f(k) ::/ ¢ f(2)dz, ke R™.

n

The proof of the lemma coincides with the proof of Lemma 2.8.

The lemma can be reformulated for the inverse Fourier transform as follows:

Lemma 5.2 For g(k) € L'(IR") the inverse Fourier transform F~lg(x) is a bounded continuous
function, i.e. F~1g € Cy(IR™). It is given by the Fourier integral

1

(5.2) Flg(z) = W/R e~ g(k)dk, e R

Now we can prove first Sobolev’s embedding theorem is the following.

Theorem 5.3 (First Sobolev’s embedding theorem) Let a tempered distribution u(x) € H%(IR™) with
s >n/2. Then u(x) is a continuous function in R", and

(5:3) sup Ju(z)| < C(s)]lulls,

zeR

where the constant C(s) < oo does not depend on u(x). In other words, we have continuous embedding

H*(R™) C Cp(R™) if s > n/2.

Proof Step i) First we will prove that 4(k) € L*(IR"). Namely, by definition, u(z) € H*(IR™) means
that (1 + |k|)*a(k) € L?, i.e.

(5.4) /\(1 + kDt ak)Pdk < oo

Then by the Cauchy-Schwartz inequality, we get

Jraoldk = [+ k)71 + k)ack)dk

(53 < (fasmyzan) (1o rramiEa)” < 16l < oo

1/2
since I(s) := (/(1 + |k])*28dk> / < oo for s > n/2 (Check this!).

Step i) We have proved that 4(k) € L'(IR™). Therefore, u(x) = F~1a(k) is bounded continuous
function by Lemma 5.2. To prove the bound (5.3), let us write (5.2) with g(k) = a(k): then F~1g(k) =
u(z), hence (5.2) becomes

1 .
(5.6) u(z) = (%)n/ne_’k%(k)dk, z € R"
Therefore,
1
(5.7) sup [u(z)] < / la(k)|dk, e R
zelR™ (2’”)“

Substituting here (5.5), we obtain (5.3) with the constant C(s) = I(s)/(2m)". [ ]
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Exercise 5.4 Check that C(s) — 0o as s — n/2.

Corollary 5.5 Let a tempered distribution u(x) € H*(IR™) with s > n/2 + k, k > 0. Then for any
multiindex o = (a1, ..., o), the derivative 0%u(x) is bounded continuous function in R™ if |a| < k.
In other words, we have continuous embedding H*(R) C CF(IR) if s > n/2 + k.

Example 5.6 I. For one variable, n = 1: H'(IR) C Cy(IR) since 1 > 1/2, H*(R) C C}(IR) since
2>1/2+1,...
II. For three variables, n = 3: H*(IR) C Cy(IR) since 2 > 3/2, H*>(IR) C C}(IR) since 3 > 1/2+2,...
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6 Sobolev’s spaces for integer s > 0

First we give an equivalent characterisation to the Sobolev spaces with integer s =0, 1, ....

Lemma 6.1 i) For s =0,1,... the Sobolev space H*(IR") coincides with the space of functions u(z) €
L?(IR™) such that 0%u(x) € L2(IR™) for any multiinder o = (auy, ..., ) with |a < s.
ii) The Sobolev norm ||ul|s is equivalent to the norm ||ul|s defined by

(6.1) llull2 = > 10%ull2

la|<s

Remark 6.2 i) In this lemma the derivatives ®u(x) of a function u(z) € L*(IR™) are understood in
the sense of distributions: if one treat the derivatives in the classical sense, then the lemma would fail.
ii) The equivalence of the norms means that

(6.2) lulls < Cillulls — for we H®,

for a constant C7 < oo, and also

(6.3) [ulls < Collulls ~ for we H".

Proof of Lemma 6.1 We have to check that i) 0%u(z) € L*(IR™) for v € H®, and ii) vice versa,
u € H® if 0%u(z) € L2(IR™) for any |a| < s.

Step i) Lemma 4.4 implies that 0%u(x) € L*(IR™) for u € H®, and the bound (6.2) holds.

Step ii) Vice versa, let us consider a function u(x) € L?(IR™) such that 9%u(x) € L?(IR™) for any
multiindex o = (v, ..., ay,) with |a| < s. We have to prove that u € H®, and the bound (6.3) holds. By
the Parseval Theorem 3.5, we have that F[0%u] € L?(IR"). On the other hand, F[0%u] = (—ik)*u(k)
by the formula (3.13), hence (—ik)®a(k) € L2(IR™). Furthermore, by the Parseval identity (3.12), we
have

(6.4) /\(—ik)”fb(k)IQdk = [[F[0%ull[7> = (2m)"[0%ul[72 < oo.

Summing up the identities with |a| < s, we obtain that

(6.5) /[ > (=ik)* P ak)Pdk = C ) [[0%ulz2 = Cllull? < oo
la|<s o <s

Let us note that the function S(k) = 3. |(—ik)%|? # 0 for each k € IR™, hence (6.5) implies that the
la|<s

tempered distribution (k) is measurable Lebesgue function. Moreover, the function S(k) admits the

following bound from below:

(6.6) B(1+ [k])* < S(k) = > |(—ik)*[%, k€ R™
lor|<s
Exercise 6.3 Check the bound (6.6).
The bound (6.6) implies that
(67) B [ k> [atPdk < 15 1(=ik)° ] [a(h)Pdk < oo
o] <s

by (6.5). Therefore,
(6.8) BllulZ < Cllullf < o

by definitions of the norms. Hence, u € H®, and the bound (6.3) holds. [ |
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7 Sobolev’s theorem on compact embedding

Definition 4.1 implies that H*1(IR") ¢ H*2(IR") if s; > s2 (Check this!). We will prove that some
bounded sets in H*!(IR™) are precompact in H*2(IR").

We will consider the case s; > 0 for the simplicity of exposition, though all statements below are
valid also for s; < 0.

Let us consider an open region €2 C IR"™.

Definition 7.1 };31(9) is the subspace of tempered distributions u(x) € H*'(IR™) such that u(z)

vanishes in the complement of 0, i.e. u(x) =0, z € R"\ Q. The norm in i (Q) coincides with the
norm in H*'(IR"™).

By this definition, F*1 () C H*'(IR"), and hence H* (Q) C H*2(IR").

Theorem 7.2 Let the region Q be bounded in R", and s; > s2. Then the embedding ﬁsl(Q) C

H*2(IR"™) is compact, i.e. for any bounded sequence of the functions uj(z) € };sl(Q) there exists a
subsequence uj () converging in H*2(IR"™), i.e.

(7.1) luj (z) —u(z)lls, >0 as 5 — oo,
where u(x) € H*2(IR™).

Proof We will prove the theorem for the case s; > 0. The proof for general s; < 0 is very similar.
We shall check that u;j(x) is the Cauchy sequence in H*2(IR"), i.e.

(7.2) luj (@) = wp(z)|lsy = 0 as j',m — oo
Then (7.1) would follow since H*'(IR") is complete Hilbert space.

Step i) First we prove that the sequence u;(z) is bounded in L!(IR™), i.e.

(7.3) /]u](a;)\da: <Bi<oo, j=12 ..
Q

Namely, by definition of bounded sequence in [1OI 1(Q),

(7.4) sup [Ju; (@) [ls, < B < .
JEN

Since s1 > 0, we have H*1(IR") ¢ H°(IR") = L?(IR"). Therefore,
(7.5) /\W(@!Qd% = |luj (@)113 < llu(@)]13, < B2

Moreover, we have

(7.6) uj(z) =0 for zeR"\Q

since u;(x) € i (©). Finally, by the Cauchy-Schwartz inequality and (7.5), we obtain

(7.7) /|uj(x)\dx < (/lda:)l/Q(/|uj(ﬂs)]2dx>l/2 <028,
Q

Q Q
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Here |©2| is the volume of the region 2. The volume is finite since the region is bounded by our
assumption, hence (7.7) implies (7.3) with By = |Q|'/2B.

Step i) Further let us study the Fourier transform of the functions u;(z). First, we have
(7.8) a;(k) = / ey (2)de

by Lemma 3.4 and (7.6) since we have proved that u;(z) € L'. Let us prove that the derivatives of
the functions are bounded, i.e.

0
(7.9) sup |=—1u;(k)| < B; < o0, j=12,..
ker™ Ok
for any [ = 1,...,n. For the proof we write definition of partial derivative:
o . . ei(k—l—ael)ac _ gtk
(7.10) a—klu](k:) = éllir(l] 6 uj(x)dz,
Q

where ¢; is the unit vector ¢; = (0, ..., 1;,...,0). The limit exists and is given by

0 0

11 — (k)= | —
(7.11) a0 = | g

ke () de.

This follows by the Lebesgue Dominated Convergence Theorem since
I. the integrands converge for almost all points x € (2
II. There exists summable majorant:

ei(k—l—eel )r __ etk

(7.12) | . uj(z)| < M(Q)|u;(z)], reQ
since elttecor —the is bounded function for z € Q:

ei(k—l—eel)m _ elkx
(7.13) < M(Q) < oo, z e, e€€(0,1).

€

Exercise 7.3 Check the bound (7.13). Hints:

) ’ei(k—kael)ac o 6ik;t| |eiaelx o 1| |eiaacl o 1’
1 = =
€ € €
iep _ 1 ied/2 _ —ich/2 9| sin €@
i) e ]:]e e |: |sm2]_>|¢| e,
€ € €
Step i) Now we consider the norms in (7.2):
(7.14) Ajin(R) = ||luj(z) — um(@)|3, = /(1 + |kD)?2 i (k) — (k)| dk.

Let us split the region of integration into the ball |k| < R and its complement |k| > R, where the
radius R will be chosen later:

MR = = [ (U kD*iy(h) — o (R) b+ [ (1 )22ty (8) — o (0
k| <R |k|>R
(7.15) = Ijm(R)—l-ij(R).
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First we estimate the second integral:

Tim(R) = [ (L IR (Lt (k1272 (k) — i () Pl
|k|>R
(7.16) < R [ (0 k)05 (F) — )Pk

|k|>R

since s9 — 51 < 0. Therefore,

Jim(R) < (1 +|R|)*2~% / (14 [K))*22(|a; (k) [* + |am (k) *)dk
|k|>R
< (L+|R|)*22 /(1+ KD 12 (k)[? + [ (k) ?)dk
RB"
- 2B?
T (R

(7.17)

according to (7.3).

Step iv) Finally we can prove (7.2). First we use the bounds (7.9): they imply that the functions
uj(k) are equicontinuous in IR™. On the other hand, the bound (7.3) implies that the functions are
uniformly bounded in IR™. Hence, by the Arzela-Ascoli Theorem, there exists a subsequence (k)
converging at every point of IR”. Therefore,

(7.18) @i (k) — Gy (k)] — 0 as  j',m' — oo,
and this convergence is uniform in every compact set of k. In particular, for any fixed R > 0,

(7.19) |I’;{|12)]§ [ajr (k) — Uy (k)| — 0 as  j',m' — oo.

This implies that first integral in (7.15) converges to zero: for any fixed R > 0,
(7.20) Ly (R) =0 as j',m' — occ.

It remains to note that Jj,,(R) is small for large R by (7.17) uniformly in j° and m/. This proves
(7.2). With detail: for any € >0
a) (7.17) implies that there exists R. > 0 such that

(7.21) | Jjrm (Re)| < /2 for all  j',m/

since s1 — s9 > 0.
b) (7.20) implies that for the fixed R, there exists a number NV, such that

(7.22) | Ljtmy (Re)| < €/2 for  j/,m' > N..
On the other hand, Aji, = Ly (R:) + Jjipr (Re) by (7.15). Therefore, (7.21) and (7.22) imply that

(7'23) ’Aj/m’| < ‘Ij’m/(Rs)’ + |Jj’m/(R€)’ <e¢ for j/,’m/ > N..
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8 Elliptic partial differential equations with constant coefficients

We will consider partial differential equations in IR™ with variable coefficients

(8.1) Z aq(x)0%u(z) = f(x), x e R".

la|<m
We plan to study in the future the questions on existence, uniqueness and smoothness of solutions
Example 8.1 For example, we will consider the stationary Schrodinger equation
(8.2) (H = E)u(z) := (=A +V(z) = E)u(z) = f(z) = f(2), z € R",

82
where A = Z P 2 is the Laplace operator, H = —A + V(z) is the Schrodinger operator, V (z)

is the potentml energy, and E € C is a complex (energy) parameter.
The investigation of the inverse operator (H — E)~! = (—=A + V(z) — E)~! is one of main goals
of quantum scattering theory.

Here we will study the equations with constant coefficients

(8.3) Au(z) := Z a,0%u(z) = f(x), xreIR".

laj<m

We assume that the right hand side f(x) is tempered distribution, f(z) € S'(IR"), and seek for the
solution u(x) also in the space of tempered distributions, u(z) € S’'(IR").

Definition 8.2 The polynomial a(k) = Y. an(—ik)® is the symbol of differential operator A.

lal<m
In the Fourier transform, the equation (8.3) becomes
(8.4) a(k)a(k) = f(k), k € R"
due to formulas (3.13).
Definition 8.3 i) Differential operator A(0) is elliptic of order m if
(8.5) la(k)| > c(1+ |K])™, |k| >R, keR"

for some R >0 and c > 0.
i1) Differential operator A(0) is strongly elliptic of order m if

(8.6) la(k)| > (1 + k)™, ke R",

where ¢ > 0.

Example 8.4 i) The Laplace operator A (and —A) is elliptic (check this!). Hint: Symbol of the
Laplace operator is — Z k:2 —|k|%.

ii) The Schridinger opemtor —A — E is elliptic for every E € C (check this!).
iii) The Schréadinger operator —A — E is strongly elliptic

a) for every E < 0 (check this!);

b) for every E € C\R" where RT ={E € R: E >0} (check this!).
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Theorem 8.5 Let us consider equation with constant coefficients (8.3). Let us assume that A is
strongly elliptic operator of order m, and f(x) € H*""™(IR™). Then for any s € IR, we have

i) Equation (8.3) admits unique solution u(xz) € H*(IR").

i1) The bound holds,

(8.7) leuly < ClLflls—m.

Proof In Fourier transform, equation (8.3) becomes (8.3) where @(k) and f(k) are measurable
Lebesgue functions in IR"™. Therefore, the solution is given by

(8.8) u(k) = for almost all k€ IR"

since a(k) # 0 for k € IR"™. It remains to set u(z) := F~la(k) and check that u(x) belongs to the
Sobolev space H*(IR"). By definition,

- k)2 (L+ k)

8.9 u§:/1+k25uk2dk:/1+k23L dk:/—fk%zk.
B9)  ul2= [l = [ k] gl
Note that ( e

1+ s
8.10 L <O+ k)R, ke R"
(&10 (k)P |
by (8.6). Hence, (8.9) implies that
(8.11) lull? < C/(l + [K)PET | f(R) Pk = O fIlZ— < o
since f € H*~"™. This proves the bound (8.7). [ ]

Corollary 8.6 Strongly elliptic operator A of order m is isomorphism H® — H*™™. The continuity
of the direct operator A : H> — H*™™ follows from Lemmaj.4, and the continuity of the inverse
operator A= : H=™ — H* follows from the bound (8.7).

Exercise 8.7 Check the inequality (8.10). Hints: Due to (8.6), i) The function

(1 + [k[)**
la(k)[>(1 + [k[)2(s=m)

(8.12) R(k) :=

is continuous in IR", and ii)

(8.13) lim R(k) < oo.

|k|—o0

In next lectures we will extend Theorem 8.5 and Corollary 8.6 to strongly elliptic partial differential
equations with variable coefficients.
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9 Pseudodifferential operators

9.1 Fourier representation for differential operators

Let us consider the Fourier representation for partial differential operators in IR™ with variable coef-
ficients
(9.1) Au(x) = Z aq(z)0%u(x), z € R",
|al<m
for test functions u(x) € S(IR™).
First let us consider the case of constant coefficients: aq(x) = ao. Then Au(z) = > an0%u(z),

|a|<m
and in the Fourier representation we have FAu(k) = a(k)u(k), where a(k) is the symbol of the
operator A:
(9.2) a(k) :== Z an(—ik)*.
la|<m
Since u(x) € S(IR™), we have also (k) € S(IR"), and hence a(—ik)a(k) € L*(IR") (Check this!). Then
the inverse Fourier transform Au(z) = F~'a(k)d(k) can be written as the standard Fourier integral
1

(9.3) Au(z) = / e~ *a(k)a(k)dk.

(2m)"
Now consider the case of variable coefficients (8.1). Applying (9.3) to the operator 9%, we write

1 .

4 o — —tkx(_ ;1\05 )
(9.4) o ulx) = Gy / e~ (k) (k) dk
Multiplying by as(x) and summing up, we obtain that

a 1 —ikx S1\Q
(9.5) Au(x) = |az<:maa(x)8 u(z) = G /e |az<:maa(a:)(—zk) u(k)dk.
This can be written as 1
(9.6) Aulz) = / e~ k)a(k)dk,
)

where the polynomial

(9.7) a(z, k) = Z an(z)(—ik)®

|laj<m

is the symbol of the differential operator A (Cf. Definition 8.2).
For general, not necessarily polynomial, functions a(zx, k), the operators of type (9.6) are called
pseudodifferential operators if a(z, k) satisfies appropriate estimates that we are going to discuss.

9.2 Classes of symbols and pseudodifferential operators

Definition 9.1 For a real number m € IR, class of symbols 8™ consists of the functions a(xz, k) €
C>®(IR™) such that a(x,k) = a®(k) + a/(x, k), where the terms a®(k) and o (z,k) satisfy the following
estimates

1. For any multiindex «, the bound holds,

(9.8) 1820 (k)| < C(a)(1 + |k|)™ 1o, k e R™.
1I. For any multiindexes o, 3, and number N > 0, the bound holds,
(9.9) (14 [z)N|oposa’ (w, k)| < C(a, B, N) (L + k)™, 2k e R
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Exercise 9.2 i) Check that a(k) = (1 + |k|>)™? € 8™ for any m € R.
ii) Check that the symbol a(x,k) = > an(z)(—ik)* belongs to the class S™ if for any multiindex o

|laj<m

we have a,(v) = al (k) + a’,(x), where al,(z) € S(IR™).

Exercise 9.3 Check that ai(x,k)az(z, k) € S™1™2 4f ay(z, k) € 8™ and az(x, k) € S™2, i.e. the
union of the classes UpcrS™ is an algebra.

Now consider an operator A of type (9.6 with the symbol a(x, k) from the class S with an m € IR.
The operator is defined for the test functions u(x) € S(IR™) since the integral (9.6) converges then
(Check this!).

Definition 9.4 An operator A of type (9.6) is called pseudodifferential operator of class A™ if
the corresponding symbol a(x, k) belongs to the class S™ with m € R.
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10 Boundedness of pseudodifferential operators
Here we discuss boundedness of pseudodifferential operators in the Sobolev spaces.

10.1 Schur’s Lemma

Let us consider an integral operator defined for test functions v(k) € S(IR"™) by the following formula

(10.1) So(k) = / Sk, K)o(K)dk, ke IR™
Rn
Lemma 10.1 Let the integral kernel S(k, k") satisfies the estimates
(10.2) / 1S (k, K)|dK < C < oo, ke R,
Rn
(10.3) / 1S (k, K)|dk < C < oo, K € R™.
Rn

Then Sv(k) € L*(R™) for v(k) € S(IR™), and
(10.4) 1Svl[L2 < Cllvll 2.
Proof Definition (10.1) implies the inequality

(10.5)  |Su(k)| < / |S(k,k’)v(k’)\dk:’:/\S(k:,k;’)|1/2]S(k,k:’)|1/2|v(k:’)|dk’, ke R".
R"™ R™

Applying here the Cauchy-Schwartz inequality, we obtain the inequality

1Su(k)|? < / S (k, Ko (k) |dk = /yS(k,k/)wk’/|5(k,k’)y|v(k')y2dk’
R"™ R"™ R"

(10.6) < C / 1S (k, k) ||v(K")|2dE/, k€ IR"
Rn
by condition (10.2). Integrating (10.6) over k£ € IR", we obtain that
(10.7) /|Sv(l<:)|2dk: <C / ( / Sk, k)| [0 (k) 2R’ ) dk.
R7L Rn
This implies by the Fubini theorem, that
(10.8) /|Sv(l<:)|2dk: <cC / ( / 1S (k, K|k ) oK) 2K
Rn RYL

Now we use second condition (10.3) and obtain
(10.9) /|Sv(k)|2dk <2 / (k)| 2k’
Rn

that implies (10.4). [ ]

Corollary 10.2 Under the conditions (10.2), (10.3), the integral operator S admits unique extension
from test functions v(k) € S(IR™) to the functions v(k) € L*>(IR") as bounded operator S : L>(IR") —
L2(IR™).

Exercise 10.3 Justify the application of the Fubini theorem in (10.8). Hint: Use the condition
(10.3).
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10.2 Application to operator of multiplication

Let us consider the operator of multiplication, M : u(z) — a(x)u(x), by a test function a(z) € S(IR").

Lemma 10.4 Let a(x) € S(IR"™). Then the operator M is continuous H*(IR™) — H*(IR") for any
s € R.

Proof We have to prove the bound

(10.10) lo(@)u(@)ll, < C6) (@l u e H.
By definition,
(10.11) la(z)u(z)[Z = 11+ [k)*[F (aw)] (k)] 2
Let us calculate the Fourier transform F'(au):
(10.12) F(au)(k) = /eikma(x)u(:x)dx.
1 e
Substituting the Fourier representation u(z) = @y / e~ %24 (k")dk', we obtain by the Fubini theo-
™
rem that
: 1 .y
Flau)(k) = / ea(a) o / e a(k')d ) d
(10.13) - L / ( / e R g(2)da )ik )k = ! / a(k — K)a(k)dkK
' (2m)" (2m)" '
Therefore, (10.11) becomes
1
(10.14) la(z)u(z)| = @T)nll(l + |/<:|)S/a(k — K)a(k')dk|| 2
Hence, the bound (10.10) can be written in the form
(10.15) 11+ |k|)s/d(k‘ — Kk )dk'|| 2 < C(s)[|(1 + [K')*a(k") 2
Finally, denoting v(k’) := (1 + |K'|)*a(k’), rewrite (10.15) as
S -~ / U(k/) / ~ /
, ) <
(10.16) 11+ [&1) /a(k k‘)(1+ T R L2 < C(s)[10(K) | 2
This bound is equivalent to boundedness in L? of integral operator with integral kernel
a(k — k) (1+|k])®
10.17 Sk,k’:1+k8“(7:w—k’7

It remains to prove the estimates (10.2) and (10.3) for the kernel (10.17). To prove the estimates, we
first note that

(10.18) (1 + |kD) < C(s)(1+ |k — K, k, k' € IR".

(L+[K])*
(this is known as the Peetre inequality). Further, |a(k — k)] < C(N)(1 + |k — K'|)~" for any N > 0.
Therefore, we obtain the bound

(10.19) S(k, k') < C(s, N))(1 + |k — K'])lsI=N
Taking |s| — N > n, we obtain (10.2) and (10.3). [ ]

Exercise 10.5 Prove the Peetre inequality (10.18). Hints: i) Consider first s = 1, then s > 0.
ii) Reduce the case s <0 to —s > 0.

Exercise 10.6 Check that (10.19) with |s| — N > n implies (10.2) and (10.3).
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10.3 Boundedness of pseudodifferential operators

Theorem 10.7 Let A be pseudodifferential operator of class A™ with an m € IR. Then Au(z) is
defined by formula (9.6) for test functions v € S(IR"™), and for any s € IR the bound holds

(10.20) [Au(@)]|s—m < C(s)[[u(z)ls
where C(s) < oo does not depend on u(x).

Example 10.8 For example, let us prove the theorem for particular case of differential operators of
class A™ from Exercise 9.2 ii) with integer m = 0, 1, 2.

I. First we consider integer s = m, m+ 1, .... In this case the Sobolev norms ||Au(z)||s—m and ||Ju(z)||s
admit equivalent characterisation (6.1), hence (10.20) is equivalent to the estimate

(10.21) | Au(@)ls—m < C(s)lu(@)]ls.

By (9.1) and triangle inequality for the norm || - ||, we have

(10.22) [Aw(@)ls—m < > llaa(2)d*u(@)lls—m.
o <m

Hence, it suffices to prove the estimate for every summand in (10.22), i.e

(10.23) llaa(2)0%u(@)]ls—m < C(s)[lu()lls

for |o| < m: then summing up in |a|, we obtain (10.21). Further, (10.23) means by definition that

(10.24) > 107 |aa(@)d®u(@)]ll2 < Cls) 3 0Mu(@)]| 2.

|8 <s—m l<s

Finally, this inequality holds since every derivative 9% [aa(as)(‘)au(x)} is the sum of products of deriva-

tives of the coefficients a,(z) and derivatives of 9Vu(x) with |y| < s since |5] < s —m and |a| < m. It
remains to note that every derivative of a,(z) is bounded function in IR" since an(x) = a2 (k) + al,(z)
with al () € S(IR™). [ ]

IT. Now let us prove the bound (10.20) for the same class of differential operators and for all s € IR.
Similarly to (10.22), we have by triangle inequality for the norm || - || that

(10.25) JAu(@) oo < Y Nlaa(@)du(@)]ls—m.

laj<m
Hence, again it suffices to prove the estimate for every summand in (10.25), i.e
(10.26) laa(2)0%u(@)||s—m < C(s)|lu(@)]s
for |a| < m. Since aq(z) = al (k) + a’, (), we have
(10.27) laa (2)0w(@)||s—m < llagd®u(@)|ls—m + llag (2)0%w(z) s

The first term in the right hand side is bounded by C(s)||u(z)||s by Lemma 4.4. Finally, for the second
term we obtain from Lemma 10.4 that

(10.28) lag (2)0%u(@)ls—m < C(s = m)[[0%u(x)|ls-m
since al, (z) € S(R™). [ |
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Proof of Theorem 10.7 for general case Step i) By definition 9.1, the formula (9.6) can be
rewritten as

(10.29) Au(z) = A%u(z) + A'u(z) = (2;)71 /e*ikxao(kz) (k)dk + (2717) /eiikza'(x,k)ﬁ(k)dk.

It suffices to prove the bound of type (10.20) for each of two terms.

Step 1) For the first term the bound follows easily. Namely, by definition of the Sobolev norm,

(10.30) 14%u(@) s = [|(1 + [])*=™ AOu(k)| 2.
Further, definition of A%(z) in (10.29) implies that F[A } = a’(k)a(k), hence
(10.31)  [I(1+ k) " AOuB) 2 = (L + k)"0’ (R)a(k)] 2 < Ol + k) (k)| 2

since a’(k) < C(1 + |k|)™ by condition (9.8) with o = 0. Combining the bounds (10.30) and (10.31),
we obtain the desired estimate

(10.32) |A%u(@)[[s—m < Cllu(x)|s-
Step iii) It remains to prove similar bound for second term,
1 .
(10.33) Au(z) = @ / e~ o/ (x, k)u(k)dk.

As in (10.30) .
(10.34) [Aw(x)|s—m = |(1 + [E[)*"™ A'u(k)]| 2

Let us calculate the Fourier transform Eﬁ(k‘) First let us prove that A'u(z) € L'(IR"). Indeed,
condition (9.8) with a = 8 = 0 implies that |a/(x, k)| < C(N)(1 + |z|)~N(1 + |k|)™ for any N > 0.
On the other hand, |a(k)| < C(M)(1 + |k|)™ for any M > 0 since u(z) € S and also (k) € S.
Therefore,

(10.35) (2, K)a(k)| < C(N, MY(L+ Jal) = (1 + k)™

Therefore, (10.33) implies that
(1036)  [Au()] < OO+ )™ [+ RNk < OV ML+ [a])

if we take M sufficiently large, so that m — M < —n. Finally, this inequality implies that A'u(z) €
LY(IR™) if we take N > n. Therefore, Lemma 5.1 implies that the Fourier transform F [A' u} (k) is
given by standard Fourier integral:

_ A ) 1 .,
(10.37) Alu(k) = /CkaA/u(iL‘>d.TU = /em(—/e_m xa'(w,k')ﬁ(k')dk')dw.
(2m)™
Applying here the Fubini theorem (it is possible by (10.35) with m — M < —n and N > n), we obtain

(10.38)  Alu(k) = (2%)” / ( / e R0 (o, W) da ) (K )k = (2717)n / 'k — K, K)a(k')dk'.

Step i) Now we substitute (10.38) into (10.39) and obtain that

[Aw(@)s-m = ClI(1+ Ik‘!)s_m/&’(kﬁ— K Kk )dE |

1 ksm
I [ = Ko+ ) a0 a2

(10.39) el / S(k, K yo(k')dk|| 2.,
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(1 + k)™
(1 +[K"])*

Lemma 10.9 The kernel S(k, k') satisfies conditions (10.2) and (10.3) of Schur’s lemma.

where S(k, k') = a'(k— K, K') and (k') = (1 + |K'])*a(K).

Proof The crucial observation is that condition (9.9) with o = 0 implies the bound
(10.40) 6/ (k — K, K')| < C(N)(L+ [k —K))N(1+ K™

for any NV > 0. This follows by arguments similar to the proof of Lemma 2.2. The bound implies that

I . ~
Sk K < Cﬁ(lﬂk—k’b N+ |x)
(1041) = C%(l + ’k—k‘/’)_N < C(1+ ’k— k/’)—N+|s—m\_

by the Peetre inequality (10.18) with s —m instead of s. Now conditions (10.2) and (10.3) follow if
we take N sufficiently large so that —N + |s — m| < —n. |

Finally, applying Schur’s lemma in (10.39), we obtain that
(10.42) [ A () ||s—m = | /S(k,/~€')v(’€')dk'||L2 < Cllv(k)ll 2 = Cllu@)]s,

that proves bound of type (10.20) for operator (10.39). [ ]
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11 Composition of pseudodifferential operators

Here we consider composition of two pseudodifferential operators A; and Ay classes A™! and A™2
respectively.

Theorem 11.1 Let the symbols a1 (x, k) and az(x, k) of pseudodifferential operators Ay and Asg, belong
to the classes 8™ and S™2 respectively. Then the operator A1 As belongs to the class A™™2 and
its symbol a(x, k) admits asymptotic expansion (generalised Leibniz Formula)

(11.1) a@, k) ~ 3 (100 a (o, K)OJas (o, K).

>0

First let us discuss the meaning of asymptotic expansion (11.1): by definition, it means that for
any N =0,1,2,... the finite expansion holds

N-1
(11.2) a(e k)= Y %(iak)"’al(x, RO az(z, k) + Ry (x, k),
[v[>0 '

where the remainder Ry (z, k) belongs to class S™+m2—N,
Next let us consider the properties of all terms in the asymptotic expansion. Definition 9.1 implies
that

i) the symbol (id;)%a1(z, k) belongs to class S™ ~1°l (Exercise: Check this!), and
ii) the symbol 0%as(x, k) belongs to class S™2 (Exercise: Check this!).

Therefore, their product (id)%a1(z, k)%as(z, k) belongs to class S™+m2~1el by Exercise 9.3.

11.1 Composition of differential operators

I. First consider simplest example of differential operators A; = e and As = a(x) in dimension
x

n = 1. Their composition is

(11.3) Au(x) := A1 Agu(z) = % [a(x)u(:c)} = d'(z)u(z) + a(z)u/(z).

This means that A = A1 Ay = a(:r:)ali + d'(x), hence the symbol of the composition is
x

(11.4) a(z, k) = a(x)(—ik) + d'(z).

This formula coincides with (11.2) since the symbols a1 (z, k) = —ik and a;(x, k) = a(z), hence
i) the term in (11.2) with v = 0 is the product (—ik)a(x),
ii) next term with v =1 is a(z), and
iii) all terms with |y| > 1 vanish.

II. Second, let us consider general differential operators A; and As in dimension n = 1:

(11.5) Aju(x) = Z ajo(x)0%u(x), l=1,2.
a<my
Their composition is also a differential operator
(11.6) Au(z) == A1 Agu(z) = Z 10, ()0 {aga2 (x)(?a?u(ac)}.
ap < my
az < mg
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To define the symbol of this operator, we have to rewrite it in the standard form (9.1), where all
coefficients are on the left of the operators of differentiation. It suffices to rewrite each term in the

sum (11.6). Moreover, it suffices to consider the composition 9* [agag (m)@o‘?u(x)] Using the Leibniz
formula for the product, we obtain that

(11.7) o [am( } 3" O 0)aza, (€)04 02 (x),
y<ai
|
where € = — Y Hence we can rewrite (11.6) in the standard form as
e =)t
(11.8) Au(x) = Z 10, (T Z C2,0) a0, (2)0 720 ().
ar <my 7=a1
az < My

Now the symbol of the composition is

(11.9) a(z, k) = Z a1, (T Z Cglgxa%Q )(_ik,)oq—%i-o&
a1 <my s
ag < Mo

according to formula (9.7).
Let us check that the symbol coincides with general formula (11.2) for the particular case of
differential operators A; and As. Indeed, we can rewrite (11.9) as

(11.10) =3 Y SR @0 Y a(e)-ik),

y<a1 a1<my ’7 az<mgy

|

It remains to note that %(—ik)al_v = (i0)7(—ik)** (Exercise: Check this!). Hence (11.10)
a1 — )

becomes

=Y Y 0y i) a1, @) Y sy (@) (k) = Y i!(iak)val(x,k)a;ag(x,k).

<o a1<m1 ! az<mg y<my
(11.11)
Finally, this formula coincides with (11.2) since (i0x)Ya1(z, k) = 0 for v > m;.

Now we are prepared to prove formula (11.2) for general pseudodifferential operators A; and As.

11.2 Composition of PDO

Step i) Let us take any test function u(xz) € S(IR™). By definition of pseudodifferential operator A,
we have

1 . /\
(11.12) Auoue) = 5 / =g, (2, k) Agu(k)dk,
T
By definition of pseudodifferential operator As, we have
1 —ikx ~ 1 —ikx 1 —ikx ~
Aou(a) = / (e ik = G / G Ri(k)k + / el (2, k)a(k)dk

(11.13) = Adu(x) + Ayu(x).
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Respectively, A A = A1 AY + A1 A}, and it suffices to prove formula (11.2) for each term separately
since the formula is linear in symbol as(x, k).
Step ii) First let us consider term A; AY:

1

(11.14) AlAgu(x) = (2m)" /e_ikxal(x,/{)@i(k)dk‘

Definition of AJu in (11.13) implies that Zg\u(k:) = aJ(k)u(k), hence (11.14) becomes

1 —ikx ~
(11.15) (o) = 5 / e~ q, (, k)ad(k)a(k)dk.

By definition 9.4 (see (9.6)), this means that A; A9 is pseudodifferential operator with symbol a(z, k) =
a1(x, k)ad(k). It remains to note that this product coincides with formula (11.2) for the composition
A1 AY since
i) first term with v = 0 is just product of the symbols, and
i) all derivatives 97aJ(k) vanish for |y| > 0.
Step iit) It remains to study term A Ab:
1

(11.16) Adu(o) = o / e~ q, (2, k) Agu(k) dk

Let us calculate symbol of the composition A; A%. First, let us evaluate the Fourier transform Z’Z\u
Definition of AJu in (11.13) implies that
1
(2m)"
Hence by the Fubini theorem, we obtain, similarly to (10.38), that
1
(2m)"

where integral kernel a5 (k — k', k') satisfies the estimate of type (10.40):
(11.19) @ (k — k', k)| < C(Ma)(1+ [k — K'[) M2 (1 + [K'|)™2

(11.17) bu(x) =

[ e K yalk i

(11.18) Abu(k) = / ab(k — K K)a(k)dk,

for any My > 0. Substituting expression (11.18) into (11.16), we obtain

i [ € e ) (G [ a0 K

We are going to apply the Fubini theorem to change the order of integrations, and rewrite (11.20) as

(11.21) Ay Ayu(z) = (2i)" / ((271r)" /B_ikwal(:c,k)dé(k; _ k/,k')dk)ﬂ(k:/)dk:/.

Exercise 11.2 Justify the applicability of the Fubini theorem. Hint: By 9.1, we have that |a;(z, k)| <
C(1+ |k|)™. Hence, (11.19) implies that the integrand of (11.20) admits the estimate

(11.22)e " ay (z, k)ay(k — k', K")a(k')| < C(Ma, Ma)(1+ [K[)™ (1 + [k — k')~ M2 (1 4 [&/])m2 =

for any My, M3 > 0, since |a(k")| < C(1 + |K'|)~™3 for any M3 > 0. Applying the Peetre inequality
(1+ k)™ < 1+ |K)™ (1 + |k — K|)l™l, we obtain

(11.23) |~ ay (, k)ay(k — K, K )a(K)| < C(Ma, Ma)(1 + [k — K/ [)Im1=Me (1 4 [g/]ymatme =

(11.20) Ay Abu(z) =

where the right hand side is summable function of (k, k") € IR?™ if |my|— My < —n and mq+mg— Mz <
—n.



34 CONTENTS

Finally, we can write (11.20) in the form

(11.24) Ay Aju() = (21)n / e iha( (Ql)n / e~ 670, (o, )i (k — K K )dk ) (k) dk
™ s

By definition 9.4 (see (9.6)) this means that A; A} is pseudodifferential operator with symbol

1
(2m)"

(11.25) oz, k) = / e~k 0 (2 k)il (k — KK )k,

Step v) It remains to prove the asymptotic expansion (11.1) for this symbol. First we expand the
symbol aq(z, k) in the Taylor series in k with the centre at k'

N-1
1
(11.26) a(z, k) = Z Jazal(x, K'Yk —K) +ry(x, kK,
lyl=0 "

where the remainder ry(z, k, k') can be represented in the Cauchy form

Z i [/01(1 — t)N—la;cu(x’ K+ t(k — k/))dt} (e K.

|
yl=n 7"

(11.27) rn(z, k, k')

Substituting (11.26) into (11.25), we obtain that

1 g o
alw k) = o 3 e k) / e~ k=K (1 _ IV (k — K k) dk
Y .
[v|=0
11.28 R e M h—Kwp (o kKD ah (k — K K dk.
™

We note that the sum in (11.28) coincides with the sum in finite asymptotic expansion (11.2) since

(11.29) (21)11 / e (b _ kY ah (k — K, K )dk = (i) as(x, K)
T

by formula (5.1) for the inversion of the Fourier transform. Note that the formula is applicable since
the integral converges by the bound (11.19) with N > n + |v/|.

Step v) It remains to prove necessary bounds for the remainder

(11.30) Ry(z,k') =

(27T)n /e_i(k_k/)x’r]\[(l', k, k/)dlz(k _ k,, k/)dk

We have to prove that Ry (z, k') € S™+m2=N_ More precisely, we will prove the bounds of type (9.9):
(1131) (1 + [a)™|0p02 R, K)] < Clan B, M)(1+ K]y me=N-lol 4}/ ¢ 7
for any M > 0 and any multiindexes o and (3.

Remark 11.3 Bounds (11.31) mean that the first component R (k') for this symbol vanishes.
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We will prove bounds (11.31) for M =0 and o = 3 = 0. First, (11.30) implies that
(11.32) R (2, )| < c/ v (@ ey Kl ( — K 1) dE.

The Cauchy formula (11.27) implies that

(kK < %[/1(1 — YN0 an (w, K+ 4k — K))[de]|(k — k)|
pi=n 70
(11.33) < CO+ |k +t(k—k))™ N1+ k- KDV,

Substituting the estimate to (11.32), we obtain that

|RN(x7k/)|

1
(11.34) < c/ [/0 (L= VLK 4 1k — K™ N (14 [k — KN (k — KK dk.

Now we use the estimate (11.19) for a5(k — k', k') and obtain

| Ry (@, k)]

1
(11.35) < C(My)(1+ |K])™ / [/ (L= OV K+ 1k — K™ N (14 [~ KDY Mo,
0
Therefore, the bound (11.31) with M =0 and a = [ = 0 follows from next lemma.

Lemma 11.4 For sufficiently large My > 0, we have

1
(11.36) / [/O (1= N1+ [ 4tk — K™~ Nat| (1 + [k = BN Mdk < 01+ [K])™

Proof Let us split the integration over IR" into two regions:
i) over |k — K'| < |K'|/2 and
ii) over |k — K'| > |K'|/2.

I. In first region, we have k' + t(k — k') = K/, or more precisely,

1
(11.37) 5\14] <K' +tk—K)| < g|k’\, 0<t<l.
Hence,
(11.38) Cir(1+ [K)™™N < (14 K+ t(k = K™~ < Co(1+ K™Y,

where C1, Cy > 0. Therefore, for large My the first integral is bounded by
C(1+|kj’|)m1—N / (1—|—|k_k,/|)N—M2dk. < Cl(1+|kl|)m1—N/(1_|_|k,_k/|)N—M2dk
|k—K'|<|k"]/2 R™

(11.39) C"(1 + |K|)ym N

IN

since the integral is finite for Ms > N + n.
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II. Tt remains to bound the integral over second region |k — k| > |k’|/2. Then |k’ + t(k — k')| <
K| + [t(k — k)| < 3|k — K|, hence

(11.40) (1+ ‘k-’ +t(k — k‘l)‘)ml_N <C+|k- k/’)\ml—N|

Hence, the integral over second region is bounded by

C / (1 + ’k‘ B k/’)\ml—NH—N—Mzdk, - C (1 + T)‘ml_NHN_MQTn_ldT
[/ > K| /2 k172
< C"(1 4 )l NI+N=My4n|*
B ( ) k'] /2
(11.41) = C"(1 4 |K|/2)m—NHN=Motn

if [my — N|+N — Ms+n < 0. Therefore, the integral is bounded by C(14|k’|)™ = if M is sufficiently
large so that |m; — N|+ N — My +n <mj — N. |

We have proved bounds (11.31) for M = 0 and o = 3 = 0. For all other values of the parameters the
proof is similar. Theorem 11.1 is proved. |
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12 Regulariser of elliptic equations

We consider partial differential operator

(12.1) Au(x) = Z o ()0%u(z)

la<m

with symbol

(12.2) a(z, k) = Z a(z)(—ik)®.

laj<m

In next section we will study the questions on existence, uniqueness and smoothness of solutions u(z)
to partial differential equation in IR"

(12.3) Au(z) = f(x), x e IR"

for elliptic and strongly elliptic operators A.

Definition 12.1 (Cf. Definition 8.3) i) Differential operator A is elliptic of order m if
(12.4) la(z, k)| > (1 + |k|)™, k| > R, z,keR"”

for some R >0 and c > 0.
ii1) Differential operator A is strongly elliptic of order m if

(12.5) la(z, k)| > c(1+ k)™, z, k€ R",
where ¢ > 0.

Example 12.2 i) Let V(x) € S(IR"). Then the Schrédinger operator —A + V() — E is elliptic for
every E € C (check this!).

ii) Let V(x) € S(R™), and V() > 0 for x € R"™. Then the Schriodinger operator —A + V(x) — E is
strongly elliptic

a) for every E < 0 (check this!);

b) for every E € C\R" where RT ={E € R: E >0} (check this!).

We start with definition of “regulariser” R of the operator A which is “almost inverse” to the
operator A in the following sense:

Definition 12.3 An operator R: H~™ — H?® is called regulariser of the operator A if
1. R is PDO of class A™™, hence continuous H*™™ — H? for any s € IR;

II. RA=1+4+T and AR =1+ T, where T and T are PDO of class A™1,
hence continuous H® — HTY and H™™ — HS™™F! respectively;

III. T and T are compact operators in H® and H*™"" respectively.

We will construct the regulariser for strongly elliptic operators A by the following formula:

1

(12.6) RI@) = o

/e—ier(l,’ k) f(k)dk, where r(z,k) = a(@. k)

Theorem 12.4 Let A be strongly elliptic operator. Then the operator (12.6) is regulariser of A.
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Proof

Exercise 12.5 Check property I. Hint: Definition (12.5) implies that the inverse symbol r(z, k) =
1/a(x, k) belongs to class S™™. Therefore, R : H*~™ — H?® is continuous by Theorem 10.7.

Exercise 12.6 Check property II. Hint: Apply Theorem 11.1 to the compositions RA and RA: in
generalised Leibniz formula (11.2) with N = 1, the term with v = 0 gives unit operator 1, while the
symbols of remainders 7" and 7 belong to class S'. Therefore, T : H* — H**' and 7 : H*™™ —
H*~™+1 are continuous by Theorem 10.7.

It remains to prove property III:
Proposition 12.7 T and 7 are compact operators in H® and H*™"" respectively, for any s € IR.

Proof We will prove the theorem with an additional assumption on the coefficients a,(7) = a2 +a’, ()
of the operator (12.1). Namely, let all terms a/ () vanish for large |z|, i.e.

(12.7) a, () =0, |z| > R, |a| <m.

Then in the corresponding decomposition of the symbol a(z, k) = a®(k) + d’(z, k), the term a'(z, k)
also vanishes for large |z|, hence we have

(12.8) a(z, k) = a®(k), lz| > R.

In other words, the symbol a(x, k) does not depend on z for |z| > R. Therefore, the same is true for
inverse symbol r(z, k) = 1/a(x, k). Hence, r(z, k) = r%(k) 4+ +/(z, k), and

(12.9) ' (x, k) = rO(k), |z| > R.

For concreteness, we will prove the compactness for the operator T : H® — H? since the compactness
of operator 7 : H*~™ — H®*~™ follows similarly.

Let us denote by ¢(zx, k) symbol of the composition C' = RA. Applying generalised Leibniz formula
(11.2) with sufficiently large N > 0, we obtain the expansion

N-1
(12.10) c(x, k) = Z ;(i@k)'yr(ﬁ,k)aga(x,k) + Ry(x, k),
ly1=0

Then the corresponding operator C' admits the decomposition

N-—1
(12.11) C=> C,+Dy,
[v[>0

where C,, stands for PDO with symbol %(iﬁk)'yr(a:, k)0)a(z, k), and Dy stands for PDO with symbol
Ry(z, k).

We have Cy = r(z, k)a(z, k) = 1, so it remains to prove compactness of each term in (12.11) with
lv| > 0.

Lemma 12.8 Each operator Cy : H® — H® is compact if |y| > 0.
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Proof We have to prove that for any bounded sequence u; € H?®, the sequence C,u; has a limit point,
i.e. there exists a converging in H*® subsequence C,u;:

(12.12) |Cyujr —vl||s — 0, j — oo

for some v € H®. By Theorem 10.7 operator C : H® — H*+1 is bounded since C, is PDO of class
A1 by Theorem 11.1. Therefore, the sequence Cyu;j is bounded in H SHV'(IR"), hence bounded in
H*t1(IR™) since |y| > 1. Furthermore,

(12.13) Couj(z) = (;)n /e—ikx%(iak)w(x, k)o)a(x, k)u;(k)dk = 0, lz| > R
s :

since dJa(x, k) = 0 for |z| > R by (12.8) and condition |y| > 0. Therefore, Cyu;(x) € I;SH(Q), where
2 stands for the ball {z € IR" : |z| < R}.

So, functions Cyu; belong to a bounded set in I; st1(Q). Therefore, the sequence Cyu; contains a

converging subsequence in H*(IR™) by Sobolev’s theorem on compact embedding H sTHQ) c H3(IR™)
(Theorem 7.2). [ |
It remains to prove compactness of operator Dy : H® — H? for sufficiently large N > 0.

Proposition 12.9 Operator Dy : H® — H?® is compact if N > 0 is sufficiently large.

Proof Let us introduce PDO A® with symbol (1 + |k|)®: by definition 9.1, we have
S, —1 S~
(12.14) Nu= i [(1+ [ a(k)]
Then A® : H® — L? is isomorphism by definition of the Sobolev space H®. Indeed, u(x) € H*
is equivalent to the fact that (1 + |k|)*a(k) € L2. Finally, last relation is equivalent to F~! {(1 +

|k|)8a(k‘)} € L? by the Parseval Theorem. Hence, Au € L? by (12.14).

Obviously, A™° is inverse operator to A®. Hence, we can write Dy = A™*ASDyA9A®. It suffices
to prove that operator K := A*DyA~% : L? — L? is compact in L?. Then the composition Dy =
A°KA’: HS — H* will be compact. Indeed:

i) A®u; is bounded sequence in L? since A® : H® — L? is bounded operator;
ii) Then the sequence K A®u; contains converging in L? subsequence K Ay,

iii) Hence the subsequence Dyuj; = A™*KA®u;s is converging in H*® since A= : L? — H* is continuous
operator.
So, it remains to prove

Lemma 12.10 Operator K := A*DyA~% : L? — L? is compact in L? if N > 0 is sufficiently large.

Proof By Theorem 11.1, the composition K := A*DyA~* is PDO of class A~", and the Fourier
representation Ku(k) admits integral representation

(12.15) RKu(k) = (1 + [k])° / Bk — K K1+ [K])a(k)dk,
s

similarly to (11.18). The function Ry (k — k', k') admits the bound

(12.16) Ry (k=K ) <CM)Q+ k- k)M + KN
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for any M > 0. The bounds follow from (11.31) similarly to (11.19) and (10.40). Therefore, the
integral kernel K (k, k") := (1 + |k|)*Rn(k — k', k")(1 + |K|) % of the operator K admits the bound

(K (kK] < COOA+ KD A+ [k =KM@+ k)Y

(12.17) < C(MYA A+ [k — k)~ MHI (1 4 (k)N

where we used the Peetre inequality (14 |k|)* < (14 |k — k/|)/*/(1 +|&|)* as in (11.23). This estimate
implies that the integral operator K belongs to the Hilbert-Schmidt class of operators, i.e.

(12.18) /|K(k,k’)|2dkdk’ < o

if 2(—M + |s|) < —n and 2(—N + s) < —n. This property provides that the operator K is compact
in L2(IR™) (see e.g. Exercise 15 (c) in [4]). [ ]
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13 Applications of regulariser

13.1 Smoothness of solutions

Lemma 13.1 (“Schauder’s Lemma”) Let A be strongly elliptic operator, and consider a solution
u € H® of equation (12.3). Let us assume that f € H', where t € R. Then u € H™™.

Proof The lemma is trivial if ¢ + m < s, since H® C H*™™ in this case. Further we consider the
case t+m > s, 80 j:=t+m —s > 0, and additionally assume that j is integer, i.e. j = 1,2, ... for
simplicity of exposition. Then ¢t +m = s + j, and we have to check that |lul/s;; < oo.

Applying R to both sides of (12.3), we obtain RAu = u+Tu = Rf. Rewriting this as u = Rf —Tu,
we obtain that
(13.1) lulle <IRS|l + Tl < Clflsmm + Culluflo—s

since R € A™™ and T € A~'. Hence, the following Schauder a priori estimate holds for the
solutions to (12.3):
(13.2) [ullst1 < Cllfllst1-m + Cullulls < oc.

Hence, |[ul|s+1 < oo since ||f|ls+1—m < oo due to s + 1 —m < t. By induction, |ul|s4; < oo until
s+1—m < t. Taking [ = j, we obtain that |lul/s1; < oco. [ ]

Corollary 13.2 (“Weyl’s lemma”) Let A be strongly elliptic operator. Then for any s € IR, all
solutions u(x) € H*(IR™) to (homogeneous) equation (12.3) with f =0 are smooth functions.

Proof Applying Schauder’s lemma, we obtain that v € H**™ with any ¢t € IR since f = 0 € H' with
any t € IR. Hence, u € H® with any s € IR. Finally, this implies that u(z) € C*°(IR™) by Corollary
9.9.

13.2 Solvability of elliptic equations

Next theorem is main result of our course.

Theorem 13.3 (Cf. Theorem 8.5) Let us consider equation with variable coefficients (12.3). Let us
assume that A is strongly elliptic operator of order m. Then for any s € IR,
i) The solutions to corresponding homogeneous equation

(13.3) Au(x) =0, x € R",

constitute finite dimensional space in H*(IR™).

ii) Nonhomogeneous equation (12.3) with f(xz) € H*~™(IR"), admits solution u(z) € H*(IR") if f(x)
satisfies finite number of “orthogonality conditions” of type

(13.4) Li(f) =0, j=1,... M,

where Lj are linear continuous functionals on the space H*~™(IR™).

Proof i) Applying the regulariser R to both sides of (13.3), we obtain

(13.5) RAu=u+Tu =0,

where T is compact operator in H®. Hence, the linear space of the solutions u(z) is finite dimensional
by First Fredholm Theorem [4].
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ii) Let us seek the solution to (12.3) in the form u = Rg. Substituting to (12.3), we obtain the equation
(13.6) ARg=g+Tg=f,

where 7 is compact operator in H* ™. Hence, Second Fredholm Theorem [4] guaranties that the
equation g + 7¢g = f admits a solution g € H*~™ if f(z) satisfies finite number of “orthogonality
conditions” of type (13.4). Then u = Rg is solution to (12.3) by (13.6). [ ]



