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Abstract

We establish the asymptotic completeness in the nonlinear Lamb system with nonzero
mass for hyperbolic stationary states. For the proof we construct a trajectory of a reduced
equation (which is a nonlinear nonautonomous ODE) converging to a hyperbolic stationary
point using the Inverse Function Theorem in a Banach space, and a priori estimates. We
give a counterexample showing that the hyperbolicity condition is essential.
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1 Introduction

In this paper we consider the asymptotic completeness of scattering in the nonlinear Lamb
system for the case of nonzero oscillator mass m > 0. In [?]-[?] we have analyzed the case of
m = 0.

This system describes a string coupled to a n-dimensional nonlinear oscillator with the force
function F(y), y € R"

{u(m,t) = u(x,t), zeR\{0},

(1.1)
mij = F(y(t)) +u/(0+,t) —u'(0—, 1); y(t) :==u(0,t),

ou ,  Ou

where m > 0. Here 4 := —, u' := 97 The solution u(z,t) takes the values in IR™ with n > 1.
x

The system (??) has been introduced originally by H. Lamb [?] in the linear case when

F(y) = —w?y and n = 1. The Lamb system with general nonlinear function F(y) and the

oscillator of mass m > 0 has been considered in [?] where the questions of irreversibility and
nonrecurrence were discussed. The system was studied further in [?] where the global attraction
to stationary states has been established for the first time, and in [?] where metastable regimes
were studied for the stochastic Lamb system.

We consider the Cauchy problem for the system (??) with the initial conditions

(1.2) uli=0 = uo(2); Uli=0 = vo(z), Ylt=0 = po,

where y(t) := u(0,t). Let us denote Y (t) = (u(x,t),u(x,t),y(t)). Then the Cauchy problem
(??), (??) formally reads

(1.3) Y (t) =F(Y(t)) for t>0, Y(0) =Yy,
where Yy = (ug, vo, po) is the initial data, and
F(Y (1) = ((a(-t),u" (2, )]z20, F(y(t)) + v (+0,t) — u'(=0,1)).

The following scattering asymptotics with a diverging free wave were established in [?] for m = 0
and in [?] for m > 0:

(14) Y(t) = S+ + W(t)\I/+ + ’l“+(t), t>0

with some limit stationary state S; = (z4,0,0). Here W(t) is a dynamical group of the free
wave equation, and W is an asymptotic state. The remainder is small in the global energy
norm. The exact formulation can be found in Section 2.

In the present paper we continue the study of asymptotic completeness in nonlinear scattering
for the Lamb system with a nonzero mass. The case m = 0 for n = 1 was studied in [?] under
condition F'(z4) # 0. The case of all n > 1 was completed in [?].

We will call (Si, ¥, ) the scattering data of the solution Y (¢). Our goal is to describe all
admissible pairs (S4, ¥, ) such that there exists Y (¢) satisfying (??) for m > 0. For m = 0 we
have solved this problem in Theorem 5.1 from [?7]).



In paper [?] we have proved that for any n > 1 and m = 0 a pair (S4, ¥ ) is admissible if the
stationary state Sy is hyperbolic, i.e. det F'(z4) # 0, and ¥, is arbitrary from an appropriate
space. In this paper we prove the corresponding result for the case of m > 0.

The asymptotic completeness for nonlinear wave equations was considered in [?] for small
initial states. We prove the asymptotic completeness without the smallness assumption.

The paper is organized as follows. In Section 2 we introduce basic notations, and we recall
some statements and constructions from [?, 7, 7, ?]. In Section 3 we introduce the inverse reduced
ODE, and we reduce the asymptotic completeness to the existence of incoming trajectory of a
reduced ODE. In Section 4 we introduce the hyperbolicity condition. In Section 5 we prove the
existence of the incoming trajectory for small perturbations. First, we prove this for linear F,
and then for nonlinear F' using the Inverse Function Theorem. In Section 6 we extend the results
of Section 5 to arbitrary perturbations without the smallness assumption. First, the solution is
constructed for large ¢, and then it is continued back using a priori estimates. In Section 7 we
give a counterexample which show that the hyperbolicity condition is essential.

2 Scattering asymptotics for the Lamb system

Denote by || - |2 the norm in the Hilbert space L?(IR,,R").

Definition 2.1. The phase space € of finite energy states for the system (77) is the Hilbert
space of the triples (u(x),v(x),p) € C(R4,R") @L*(R4,R") @ R? with u/(z) € L*(Ry,IR")
and the global energy norm

(2.1) (s 0, p)lle = 1] + (0] + o] + [l
The stationary states S(z) = (s(x),0,0) € € for (??) are evidently determined by
(2.2) s(r)=z€eZ:={z€R": F(z) =0}.
We denote by S the set of all stationary states of system (?7). We assume that
(2.3) F(u) = -VV(u), V(u)€ C?*(IR",IR), and V(u) — +oo, |u| — oo,

and the following limits exist:

(2.4) ug = lim wup(x), uy = lim wup(x), 7o ::/ vo(y)dy.

z—+oo a——00 o
Definition 2.2. £ is the space of (u,v,p) € € such that the limits (77) exist.

Each solution to the first equation of (?? admits the d’Alembert representation
(2.5) u(z,t) = fr(x,t) + ge(x+1t), £ >0, fr,9+ € C(IR,IR").
Here f1(z),g+(z) for £z > 0 are given by the d’Alembert formulas

uol2) _ 1/: vo(y)dy,  g+(z) = wolz) |

N

(2.6) J=(2) =

5 5 5 /0 vo(y)dy, =+z>0.



These formulas imply that
(2.7) Fi(2), g4 (2) € LA(RF,RY)

since (ug,vg) € €. The formulas (??) , (??) give the solution for |x| > ¢ > 0. For |z| < t the
solution is expressed in the reflected waves f(z) for z < 0 and g_(z) for z > 0 given by

28)  fo(—) = y(t) — g:(0), o () =yt)— f(~1), 130
since y(t) := u(0,t) = f+(—t) + g+(t) = f—(—t) + g—(t). Hence, for |x| < t the solution reads

(t—z)+g+(z+1t)—gi(t — ), O<z<t

Y
ytta)+f(@—t)—f(-z—1), —t<wz<0 >0

(2.9) u(z,t) = {

The function y(t) can be determined from the Cauchy problem for the “reduced equation” (see

[?])

(2.10) mij(t) = F(y(t)) — 2y(t) + 2w (), > 0; y(0) =wuo(0); y(0) = po,
where

(2.11) win(t) = g+(t) + f-(—t), t >0

is the “incident wave”. Note that
(2.12) win € L2(RY,IR™)

by (??), hence the Cauchy problem (??) admits a unique solution for all ¢ > 0, and a priori
bound holds:

(2.13) wmﬂw»H@%mm+/|wWﬁSB<m
> 0

where B is bounded for bounded ||(ug, vo, po)|le-

These arguments imply that the Cauchy problem (??) admits a unique solution Y (t) =
(u(z,t),u(x,t),y(t)) € C(IR,E) for any Yy € &, where u(z,t) is defined by (??), (??), and (?7?)
(see [?]).

Let W (t) be the dynamical group of the free wave equation. Introduce the local energy
norm: for R > 0

(w, v)lle.r 2= [l llr + [w(O)] + [[v]| g for (u,v) € C(R,R") ® L*(R,IR"),
where || - ||z stands for the norm in L?((—R, R); IR%).

Theorem 2.3. Let m > 0 and the assumptions (??7) and (?77) hold, the set Z be a discrete
subset in IR?, and initial state Yo € Eas. Then the scattering asymptotics (7?) holds, where
i) The dispersive wave W (t)W converges to zero in local energy seminorms, i.e.

(2.14) WO e —0, t— o0, YR>O0,



and W (t)U4 admits the representation W (t)¥ 1 = (Wout(x,t), Wous(z, 1)) where

+ — —
+ug +
(2.15) Wout(z,8) = Co + fr(x —t) + g_(x +1), Cpi= W — 2z,

it) The rermainder admits the following asymptotics
(2.16) lre()||le — 0, t — oo.

i11) The asymptotic state Wy = (Vg, V1) € Ex, i.e. there exist the finite limits

o
+_ - _ 5 T, —
(2.17) Vi = lm o), Vg = lm W) Ti= [ Wi,

and the following identity holds:

(2.18) Ug+ ¥, + ¥y =0.
Proof (7?) implies that there exists z4 € Z such that

(2.19) y(t) == u(0,t) = 24, t — oo.

The statements i)-ii) follow from (??) and (??), see [?, Theorem 4.5 ii) b)] for m > 0, (and
in [?, Theorem 3.1.], and [?, Theorem 3.2], for m = 0.)

Let us prove iii). Substituting the expressions (??7), (??) into (?7), we obtain that the
asymptotic state U, = (U, Uy) € E is expressed in the initial data (ug,vg) € Ex by the
formulas

( y(x)+uo(ar)—uo(—x)_1/x vy . x>0

—T

(2.20)  Wo(x) = Co +

/ w)dy, =<0

\ —x

y,(:E) _ ulo(x) —2u6(—x) n vo(x) —21)0(—37) x>0
(2.21) Uy (2) =
y/<—$) 4 UE)(«T) - U{)(—I‘) n UQ(J;) — UO(—ZIJ) z<0.

2 2

The existence of the limits (??) follows from (??) and (??) by (??) and (?7?). Finally, the identity
(?7) follows from the d’Alembert formula

o(x —t)+ Vo(x+1t) 1 [*H
(2.22) Wout(2,t) = oz = t) 5 oz +1) + 2/ U1 (y)dy
z—t
since Wout(x,t) — 0 as t — oo for all z € IR by (?7). [ ]



3 Asymptotic completeness via the reduced equation
Let Y(t) € C(IR, &) be a solution to (??) with Yy € £. Let us define the wave operator
(31) WJrYO = (S+,\I’+) €S x 6;2,

where ¥, | S, are the corresponding asymptotics from (??). For U, = (U, ¥) € £, let us
set

(3.2) W(t) = Wt (0, 1) = 2oL +2‘I’0(_t) + % /_ tt Ui (y)dy, t> 0.

Let us note that
(3.3) w e L*(IR4,IR™)

since U1 € £L. In [?] we have proved the following lemma for m = 0. For m > 0 the proof is
similar.

Lemma 3.1. [[?], Lemma 3.1] Let Y (t) € C(IR, &) be a solution of (77) with Y (0) =Yy € £
and (??) holds with Sy =: (24,0,0). Then the function y(t) := u(0,t) satisfies the conditions

(3.4) Gmi(t) —i(t) = SFH) — D), > 0; §PRRY 5 y(t) 24, £ +oo.

We call the differential equation (??) the inverse reduced equation.

Definition 3.2. The Lamb system (??) is asymptotically complete at a stationary state Sy if
for any U € EL there exists initial data Yy € Ex such that (??) holds.

Lemma 3.3. Let S € S, (??) holds and w(t) is given by (??). Then the Lamb problem (?7) is
asymptotically complete at the stationary state Sy iff for any w(t) with w € L*(IR,IR™) there
exists an incoming trajectory y(t) = u(0,t) satisfying conditions (?7).

Remark 3.4. This Lemma has been proved in [?] for m = 0. For m > 0 the proof is similar.

It plays a crucial role in the proof of the asymptotics completeness.

4 Hyperbolic stationary states

The equation (?7?) is equivalent to the following system:

{ y=p
tmp = LF(y) +p— (),

which in the vector form reads

(4.1 Q=7Q.0. 70 = (1p0 4 2y 2a) 2= (4):



Let us consider z; € Z. Without loss of generality we will assume in the following that z; = 0.
Then F(0) =0 by (??), and

F(y) = F'(0)y + G(y), |G(y)| <Cy*, y—0.

The linear homogeneous system corresponding to (?7) reads:

0 0 1 0
0 0 0 1
A= Ly, ly, 2 0 , Vi =010,V (0), I,k <n.
% nl .- %Vnn 0 %
Respectively, system (?7) reads:
(4.2) Q = AQ + N(Q) + B(t),
where
0 0
0 0
4.3 N(Q) = , B(t) = .
(4.3) @=| gl BO=|_ 20
Gn(y) —1in, (1)

Let us find the eigenvalues of matrix A. First, consider the case n = 1. Then

A:(;£m>é>‘

—A 1
A-X=[LF(0) 2-]

We have:

The characteristic equation reads:

2 1

4.4 M-S - —F'(0)=0.
(4.4) Zx——F/(0)
Hence,
1 1 F'(0
(4.5) AMg=—=x\—>+ ©)
m m m



Obviously,

(4.6) Re A2 # 0, iff F'(0) = V”(0) 0.
Now consider the case n > 1. Then the matrix A — A\ takes the form
- . 0 1 0
0 -2 0 1
ATAME Ly, L L, 2o o |
mYnl mvnn 0 % —A

where

Vik = 0,0,V (0), I,k <n.
Definition 4.1. The stationary state Sy = (0,0,0) is hyperbolic if Re\; #0, Vj=1,...,n.
Lemma 4.2. The stationary state S = (0,0,0) is hyperbolic iff det V"(0) # 0.

Proof. After a nondegenerate change of variable y = Ty; we transform the matrix F’(0) =
V"(0) to a diagonal form:

Ky ... 0
T-'V'"0)T =K =
0o .. K,
Obviously,
(4.7) det K = det F'(0),
In this case the matrix A — AI is transformed to the matrix
A .. 0 1 ... 0
0 -2 0 1
1 2
—Ki 0 = 0
0 1K, 0 2
Hence,
- 2 1
det(A— ) =]\ - = - —K;).
et(d =) = [0 = 2 - ko)
Then Re\; # 0 for all [ = 1,..2n iff K; # 0, i = 1,2..n, by (??). This condition is equivalent
to condition the det K # 0. This implies Lemma ?7? by (?77). [ ]

5 Incoming trajectories

In this section we prove the existence of a solution to (??) for small ||B|;2 in the case of
hyperbolic stationary state Sy = (z4+,0,0). We adapt to our case the methods of [?] and [?]
for the construction of stable and unstable invariant manifolds in the hyperbolic case. First we
prove the existence for a linear F(y) and then for a nonlinear F(y) with small || B||;2. Further,
we will extend these results to arbitrary perturbations B € L?(IR,IR") in the next section.



5.1 Linear equation

Let A be a linear operator IR?® — IR?" and
ReX#0, X & Spec(A).

Then
Spec A=0_Uoy,

where Re A < 0 for all A € o_ and Re A > 0 for all A € 4. Let € > 0 be such that
(5.1) [Re A| > e, X € Spec(A).

Denote by Py the projectors of IR?" to the subspaces generated by the eigenvectors corresponding
to o4 respectively. Then the operator A is decomposed as

A=A +A_, AL =P A
Let us denote
L* = L*(Ry,IR*™) ,CY .= {y € C,(IRy,IR*™) : Q(t) = 0, t— +oc}.
Definition 5.1. Define the Banach space Q := L? N C'(?, with the norm

(5.2) 1Qlle = lQllz + IQllcy, Q€ Q.

Consider the equation

(5.3) Q(t) = AQ(t) + B(t), t=>0,
where B(t) is defined in (77).

Lemma 5.2. For any B € L? the solution Q € Q to equation (??) exists and Q = RB, where
R : L% — Q is a continuous linear operator.

Proof. Let us introduce a fundamental solution of system (?7)
E(t) == 0(—t)e Py + 0(t)e-tP_.

By (??) we have

(5.4) |Et)] < Cell teIR.
Obviously,
(5.5) Q=RB:=FExB

is a solution to (??). It remains to check that Q € Q.

i) First, let us prove that @ € Cp. By (?7) we have:

(5.6) QM) =[(ExB)()| <C / e~ B(s)|ds < C|| B 2



by the Cauchy-Schwartz inequality. Let us prove that Q(t) — 0, as t — oco. By (??) it suffices
to check that

t/2 00
/ el B(s)|ds — 0, /e€|t5|]F(s)\ds — 0, t— o0.
—o0 t/2

The second limit follows from the Cauchy-Schwartz inequality since
1Bl 22(t/2,00) =+ 0, t — 00.
It remains to prove the first limit. The limit holds since

t/2
/ e=<=51| B(s)|ds < Ce==/2|[B|| 2 — 0, t— oo.

—0o0

ii) It remains to check that @ € L2. Denote M(t) := |B(t)|. Using (??) and (??) we obtain

1Qlz2 < lle™ % M (1)) 2 < /e_a't'dt' [M]] -

5.2 Nonlinear term

Now, let us consider the nonlinear term N(Q) in equation (??). Conditions (??) imply that
(5.7) N € C?*(IR*",IR*"), N(0) =0 and N’(0) = 0.

Define the functional map N: Q — Q for Q € Q, by

Lemma 5.3. i) The map N : Q — Q is continuous.
ii) There exists the Frechet derivative N'(Qo) € L(Q, Q) for Qo € Q.

(5.8) N'(Qo)Q(t) = VN(Qo)Q(t)
ii) Moreover, N'(0) = 0.

w) N € C(Q,.2(2,9)).

Proof. i) Conditions (??) imply that for any § > 0

(5.9) IN@Q) < G51Q%, QI < 6.

Hence N (Q) € Q for Q € Q. The Lagrange formula implies that the map A is continuous from
0 to Q by (?7).

ii) By (??) we have
N(Q) = N(Qo) = N'(Qo)(Q — Qo) +7(Q,Qo), [r(Q, Q)| <C|Q —Qol? Q] +|Qo| <.

10



for any 6 > 0. Hence,

()] = [r(Q(1), Qo(t))] < ClQ(t) — Qo(t)[*.
Therefore,
Irlle, < ClIQ = Qollg,: lrllze < ClQ = Qolle, 1Q = Qoll 2.

Hence,

(5.10) M(Q)=N(Qo) = N (Q0)(Q—Q0))+7(Q, Qo) lrlle < CllQ-QollE, [Qllo+IQllo <6,
which implies (?7?).
iii) Let us check that N’(0) = 0. By (??) it suffices to prove that

N (@Q)lle

o 0, Qe —0.

1Qlle
This follows from (??) with Qo = 0.
iv) We should prove that the map Q@ — N’(Q) is continuous: Q — L(Q, Q), i.e.

(5.11) IV(Q1) = N'(Q2)llc(,0) = 0, [1Q1 — Q20 — 0.

Indeed, (??7) means that

(5.12) sup [[[N'(Q1) = N(@2)]Qlle = 0, [|Q1 — Qalle — 0.
IQlle<1

Now (??) implies that (??) is equivalent to
sup [IVN(Q1(t)) — VN(Q2(t))] = 0, [|Q1 — Q2llo — 0.
€

Finally, this follows from (?7). [}

5.3 Nonlinear equation and Inverse function theorem
By Lemma ??, equation (??) with Q € Q is equivalent to Q@ = R(NQ + BQ), or to
(5.13) ®(Q)=RBe€Q,
where
(Q) == Q — (RN)(Q).

The map RN : Q — Q is continuous and admits the Fréchet differential (RA) € C(Q,Z(Q, Q))
by Lemma ?7, and

(RN) =RN', (RN)'(0) =0.
Therefore, the map ® is continuous @ — Q, ¢’ € C(Q, L(Q, Q)), and ®'(0) = I by Lemma ??

iii), where I is the identity operator.

Theorem 5.4. Let B € L%. There exist ¢ > 0, C > 0 such that equation (??) admits a unique
solution Q € Q with ||Q|lo < C for || B||12 < €. This solution depends continuously on B € L2.

Proof. The map @ : Q — Q is continuously differentiable, ®(0) = 0 and ®’(0) = I. Hence, by
the Inverse Function Theorem (Theorem 10.4, [?]) there exist e, C' > 0 such that for |RB| < ¢
there exists a unique @ € Q with ||Q|lo < C satisfying (??) and depending continuously on
RB € Q. It remains to note that R is a continuous operator L? — Q by Lemma ??. |

11



6 Asymptotic completeness

In this section we prove asymptotic completeness for any hyperbolic stationary state. First,
we construct the incoming trajectory for large ¢ using Theorem 7?7, and next we continue the
trajectory backwards using a priori estimate.

Theorem 6.1. Let conditions (7?) hold, and a stationary state S1 = (z4,0,0) € S be hyperbolic.
Then system (?7) is asymptotically complete at Sy.

Proof. We assume that z; = 0 as above. According to Lemma 77, it suffices to prove that
there exists y(t), t > 0 satisfying (??). Let us recall that the equation (??) is equivalent to
equation (77).

i) First, we construct a solution Q € Q to (??) for large t > 0. Let 7" > 0 be such that
Bl 12(7,00) < €, for t > T', where € is chosen as in Theorem ?? and B is given by (?7). Let us
define

Bi(t) = B(T+1), t>0.

Then by Theorem ?7? there exists Q1(t) = <Zy71 E t;) € Q satisfying the inverse reduced equation
1

(??) for t > 0 with B; instead of B. In particular, y; satisfies (77).

ii) It remains to construct a solution ya(t) to equation (??) for t € [0,7] with w(T + t)
instead of w(t) such that

(6.1) i2 € L*(0,T), y2(T) = 1(0), 92(T) = 1(0).

It suffices to prove a priori estimate for yo and g9 for ¢ € [0,T]. First, we prove the a priori
estimate for yo. Multiplying equation (??) for yo by 292(t) and using (??), we obtain

1

5 dtlm( B = [g2(t)* = —VV(y2(t)) — i(t)ga(t), 0<t<T.

Integrating and using the initial condition, we obtain

T
Smlin(T)? — Zmlia(t) / 52000 = V(sa(6)) ~ V(sa(T) ~ 2 [ (0)in(e)r
Hence,
T T
Via(t) = gmlia(TP = gnlin O = [ dale?de+Via() +2 [0y

Using the Young inequality, we estimate the last term on the right hand side as

T T

2/@(7) ()d7</|( 2d7+/|y2 )|2dr

t

12



Hence,

T T T
(6:2) V() < gmlia()P-gmlinP~ [ ln@Pat+V )+ [ o@)Par+ [ lgao)Par,
and so
1 1 i
(63) V(a(t) < gmlia(T) - Jmlin@)P + V() + [ lo()Pdr < B <oc, te0.1),

t

since w € L2(IR4) by (?7). Therefore, yo(t) is bounded for t € [0,T] by (7).
It remains to prove a priori estimate for 2. From (?7) we obtain

T
Sl < ~V(t) + ymlia(DP + V(D) + [ fo(r)Pdr, te 0.17]

Hence
(6.4) y2(t) is bounded in [0, T,
since y2(t) is bounded there, V' is continuous by (??), and w € L*(IR,IR™). Now (??) follows.

iii) Finally, defining

* ey ={ ey 0

we obtain that y(t) satisfies (??) by (?7), since y;(t) satisfies (??) by (??) and (?7?). |

7 Counterexample

In this section we give an example which shows that the incoming solution may not exist for
nonhyperbolic stationary state. This means that the system is not asymptotically complete in
this state.

Example 7.1. Let us consider equation (??) with F satisfying (??), and such that
(7.1) F(0)=0, F(y) >0 for |y| < 1.

Then F'(0) =0, so z4 = 0 is the nonhyperbolic stationary point. Let us choose

1

7.2 i(t) = —— € L*(IRy).
(72) W(t) = 7 € L(IRY)

In this case a trajectory satisfying condition

(7.3) y(t) = 0, t— o0, ye L*(IRT)

does not exist.

13



Proof Let y satisfy (?7?) with z, =0

—ij—y=F(y) +

t>0.
5 >

14+t

Then by (??) and (??) there exists T' > 0 such that |y(t)| < 1 for ¢ > T, hence

M it s
Y=Y 14+t '

Integrating, we obtain

S = 5(0)) = y(t) = y(0) + log(1 + 1), ¢ > 0.

Then (??) implies that

%@u)zbg1+w+cn

hence
j & L*(Ry),
which contradicts (?77?). [ ]
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