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1 Introduction

In this paper, we establish a dispersive long time decay for the solutions to 1D Klein-Gordon
equation

O(x,t) =" (z,t) — m*Y(z,t) — V(z)Y(z,t), z€R, m>0 (1.1)

in weighted energy norms. In vectorial form, equation (1.1) reads
iW(t) = HU(t), (1.2)
where »
0= ) 7= (igomeov o) o

For s,0 € R, let us denote by H = H(R) the weighted Sobolev spaces introduced by Agmon,
[1], with the finite norms

1]

d
my = [(@)7 () llee <00, {a) = (14 [2f*)"?
We assume that V' (z) is a real function, and
V()| + |V'(z)] <Clx)™?, 2cR (1.4)

for some 3 > 5. Then the multiplication by V/(z) is bounded operator H} — H_, ; for any
s € R.

We restrict ourselves to the “nonsingular case” in the terminology of [20], where the trun-
cated resolvent of the Schrodinger operator H = —% + V(z) is bounded at the end point
A = 0 of the continuous spectrum. In other words, the point A = 0 is neither eigenvalue nor
resonance for the operator H; this holds for “generic” potentials satisfying [V (z)dz # 0.

Definition 1.1. F, is the complex Hilbert space H} & H? of vector-functions U = (¢, 7) with
the norm

1]z, = ¥l + 7y < oo (1.5)

Our main result is the following long time decay of the solutions to (1.2): in the “nonsingular
case”, the asymptotics hold

1P (O)ll5, = O(It]*?), t— %00 (1.6)

for initial data ¥y = ¥(0) € F, with o > 5/2 where P. is a Riesz projector onto the continuous
spectrum of the operator H. The decay is desirable for the study of asymptotic stability and
scattering for the solutions to nonlinear hyperbolic equations. The study has been started in
90’ for nonlinear Schrédinger equation, [4, 21, 22, 23|, and continued last decade [5, 6, 14].
The study has been extended to the Klein-Gordon equation in [8, 24]. Further extension need
more information on the decay for the corresponding linearized equations that stipulated our
investigation.

Let us comment on previous results in this direction. Local energy decay has been es-
tablished first in the scattering theory for linear Schrodinger equation developed since 50’ by
Birman, Kato, Simon, and others.
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For free 3D Klein-Gordon equation, the decay ~ t=3/2 in L>® norm has been proved first by
Morawetz and Strauss [18, Appendix B|. For wave and Klein-Gordon equations with magnetic
potential, the decay ~ ¢~%?2 has been established primarily by Vainberg [27] in local energy
norms for initial data with compact support. The results were extended to general hyperbolic
partial differential equations by Vainberg in [28]. The decay in the L” norms for wave and
Klein-Gordon equations was obtained in [3, 7, 13, 19, 31, 32].

However, applications to asymptotic stability of solutions to the nonlinear equations also
require an exact characterization of the decay for the corresponding linearized equations in
weighted norms (see e.g. [4, 5, 6, 24]).

The decay of type (1.6) in weighted norms has been established first by Jensen and Kato [11]
for the Schrodinger equation in the dimension n = 3. The result has been extended to all other
dimensions by Jensen and Nenciu [9, 10, 12], and to more general PDEs of the Schrodinger
type by Murata [20]. The survey of the results can be found in [26].

For free wave equations corresponding to m = 0, some estimates in weighted LP-norms have
been established in [2]. The Strichartz weighted estimates for the perturbed Klein-Gordon
equations were established in [16].

For the free 3D Klein-Gordon equation, the decay (1.6) in the weighted energy norms
has been proved first in [8, Lemma 18.2]. However, for the perturbed relativistic equations,
the decay was an open problem. The problem was that the Jensen-Kato approach is not
applicable directly to the relativistic equations. The difference reflects distinct character of
wave propagation in the relativistic and nonrelativistic equations (see the discussion in [15,
Introduction]).

In [15] the decay of type (1.6) in the weighted energy norms has been proved for the Klein-
Gordon equation in the dimension n = 3. The approach develops the Jensen-Kato techniques to
make it applicable to the reativistic equations. Namely, the decay of the low energy component
of the solution follows by the Jensen-Kato techniques while the decay for the high energy com-
ponent requires novel robust ideas. This problem has been resolved with a modified approach
based on the Born series and convolution.

Here we extend our approach [15] to the dimension n = 1. The extension is not straight-
forward since the decay (1.6) violates for the free 1D Klein-Gordon equation corresponding to
V(z) = 0 when the solutions decay slow, like ~ ¢~'/2. Hence, the decay (1.6) cannot be deduced
by pertrubation arguments from the corresponding estimate for the free equation. This diffi-
culty is well known, and it hindered the study of the asymptotic stability of many important
1D problems. The slow decay is caused by the “zero resonance function” ¢ (x) = const corre-
sponding to the end point A = 0 of the continuous spectrum of the 1D Schrodinger operator
—d?/da?.

Main idea of our approach to n = 1 is a spectral analysis of the “bad” term, with the
slow decay ~ t~'/2. Namely, we show that the bad term does not contribute to the high
energy component. Therefore, the decay ~ t3/2 for the high energy component follows by our
approach [15]. On the other hand, for the low energy component, the decay ~ ¢~%/2 holds for
the “generic” potentials by methods [11, 20].

Our paper is organized as follows. In Section 2 we obtain the time decay for the solution
to the free Klein-Gordon equation and state the spectral properties of the free resolvent which
follow from the corresponding known properties of the free Schrodinger resolvent. In Section 3
we obtain spectral properties of the perturbed resolvent and prove the decay (1.6). In Section
4 we apply the obtained decay to the asymptotic completeness.
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2 Free Klein-Gordon equation

First, we consider the free Klein-Gordon equation:

Y(z,t) =" (x,t) —m*P(z,t), z€R, teR (2.1)
In vectorial form equation (2.1) reads

(1) = HoW(t), (2.2)

@@:(ﬁg) m:<ﬂﬁgm%é) (2.3)

2.1 Spectral properties

where

We state spectral properties of the free Klein-Gordon dynamical group G(¢) applying known
results of [1, 20] which concern the corresponding spectral properties of the free Schrodinger
dynamical group. For t > 0 and ¥y = W(0) € Fy, the soluton ¥(t) to the free Klein-Gordon
equation (2.2) admits the spectral Fourier-Laplace representation

1 . .
O(W(1) = — / e N R (w4 ie) ¥y dw, teR (2.4)
i
R
with any & > 0 where 6(t) is the Heaviside function, Ry(w) = (Ho—w) ! forw € CT := {Imw >
0} is the resolvent of the operator Hy. The representation follows from the stationary equation

wUt(w) = HeWUT(w) 4 ¥, for the Fourier-Laplace transform U+ (w) := /Q(t)ewllf(t)dt, w €

C*. The solution W(t) is continuous bounded function of ¢ € R with theRvalues in Fy by the
energy conservation for the free Klein-Gordon equation (2.2). Hence, ¥ (w) = —iRq(w) ¥y is
analytic function of w € C* with the values in Fy, and bounded for w € R + ie. Therefore, the
integral (2.4) converges in the sense of distributions of ¢ € R with the values in Fy. Similarly

to (2.4),

1 . .
O(—1)¥(t) = —5— e TN R N (w — i)Wy dw, tER (2.5)
R

The resolvent Ry(w) can be expressed in terms of the resolvent Ry(¢) = (—% —¢)7! of the
free Schrodinger operator

B wRy(w? — m?) iRy (w? —m?)
RW”—<4u+wm@twﬂ)mmw—m% (2:6)
The free Schrodinger resolvent Ry(() is an integral operator with the integral kernel
Ro(oa—y) = ~ZPOVEE 0D e o5 (2.7)

2i/C ’

Definition 2.1. Denote by L(By, By) the Banach space of bounded linear operators from a
Banach space By to a Banach space Bs.
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The explicit formula (2.7) implies the properties of Ry({) which are obtained in [1, 20]:

i) Ro(C) is strongly analytic function of ¢ € C \ [0, 00) with the values in £(H,', H});

ii) For ¢ > 0, the convergence holds Ry(¢ + i) — Ro(¢ £1i0) as ¢ — 0+ in L(H, ', H' ) with
o > 1/2, uniformly in ¢ > r for any r > 0.

iii) For any M > 0 the following asymptotic expansion holds

M
Ro(¢) = > A+ O(M72) ¢ —0, (eC\[0,00) (2.8)

k=—1

in the norm of L(H;'; H! ) with 0 > 3/2+ M + 1. Here

AL =0p[]. Av=0p[ ey, (29

and Ay € L(H;'; HY ) with o > 3/2+ k for k= —1,0,1,....
iv) The asymptotics (2.8) can be differentiated M + 2 times: for 1 <r < M + 2,

M
GR(Q) =0 (D0 M) + O ), (=0, CeC\[o0)  (210)

k=—1
in the norm of L(H 1 H! ) with o > 3/2+ M + 1.

Let us denote I' := (—o0, —m) U (m, o), and let A%, be the operator with the integral kernel

. o tm
A== g (G ) (2.11)

Then the properties i) — iv) and (2.6) imply the following lemma.

Lemma 2.2. i) The resolvent Ro(w) is strongly analytic function of w € C\ T with the values
in L(Fo, Fo).

ii) For w € ', the convergence holds Ro(w +£ ic) — Ro(w £ 10) as ¢ — 0+ in L(F,, F_,) with
o > 1/2, uniformly in |w| > m +r for any r > 0.

iii) For any M > 0, the following asymptotics hold

M

Ro(w) = Z (+w — m)*2AE + O(Jw Fm| M) w—4m, weC\T (2.12)
k=—1

in the norm of L(Fy; F_o) with o > 3/2+ M + 1. Here A € L(F,; F_,) for k= —1,0,1,...
and o > 3/2 + k;
iv) The asymptotics (2.12) can be differentiated M + 1 times: for 1 <r < M +1,

M41_

M
O Ro(w) = (D (Fw = m)2AE) + O(lw Fm ), w—4m, weC\T  (213)
k=-1

in the norm of L(F,, F_,) with o > 3/2+ M + 1.
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Finally, we state the asymptotics of Ry(w) for large w which follow from known Agmon-
Jensen-Kato decay [1, (A.2")] and [11, Theorem 8.1] of the resolvent R (see also [15]):

Lemma 2.3. For any p > 0 the following bounds hold for m = 0,1 and [ = —1,0,1,

1-I+k

IR (Ol gggrp sy < Clo,BICIT27,  C€C\(0,00),  [|>p  (214)
with o > 1/2+k for any k=0,1,2,....
Then for Ry(w) we obtain
Corollary 2.4. For any p > 0 the bounds hold
IR @)lleF, 7o) < Clp,k) <00,  weC\T, |wFm|>p (2.15)
with o > 1/2+k for k=0,1,2, ....

Proof. The bounds follow from representation (2.6) for Ry(w) and asymptotics (2.14) for Ry(()
with ( = w? — m?2. O

Corollary 2.5. Fort € R and ¥y € F, with 0 > 1/2, the group G(t) admits the integral
representation

(), — % et [Roftw + i0) ~ Ro(tw — i0) | ¥y doo (2.16)
T

where the integral converges in the sense of distributions of t € R with the values in F_,.

Proof. Summing up the representations (2.4) and (2.5), and sending £ — 0+, we obtain (2.16)
by the Cauchy theorem, Lemma 2.2 and Corollary 2.4. O

2.2 Time decay

The estimates (2.15) do not allow obtain the decay of G(t) by partial integration in (2.16). We
deduce the decay from explicit formulas. The matrix kernel of the dynamical group G(t) can
be written as G(t, z — y), where

G(t,2) = ( ggg gg 2 ) , z€R (2.17)
and
Gt =) = %Q(t ) o (mVE = ) (2.18)

where Jy is the Bessel function, and 6 is the Heaviside function. Well known asymptotics of
the Bessel function imply that for any z € R,

G(t,2) = Golt,2) + Gi(t,2),  Golt,2) = O(™?), t— 00
and Gy(t, z) stands for the matrix kernel

—msin(mt — ) cos(mt — )

1

2mmt

Go(t, ) == =0@t™V?, t—oo (219

—m?cos(mt — F) —msin(mt — %)

Therefore, the free Klein-Gordon group G(t) decays like t~/2 that does not correspond to (1.6).

On the other hand, G is only term responsible for the slow decay. More exactly, in the next
section we will prove the following basic proposition
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Proposition 2.6. For the operator G, (t) with the kernel G.(t,x —y), the following asymptotics
holds
G.(t) = O(t™?), t— o0 (2.20)

in the norm of L(Fy; F_,) with o > 5/2.

The following key observation is that the “bad term” Gy(¢, z) does not contribute to the high
energy component of the total group G(t) since (2.19) contains just two frequencies +m which
are the end points of the continuous spectrum. This suggests that the high energy component
of the group G(t) decays like ¢=%/2.

More precisely, let us introduce the following low energy and high energy components of

G(t):

Gi(t) = % / e~ (w) [Ro(w +140) — Ro(w — iO)} dw (2.21)
Gi(t) = QLM / e~ h(w) [Ro(w +40) — Ro(w — 2'0)} dw (2.22)

where [(w) € C§°(R) is an even function, supp | € [—m —2e,m + 2¢], l(w) = 1 if |w| < m ¢
with an € > 0, and h(w) =1 — l(w).

Theorem 2.7. Let 0 > 5/2. Then the following asymptotics hold
Gr(t) = O@t™3?), t— o0 (2.23)
in the norm of L(Fy; F_s).

Proof. We deduce asymptotics (2.23) from Proposition 2.6.
Step i) Let W(0) € F,. Denote
W () = 0()G(1)W(0), W (t) = 6(t)Go(t)W(0), Wy (t) = O(1)Ga(t)W(0), W, (t) = 6(£)Gr(£)¥(0)
Then
1

UH(t) = 5 e h(w)Ro(w +i0)W(0)dw

R
_ 1 —iwt i —iwt T+ +
= o / (@) T (W)do = o [ e h(w)[\lfo(w)+\lfr(w)] dw
R

= WUHt)+ / e Wt h(w) W )dw—%/e‘i“tl(w)@j(w)dw (2.24)

where the first term W' (¢) decays like (2.23) by (2.20).

Step i) Let us consider the second summand in the RHS of (2.24). By (2.19) the matrix
function ¥g (w) is a smooth function for |w| > m+¢, and IV (w) = O(w™27%) &k =0,1,2...,
w — oo. Hence partial integration implies that

| / G de O ™), YNeN (2.25)
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Step i11) Finally, let us consider the third summand in the RHS of (2.24).

% e (W)U (W)dw = [LxUH(t) = O@™%?), =1L (2.26)

in the norm of F_,, since L(t) = O(tN), t — oo for any N € N, and ||U,.(t)||r_, = O(t3/?)
by (2.20). Finally, (2.24)- (2.26) imply (2.23). O

2.3 Proof of Proposition 2.6

For a fixed 0 < & < 1 we split the initial function ¥y € F, in two terms, Wy = Wg, + Vg, such
that
1o, M7, + 1¥g,llz < CllWllz, t=1 (2.27)

and
t
Uy, (z) =0 for |z|> %, and Vg, (z) =0 for |z|< = (2.28)

We estimate G, (t)¥g, and G,.(t)¥(, separately.

Step i) Let us consider G,(t)¥g, = G(t)¥y, — Go(t)¥y,. First we estimate G(t)¥, using
energy conservation for the Klein-Gordon equation, and properties (2.28) and (2.27):

IG@&) PG, llr, < NGOYG iz < CIG,llm < Ot 7N,z < Crle)t™ Vol t>1
(2.29)
since o > 5/2. Second we estimate Gy(t)¥(,. By (2.19) we get |Gy(t)] < C/v/t for t > 1. Hence,
for the second component 7g, of vector-function Wg,, we obtain by Cauchy inequality

o0

/7r0t d:c‘ <— /\w (1 + 2?)° dx)”%/ﬁ)m

et/4

(GO ) ()| =

= Cﬁ)“’“ﬂll o < CE2 ||y w0, i=1,2

since o > 5/2. Hence
1G5 (#)m0 o[l < C(e)t ™ ||mgyllmg, i =1,2
The first component of vector-function W, can be estimated similarly. Therefore,
1Go ()W I, < CE)t (W5, t>1 (2.30)
and (2.29)- (2.30) imply that
1G- (1) UG Il =, < Cle)t 2| Wollz,. =1 (2.31)

Step i) Now we consider G,(t)Vg, = G(t)¥(, — Go(t)¥g,. Let us split the operator G, (t), for
t > 1, in two terms:

Gr(t) = (1 = Q)Gr(t) + G, (1)
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where ( is the operator of multiplication by the function ((]z|/t) such that ¢ = ((s) € C§°(R),
((s) =1for |s| <e/4, ((s) =0 for |s| > £/2. Obviously, for any k, we have

05¢(l2]/t)] < Cle) <00, t21
Furthermore, 1 — ((|z|/t) = 0 for |z| < et/4, then

(1= QGO llr_, < Ce)™7I[(1 = OG(1) ¥, ll7 < CrL(e)t™?IG(1) W, |7

Hence, by the energy conservation and (2.27), we obtain

(1= QG5 , < Cale)t ™ol 7 < Cale)t™7||Wh, |z, < Cale)t™2[|Wollz,, t>1
(2.32)
since o > 5/2.
Further, for the second component 7, of vector-function ¥ ,, we obtain by Cauchy inequality

i C ,
Gy ()mo ) ()] < %Hﬂé,tHHg, i=1,2

Hence,
; C i dy 1/2 _ :
11 = QG () mo .l , < %HW(/),tHHg< / m) < Ot myllmo, i=1,2
et/4

The first component of vector-function ¥{, can be estimate similarly. Therefore,

11 = OGO Wo,llr, < CERtWollr,, t>1 (2.33)
and then (2.32) and (2.33) imply

11 = QG ()7, < Cle)t ™| W]z, t2>1 (2.34)

Step iii) Finally, let us estimate (G, (t)¥;,. Let X2 be the characteristic function of the
ball |z| < et/2. We will use the same notation for the operator of multiplication by this
characteristic function. By (2.28), we have

€G- ()W, = CGr(t) Xt/ Vo, (2.35)
The matrix kernel of the operator (G, (t)x.:/2 is equal to
G (t,x —y) = ((|z]/1)G,(t, 2 — Y)Xers2(y)

Well known asymptotics of the Bessel function imply the following lemma, which we prove in
Appendix.

Lemma 2.8. For any ¢ € (0,1) the bounds hold

105G (t,2)| < O(e)|2)t7%2, 2| <et, t>1, k=01 (2.36)
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Since ((|x|/t) = 0 for |z| > €t/2 and x./2(y) = 0 for |y| > et/2, the estimate (2.36) implies
that
05G(t ) < Cle)la—yPt™2 k=01, t>1 (2.37)

The norm of the operator (G, (t)xzt/2 : F» — F—, is equivalent to the norm of the operator
() 7CG () Xety2(y)(y) ™7 + Fo — Fo
The norm of the later operator does not exceed the sum in k, k = 0, 1 of the norms of operators
;@) 7CGr () xer2(y) (y) 7] - L*(R) © L*(R) — L*(R) & L*(R) (2.38)

The estimates (2.37) imply that operators (2.38) are Hilbert-Schmidt operators since o > 5/2,
and their Hilbert-Schmidt norms do not exceed C(g)t~3/2. Hence, (2.27) and (2.35) imply that

16G: ()W, 117, < ClN*| g, llx, < CLle)t™?||Wollz,, t2>1 (2.39)
Finally, the estimates (2.39), (2.34) imply
1G- ()Wl < Cet 2| Wolls,, t21 (2.40)

Proposition 2.6 is proved.

3 Perturbed Klein-Gordon equation

To prove the long time decay for the perturbed Klein-Gordon equation, we first establish the
spectral properties of the generator.

3.1 Spectral properties

According [20, formula (3.1)], let us introduce a generalized eigenspace M for the perturbed
Schrodinger operator H = —A + V:

M={peH ;,: (1+AV)peRA,), A VY =0}

Where A_; and Ay are defined in (2.9), and R(A_;) is the range of A_;.
Below we assume that
M=0 (3.1)

The condition (3.1) corresponds to the “nonsingular case” in [20, Section 7]. Let us show that
the condition (3.1) holds for “generic” potentials satisfying

/V([E)dl’ #0 (3.2)

Let us denote by V the set of all potentials satisfying the conditions (1.4) and (3.2).

Definition 3.1. We say that property holds for “generic” potentials V€ V, if for any fized
potential V' € 'V, the property holds for KV with k € R except for a discrete set of k € R.
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Lemma 3.2. The condition (3.1) holds for generic potentials V € V.

Proof. i) First we prove that for generic V € V the operator 1+ AyV is invertible in H!  with
o€ (3/2,8—3/2). Consider a family T'(k) = 1 + kAyV with a real parameter k. Let N (k)
denote the null space of T'(k). Then N (k) = {0} except for a discrete set ¥ of k, because AgV
is a compact operator in H!' . Thus T(k) = 1 + kAyV is invertible for k € R\ X.

i1) Now we suppose that £ € R\ X. Let us consider v» € M. Recall that A_; = Op{%}, and
then R(A_;) consists of the constant functions. Hence, ¢ = T~(k)C, where C is the constant
function, and

ALKV = KA VT (R)C = kC%(V, T (k)1) = 0 (3.3)

Let us show that (V, T71(k)1) # 0 for k € R\ X, where X is also a discrete set. Note that
T(0) = 1, hence, (V,T71(0)1) = (V,1) # 0 by (3.2). Therefore, the meromorphic function
k — (V,T71(k)1) does not vanish identically, and thus (V,T~1(k)1) # 0 for all k € R outside
a discrete set. Now (3.3) implies that C' = 0. Hence, ¢ = 0. O

Denote by R(¢) = (H — ¢)™1, ¢ € C\ R, the resolvent of the Schrodinger operator H.

Remark 3.3. i) By [20, Theorem 7.2|, the condition (3.1) is equivalent to the boundedness of
the resolvent R(() at ¢ = 0 in the norm of £L(H, ', H' ) with a suitable ¢ > 0.

ii) N(H) C M where N(H) is the zero eigenspace of the operator H. The imbedding is obtained
in [20, Lemma 3.2]. The functions from M\ N(H) are called zero resonance functions. Hence,
the condition (3.1) means that A = 0 is neither eigenvalue nor resonance for the operator H.

Let us collect the properties of R(() which are obtained in [1, 11, 20] under conditions (1.4)
and (3.1). Note, that in [11] is considered 3D case, but corresponding properties can be proved
in 1D case similarly.

R1. R(() is strongly meromorphic function of ¢ € C\ [0, 00) with the values in £(Hy*, H});
the poles of R(() are located at a finite set of eigenvalues ¢; < 0, j = 1,..., N, of the operator
H with the corresponding eigenfunctions v;(z) € H2 with any s € R.

R2. For ¢ > 0, the convergence holds R(¢ + i) — R(( +1i0) as ¢ — 0+ in L(H, ', H! ) with
o > 1/2, uniformly in ¢ > p for any p > 0 (cf. [11, Lemma 9.1]).

R3. The following expansion holds (|20, Theorem 7.5]):

R(¢)=Bo+0O(¢'?), (=0, (eC\(0,00) (3-4)

in the norm of L(H !, H' ) with o > 3/2.
RA4. The expression (3.4) can be differentiated two times (cf. [11, (6.14)]):

RY(¢)=0(C*"), (=0, (eC\(0,00), k=12 (35)
in the norm of L(H ! H' ) with o > 5/2.

Remark 3.4. The statement R4 can be deduced from (2.8), (2.10), and the identities

R =(1-RV)R,1-VR), R'=|(1-RV)Rl- 2R’VR6] (1-VR)
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Further, the resolvent R(w) = (H — w)™! can be expressed similarly to (2.6):

wR(w? — m?) iR(w?* — m?) ) (3.6)

R(w) = ( —i(1 + w?R(w? —m?)) wR(w? —m?)
Hence, the properties R1 — R4 imply the corresponding properties of R(w):

Lemma 3.5. Let the potential V' satisfy conditions (1.4) and (3.1). Then
i) R(w) is strongly meromorphic function of w € C\ I' with the values in L(Fo, Fo);
ii) The poles of R(w) are located at a finite set

= {w]i =+y/m?+¢, j=1,..,N}
V;(x) )

.
iw;i ()

i11) For w € T, the convergence holds R(w + i) — R(w £ 1i0) as e — 0+ in L(F,, F_,) with
o > 1/2, uniformly in |w| > m+r for any r > 0.

iv) The following asymptotics hold

of eigenvalues of the operator H with the corresponding eigenfunctions (

Rw)=Re +O(lwFm|'?), w—4m, weC\T (3.7)

in the norm of L(Fy, F_o) with o > 3/2.
v) The asymptotics (3.7) can be differentiated two times:

R(w)=0(wFm| %), R'W) =0(wFm|™??), w—+m, wecC\T (3.8)
in the norm of L(F,, F_,) with o > 5/2.

Now we obtain the asymptotics of R(w) for large w.

Lemma 3.6. Let the potential V' satisfy (1.4). Then for s = 0,1 and | = —1,0,1 with
s+1 € {0,1} we have
_1-l+k
IR | g sy = O™ 2 ), [¢] =00, ¢ €C\[0,00) (3.9)

with o > 1/2+k for k=0,1,2.

Proof. The lemma follows from Lemma 2.3 by the arguments from the proof of Theorem 9.2
in [11], where the bounds are proved for s =0 and [ = 0, 1. O

Hence (3.6) implies
Corollary 3.7. Let the potential V' satisfy (1.4). Then the bounds hold
IR® ()] ez 0y = O(1), |w| =00, weC\T (3.10)

with o > 1/2+k for k=0,1,2.
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Finally, let us denote by V the matrix

v — ( —21/ 8 ) (3.11)

Then the vectorial equation (1.2) reads
iW(t) = (Ho+ V)U(t)
The resolvents R(w) and Ry(w) are related by the Born perturbation series
R(w) = Ro(w) — Ro(w)VRo(w) + Ro(w)VRo(w)VR(w), weC\[TUY] (3.12)

which follows by iteration of R(w) = Ro(w) — Ro(w)VR(w). An important role in (3.12) plays
the product W(w) := VRo(w)V. We obtain the asymptotics of W(w) for large w.

Lemma 3.8. Let k = 0,1,2, and the potential V' satisfy (1.4) with 3 > 1/2 + k + o where
o > 0. Then the asymptotics hold

WO lerry = Ol ™), fwl =00, weT\T (3.13)

Proof. Bounds (3.13) follow from the algebraic structure of the matrix
W (@) = VRE ()Y = 0 0 (3.14)
0 —iVO*Ry(w? —m*)V 0 '

since (2.14) with s = 1 and [ = —1 implies that

= 03I %) | fll

for1/24+k<pB—o0. O

= O] D)V fllan

B—o

VRSV fllae < CIRE(QV Fllo

o—8

3.2 Time decay

In this section we combine the spectral properties of the perturbed resolvent and time decay
for the unperturbed dynamics using the (finite) Born perturbation series. Our main result is
the following.

Theorem 3.9. Let conditions (1.4) and (3.1) hold. Then

77 = 37 e Bl e = O, = 00 (3.15)

wjeE
with o > 5/2,where P; are the Riesz projectors onto the corresponding eigenspaces.

Proof. Lemma 3.5 iii) and asymptotics (3.7) and (3.10) with £ = 0 imply similarly to (2.16),
that

U(t) — Z e It P, = 5 e [R(w +i0) — R(w — zO)] Uy dw = U;(t) + Uy(t) (3.16)
w; €Y T
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where P; stands for the corresponding Riesz projector

1
P = —— v
0 - o . 67—\),((4}) de
with a small § > 0, and

1 .

n(t) = 5 / [(w)e it [R(w +i0) — R(w — w)] Wy dw (3.17)
1

S / hw)e ™ [R(w +i0) — R(w — 0)] Wy d (3.18)
T

where [(w) and h(w) are defined in Section 2.2. Further we analyze W;(¢) and W, (t) separately.

3.2.1 Time decay of V()

We consider only the integral over (m, m + 2¢). The integral over (—m — 2e, —m) is dealt with
in the same way. We prove the desired decay of W;(¢) using a special case of Lemma 10.2 from
[11]. Denote by B a Banach space with the norm || - || .

Lemma 3.10. Let F' € C([m,al], B), satisfy

F(m)=F(a) =0, [F"W)|=0(w-m|%, w—m (3.19)
Then .
/e‘it”F(w)dw =0t™?), t— o0 (3.20)

Due to (3.7)-(3.8), we can apply Lemma 3.10 with F = {(w)(R(w + i0) — R(w — i0)),
B = L(F,,F_,), a =m+ 2e with a small e > 0 and ¢ > 5/2, to get

CllWollz,

v (t < —
IOl <

teR, o>5/2 (3.21)

3.2.2 Time decay of V()

Let us substitute the series (3.12) into the spectral representation (3.18) for Wy, (t):
1

W) = 5= [ e hw) Ro(w +0) — Ro(w — i0)| Wy dw (3.22)
/ _
1 | :
+ % e‘“"th(w) R(] (w + ZO)VR()(CU + ’LO) - Ro(w - ZO)VR(] (w - ’LO):| \IIO dw
/ _
1 | :
+ 5= [ (W) [ReVRVR(w +i0) — RoVRoVR(w - zO)] Ty dw
T

= Wy (t) + Upa(t) + Ups(t), teR
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Further we analyze each term W, k = 1,2, 3 separately.
Step 1) The first term Wy, (t) = G, (t)Vy by (2.22). Hence, Theorem 2.7 implies that

CllWollz,

W1 (t < -0 7o
|| hl( )H]'la = (1_|_ |t|)3/2>

teR, o>5/2 (3.23)

Step i) Now we consider the second term Wo(t). Denote h;(w) = \/h(w) and let

1 .
o= L [ et w) [Ro(w +40) — Ro(w — 2'0)} Wy dw
2T
T

It is obvious that for ®; the inequality (3.23) also holds. Namely,

Cl[%ol 7,

Dy (t < -0 -7
|| hl( )||.7:70 = (1+|t|)3/2a

teR, o>5/2 (3.24)

Now the second term W(t) can be rewritten as a convolution.

Lemma 3.11. The convolution representation holds
t
Upo(t) = i/gm(t —1)V®pi(7) dr, teR (3.25)
0

where the integral converges in F_, with o > 5/2.
Proof. Then the term W;5(t) can be rewritten as

1 )
\Ifhg(t) = % /e‘“"th%(w) |:'R,0(u) + ZO)VR()(CU + ZO) - Ro(w - ZO)VRQ(W — ’LO) \Ifo dw (326)
R

Let us integrate the first term in the right hand side of (3.26), denoting
GH(t) == 0(£t)Gu (), ®F (1) = 0(£t)Ppi(t), tER

We know that hy(w)Ro(w +i0)¥, = i®}, (w), hence integrating the first term in the right hand
side of (3.26), we obtain that

1 | L
Uh(t) = 7 e 'hy(w)Ro(w + i0) VP, (w) dw
R

1 .
= o [ R+ 0 /
27T R
R

= L )2 e ™! ; iwT F+
= %(zat +1) /m hl(w)Ro(w+ZU)V[/]R€ O (T)dr|dw  (3.27)
R

T (T)dT] dw



Weighted energy decay for 1D Klein-Gordon equation 15

The last double integral converges in F_, with ¢ > 5/2 by (3.24), Lemma 2.2 ii), and (2.15)
with £ = 0. Hence, we can change the order of integration by the Fubini theorem. Then we
obtain that

¢
(1) /ghl Ot (r)dr — z'/o Gni(t = T)VOpi(r)dr , t>0 (3.28)
0 , t<0

since

Ghit—7) = QL/ “wlt=T b (W) Ro(w + i0) dw
R

—iw(t—T)
-(i0; + 1) /‘CE > B (W) Ro(w + i0) dw
R

by (2.4). Similarly, integrating the second term in the right hand side of (3.26), we obtain

0 , t>0
Wyo(t) =i Rghl(t — TV, (1)dT = / G (t — TV (T)dr , t <0 (3.29)
Now (3.25) follows since Wo(t) is the sum of two expressions (3.28) and (3.29). O

Further, let us choose ¢ > 5/2 and o, € (5/2, min{o, $/2}). Then applying Theorem 2.7
with A instead of h to the integrand in (3.25), we obtain that

ClVem(7)l 7,
(I +[t— 72

1§ (t = T)V P (7) |7, < NGra(t = T)VOm(T)] 7, <

Clonlr., _  Ole,  _ Clwls
IS ) R O S [ A O B o L DR O o e D O
Therefore, integrating here in 7, we obtain by (3.25) that

Cl[Poll 7,
(1 [¢])372°

[V na ()| 7. < teR, o>5/2 (3.30)

Step 4ii) Finally, let us rewrite the last term W;3(t) as

Us(t) = i /e_i“th(w)./\/'(w)\lfo dw,

2
r

where N(w) := M(w + i0) — M(w —10) for w € T', and
M(w) == Ro(w)VRo(w)VR(w) = Ro(w)W(w)R(w), weC\[TuY] (3.31)
Now we obtain the asymptotics of N'(w) and its derivatives for large w.

Lemma 3.12. For k= 0,1,2 the asymptoticss hold

IMBP ) err ) =O(w|™), |w|— o0, weC\T, o>1/2+k (3.32)
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Proof. The asymptotics (3.32) follow from the asymptotics (2.15), (3.10) and (3.13) for R((]k) (w),
R¥) (w) and W) (w). For example, let us consider the case k = 2. Differentiating (3.31), we
obtain

M" = RIWR + RW'R + RoWR" + 2RZW'R + 2RGWR' + 2RoW'R’ (3.33)

For a fixed o > 5/2, let us choose ¢’ € (5/2, min{co, 5 —1/2}). Then for the first term in (3.33)
we obtain by (3.10) and (3.13)

IRGW(@)R(W)fll7_, < [Ro(WIWV(@)R(w)fllF_,, < CIW(W)RW)fII7,
= O(Jw|)IRW) fll7_,, = 0w fllz, = O™ fllz, |w| =00, weC\T

Other terms can be estimated similarly choosing an appropriate value of ¢’. Namely, ¢’ €
(1/2, min{o, 5 — 5/2}) for the second term, ¢’ € (5/2, min{o, 5 — 1/2}) for the third, ¢’ €
(3/2, min{o, 8 — 3/2}) for the forth and sixth terms, and ¢’ € (3/2, min{c, 3 — 1/2}) for the
fifth term. O

Now we prove the decay of Uy3(t). By Lemma 3.12
(RN € L' ((—00, —m — &) U (m + &,00); L(Fy, Fs))

with ¢ > 5/2 and r = . Hence, two times partial integration implies that

CllWollx
Ups(t < ——2 teR
|| h3( )H]'lo = (1+ |t‘)2
This completes the proof of Theorem 3.9. O
Corollary 3.13. The asymptotics (3.15) imply (1.6) with the projector
Pe=1=Psy Pa= ZPj (3.34)
w; €Y

4 Application to the asymptotic completeness

We apply the obtained results to prove the asymptotic completeness which follows by standard
Cook’s argument. Let us note that the asymptotic completeness is proved in [17, 25, 30] by
another methods for more general Klein-Gordon equations with an external Maxwell field. Our
results give some refinement to the estimate of the remainder term.

Theorem 4.1. Let conditions (1.4) and (3.1) hold. Then
i) For solution to (1.2) with any initial function ¥(0) € Fy, the following long time asymptotics
hold,

U(t) =Y e ™ + Uy (t)Ds + 4(t) (4.1)

w]‘GE

where V; are the corresponding eigenfunctions, &1 € Fy are the scattering states, and
lre()llm —0,  t— Foo (4.2)

it) Furthermore,
lr<(@)ll7 = Ot /?) (4.3)
if U(0) € F, with o > 5/2.
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Proof. First let us denote X; := Py Fo and X, := P.Fy. For ¥(0) € X, the asymptotics (4.1)
obviously hold with &, = 0 and r.(t) = 0. Hence, it remains to prove for ¥(0) € X, the
asymptotics

U(t) =Up(t) P + re(t) (4.4)
with the remainder satisfying (4.2). Moreover, it suffices to prove the asymptotics (4.4), (4.3)
for ¥(0) € X, N F, where o > 5/2 since the space F, is dense in X,, while the group Uy(t) is
unitary in JF; after a suitable modification of the norm. In this case Theorem 3.9 implies t
decay

he

@)z, < CA+)2[X(0)5, t— oo (4.5)
The function W(t) satisfies the equation (1.2),

iW(t) = (Ho + V)U(2)

Hence, the corresponding Duhamel equation reads
t
U(t) = Up(t)W(0) + /L{O(t —7)VY¥(r)dr, teR (4.6)
0
Finally, let us rewrite (4.6) as

+o0

() = Ut [\D(o)+ / uo(—f)vqf(f)df]
+oo

- / Z/I()(t —T)V\II(T)CZ’T :Z/I()(t)@i —FTi(t) (47)

t

It remains to prove that &L € Fy and (4.3) holds. Let us consider the sign "+” for the

concreteness. The “unitarity” of Uy(t) in Fo, the condition (1.4) and the decay (3.15) imply
that for o’ € (5/2, min{o, 8}

[ lt=ru@lnir < / PYOlrdr <€ [ 8@l i (49

< 02/ (L4 7) 20 (0) | 5, dr < o
0
since |V (z)| < C(z)™% < C{x)~"". Hence, , € Fy. The estimate (4.3) follows similarly. O

A Appendix: Proof of Lemma 2.8

Here we prove Lemma 2.8. Differentiating (2.18), we obtain for |z| < ¢

mit

G2 =~ =

Ji(mVit? — 22)
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2 242
%Zigf(m 2 —22) + o

G(t,z) = =2y 1 72(152 — )

Jg(m 12 — 22)

The following asymptotics of Bessel functions are well-known ([29], p.195):

2\ 1/2 VT _
Ju(z) = (E) cos(z — o Z) +0(z737), 2z — 0.
Hence, (2.17) imply B B
G(t,z) = Go(t,z) + G.(t, 2)
where
_mitsin(mvE? — 22 — 7) cos(mvt? — 22 — 7)
4 /(12 2\3 /12 2
. ot — (t —z ) te— 2z
Got, ) = D

2mm m2t2 cos(mV/2 — 22 — %) mt sin(my/#% — 22 — %)

2 — 22) - (12— 22)3

and for € € (0, 1) we have
02G,(t,2)] < Cpt™2, |2 <et, k=0,1

It remains to prove the bounds of type (2.36) for the difference Q(t, 2) = Go(t, 2) — Go(t, 2). Let
us consider the entry Q'%(¢, z). Applying the Lagrange formula, we obtain

cos(m t2 —22—7) cos(mt —7%)

\/—’ 12 — 22 Vi

Differentiating Q'2(t, z), we obtain for |z| < et

Q" (t, )

()23, |2| <et (A1)

1 s m . ™
0.0%(:2) = |5 oV =2 = Pt (VB = — )
Hence,
10.Q"(t,2)| < Cle)|2| 72, |2 <et (A.2)

Other entries Q% (t,z) also admit the estimates of type (A.1) and (A.2). Hence, the lemma
follows since G,.(t) = G,(t) + Q(t, 2).
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