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Abstract

We derive the long-time asymptotics for solutions of the discrete 2D Schrodinger
and Klein-Gordon equations.
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1 Introduction

In this paper we establish the long-time behavior of solutions to the discrete two dimen-
sional Schrodinger and Klein-Gordon equations. We extend a general strategy introduced
by Vainberg [19], Jensen-Kato [10] and Murata [13] concerning the wave, Klein-Gordon
and Schrodinger equations, to the discrete case. Namely, we establish the smoothness of
the resolvent of a stationary problem at the nonsingular points of continuous spectrum,
and a generalised ‘Puiseux expansion’ at the singular points which are critical values of
the symbol. Then, the long-time asymptotics can be obtained by means of the (inverse)
Fourier-Laplace transform.

We restrict ourselves to the “nonsingular case”, in the sense of [13], where the truncated
resolvent is bounded at the singular points of the continuous spectrum, i.e. there are no
resonances or eigenvalues. This holds generically and allows us to get decay of order
~ t7(logt)~2 which is desirable for applications to scattering problems.

First, we consider discrete version of the 2D Schrodinger equation

i(a,t) = Hy(x,t) = (A + V(2)) ¥ (x,t) ,
{ ¥|,_, = o z€7? teR (1.1)
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Here A stands for the difference Laplacian in Z? defined by

Ap(z) = D d(y) —4(z), zeZ’ (1.2)

|lz—yl=1
for functions: ¢ : Z*> — C.

Definition 1.1. Denote by V the set of real valued functions f on the lattice 7 with
finite support.

Assume that V € V. If we apply the Fourier-Laplace transform

e e}

D, w) = / N 1) dt, Tmw > 0, (1.3)

0

to (1.1), then we obtain the stationary equation

(H —w)p(w) = —ityy, Imw > 0. (1.4)

Note that the integral (1.3) converges, since ||¢(-,t)||, = const by charge conservation.

Hence .
Y(,w) = —iR(w)hy, Imw >0, (1.5)

where R(w) = (H —w)~! is the resolvent of the Schrodinger operator H.
We are going to use functional spaces which are discrete versions of the Agmon spaces
[1]. These spaces are the weighted Hilbert spaces [ = [2(Z?) with the norm

Jullz = (1 + :Bz)(’/Qqu2 , oc€eR
Let us denote by

B(o, o) =L(% 12), B(o, o)=L 2 al%)

o Yo’ o) Yo'l

the spaces of bounded linear operators from /2 to {2, and from [2612 to [2,@12,, respectively.

Note that the continuous spectrum of the operator H coincides with the interval [0, 8],
and the kernel of the resolvent has singularities of the logarithmic type at points w; = 0,
wy = 4, and wy = 8. The points are critical values of the symbol 4(sin? %1 + sin? %2),
(6,6;) € T? of the difference Laplace operator (1.2), where T2 is the torus R*/27Z2. The
values w; = 0 and w3 = 8 correspond to elliptic critical points of the symbol, and w, = 4
corresponds to hyperbolic points on the torus (see [7]).

Our main results are as follows. First, we prove the limiting absorption principle

B(o,—0)
Rw=+ic) —— Rw=xi0) as ¢—0+ for we (0,4)U(4,8) (1.6)

for V€ V and 0 > 1/2. Further, we establish asymptotic expansions of the resolvent
near the critical points wy for potentials V' (z) from a generic set W in the space of all
compactly supported potentials (see Definition 3.4). For example, in the elliptic case,
k =1 and k = 3, the expansion reads

Ry

— log? . 1.
ot logw + O(wlog” w), |w| — 0 (1.7)

R(wk +w) = Rg +



in the norm of B(o, —o) with ¢ > 3. Similar expansion is valid in neighborhoods of
hyperbolic points. These expansions immediately imply

R(wp +w) = R + Rilog ' w + O(log 2 w), |w| — 0. (1.8)

Finally, we take the inverse Fourier-Laplace transform of (1.5), applying the asymptotics
(1.6) and (1.8). Then we obtain long time asymptotics

He—itH o zn: e—it)\jpj

=1

= Ot 'log?t), t— oo. (1.9)

B(o,—0)

which is our main result. Here P; are the orthogonal projections in [? onto the eigenspaces
of H, corresponding to the discrete eigenvalues A; € R.

For the proof, we first construct the asymptotic expansion near the critical points for
the free resolvent. Then we prove (1.7) for V' € W, by arguments similar to [10], [13],
[19]. The proof of the decay (1.9) follows by arguments similar to Lemmas 9,10 of [19]
and Lemma 10.2 of [10].

Remark 1.2. i) In Appendix C, we give an alternative approach to derivation of expan-
sion (1.8) in the case when the truncated resolvent is bounded near the critical points.
The derivation relies on our results for the free resolvent and methods [7].

ii) The obtained asymptotics (1.8) imply the boundedness of the truncated resolvent
(which is equivalent to the absence of the eigenvalues and resonances, see [20, 13]). Hence
the boundedness holds for generic potentials.

iii) Although the expansion (1.8) implies (1.9), a more accurate expansion (1.7) can be
useful in other application.

We also obtain similar results for the discrete Klein-Gordon equation:

{ z\(x’t):ngzb_\ m2:—7Z(x))¢(x7t) ‘ reZ? teR (1.10)
t=0 ’ t=0

Set ¥(t) = (¢(~,t),¢(-,t)), Wy = (o, m). Then (1.10) takes the form

() =HI({), teR; ¥(0)=D, (1.11)

where

H:(MA—&—V)é)

The resolvent R(w) = (H—w) ™! of the operator H can be expressed in terms of the resol-
vent R(w), and this expression yields the corresponding properties of R(w). In particular,
we derive an asymptotic expansion of type (1.7) for R(w), and also long-time asymptotics
of type (1.9) for the solution of (1.11).

Let us comment on previous results in this direction. Eskina [4], and Shaban and
Vainberg [17] considered the difference Schrodinger equation in dimension n > 1. They
proved the limiting absorption principle for matrix elements of the resolvent and applied
it to the Sommerfeld radiation condition. However, [4, 17] do not concern the asymptotic
expansion of R(w) and the long-time asymptotics of type (1.9) in the operator norms.



The asymptotic expansion of the matrix element of the resolvent R(w) at the singular
points wy was obtained by Islami, Vainberg [7]. They used this expansion for obtaining
the long time asymptotics for the solutions of the Cauchy problem for the difference
wave equation. The main feature of this paper which differs from [7] in that here, all
asymptotic expansions hold in the weighted functional spaces, and not on compacts as in
[7]. In fact, the asymptotic expansion of the resolvent (1.7) in the space B(o, —o) was the
main technical challenge in this paper. An additional difference is that here we obtain
the long time asymptotics for the Schrodinger and Klein-Gordon equations, as opposed
to the wave equation in [7].

For hyperbolic PDEs in R™ (continuous case), the asymptotic expansion of the re-
solvent and the long time asymptotics (1.9) were obtained earlier in [15], [18], [19], [20],
and for the Schrédinger equation in [8], [9], [10], [11], [13]; see also [14] for an up-to-date
review and many references concerning dispersive properties of solutions to the contin-
uous Schrodinger equation in various norms. For the discrete equations, the symptotic
expansion of the resolvent and the long time asymptotics in the weighted spaces [2, are
obtained for the first time at present paper.

The results of this paper extend the results of [12] from 1D difference equations to 2D
difference equations. An exact formula for the resolvent of the stationary equation is used
in [12]. An exact formula is missing for 2D problems, and this provides the main difficulty
of investigation. Our approach is based on calculation of the asymptotics of oscillatory
integrals representing the resolvent.

The paper is organized as follows. In Section 2 we derive the asymptotic expansion of
the free resolvent. The limiting absorption principle and the expansion of the perturbed
resolvent is proved in Section 3. In Section 4 we prove the long-time asymptotics (1.9).
In Section 5 we extend the results to the discrete Klein-Gordon equation.

2 The free resolvent

We start with an investigation of the unperturbed problem for equation (1.1) with V' (z) =
0. The discrete Fourier transform of u : Z? — C is defined by the formula

(o) = > u(x)e™, 0 € T := R*/2nZ’.
T€Z2
After taking the Fourier transform, the operator Hy = —A becomes the operator of

multiplication by ¢(6) := 4 — 2cos#; — 2 cos , = 4 sin’ %1 + 4 sin? %2:

—Au(f) = ¢(8)(h). (2.1)

Thus, the operator Hj is selfadjoint and its spectrum coincides with the range of the
function ¢, that is SpecHy = X := [0, 8]. Denote by Ry(w) = (Hy — w)~! the resolvent of
the difference Laplacian. Then the kernel of the resolvent Ry(w) reads as

1 e—iﬁ(z—y)
T2

Lemma 2.1. The free resolvent Ry(w) is an analytic function of w € C\ ¥ with values
in B(o,0’) for any 0,0’ € R.



Proof. For a fixed w € C\ X, we have ¢(0) —w # 0 for § € T? Therefore, also (6 +
i) —w # 0 for § € T? ¢ € R? if £ # 0 is sufficiently small. Hence, the function
1/(¢(#) —w) admits an analytic continuation into a complex neighborhood of the torus of
type {0+ :0 € T? € € R? : |€] < 6(w)} with an §(w) > 0. Therefore, the Paley-Wiener
arguments imply that

Ro(w, z —y) < C(8)e "

for any § < 0(w). Hence, Ry(w) is a Hilbert-Schmidt operator in the space B(o,0’). O

2.1 Limiting absorption principle

We are going the traces of the resolvent Ry(w) on the continuous spectrum, Ry(w =+ i0)
with w € ¥. We can write

1
Ro(w tie,o —y) = F,!

O0—x— y(b( )—u):Fz'g’ e > 0. (23)

1
Note that the limiting distribution ————————— is well defined if w is not a critical value

¢(0) —w Fi0
of the function ¢(@), i.e. the level line ¢(f) = w does not contain the critical points
with V¢(0) = 0. The critical points 8 = (6, 6>) can be easily calculated: 6; = 0, £, ...
Therefore, the critical values are 0,4 and 8. Hence, the limits Ry(w %+ i0, x — y) exist, as
the distributions of x — v, if w # 0,4, 8. More precisely, the following limiting absorption
principle holds in the noncritical part ¥\ {0,4, 8} of the continuous spectrum.

Proposition 2.2. For o > 1/2 the following limits exist as € — 0+:

B(o,—0o)
Ro(w+ic) —— Ry(w=+i0), we\{0,4,8). (2.4)

Proof. We shall consider the case w € (0,4) and identify the torus 72 in (2.2) with the
square [—7,7]?> . For w € (4,8), the proof follows similarly if 72 is identified with the
square [0, 27]%.

Let T'(v) be the curve {6 € T? : ¢(0) = v} for v € R. Denote

d = d(v) = min{dist(T'(v), 0), dist(T'(w), T'(4))},

and represent Ry(w + ie, z) as the sum

. B 1 (1 _ X(e)) —i0z / —ZGZ
Rolw +ie,2) = 472 | () —w —ie T ¢(0) —w — ic
T2

= P(w+ic, z) + Po(w+ e, 2),

where y is a smooth function on 7 such that

0, |p(0) —w| > d/2
x() = { 1, 6(0) - w| < dj4

Obviously,

C(w, N)

Pyw+ie, z) = Po(w+10,2), ¢ =0; |P(w+ie 2)|< (2N + 1)’

0<e<l1. (2.5)



Let us prove that

C
Pi(w+ie,2) = Pw+1i0,2), &—0; [P+ ie, 2)] < — &)

0<e<é (2.6)

for sufficiently small § > 0. We represent P in the form

, 1 f(v, z)dv [ x(0)e*=ds
Pl(wi—ze,z)—m / ot f(V’Z)_/W (2.7)

lv—w|<d/2 I'(v)

where ds is the length on I'(v). The critical points of the phase function ®(6) = 0z on
['(v) are the points where V¢(0) is proportional to v = z/|z| if z # 0. Denote the critical
points by 6; = 6,;(v,«), 7 = 1,2. Hence, the stationary phase method applied to the
integral over I'(v) leads to the following result (see [20], chapter 1, Theorem 9):

2
Fr,2) = 37 12720, (v, @) o] 4 (v, 2). (2.8)

Jj=1

Here a;, p1; are smooth functions which are analytic in v in a neighborhood of the point
v=w, j; = (0, a), and

(v, 2)] < C/I22, [9,r(v,2)] < OF|2|2, |2 2 L.

Let us note that
al/:uj(% Oé) = <a'/9ja Oé> 7é 0 (29)

(one can also find this relation in [20], Chapter VII). In fact, ¢(0;) = v. After differentia-
tion in v we get (V(6;),0,0;) = 1 which implies (2.9), since the vector V¢(6;) is parallel
to a.

Now we split P, in three terms P; = Py; + P12 + P13 which appear after the function
f in (2.7) is replaced by the main terms and the remainder in (2.8). Obviously, (2.6)
holds for P;3. Let us show that it also holds for P;; and Pj5. The proofs in both cases
are similar. So we shall consider the estimates of P;;. Assume that d,u; > 0. Consider
a small 6 > 0 and denote by 795 contour in the complex v-plane which consists of two
segments 20 < |v —w| < d/2, v € R, and the half circle |v| = 20, Imv > 0. Then by the
Cauchy theorem

intlel g inlel g
‘ / e ”‘_‘/ale V <O 0<e<d (2.10)

V—w-+1e V—w—+ 15
lv—w|<d/2

since Reipy(v,a) < 0 for v € 795 if § > 0 is small enough. The latter follows from the
Lagrange formula applied to Re ;.

The estimate (2.10) implies (2.6) for P;; when 0,y > 0. For 0,1 < 0, we apply
the same arguments with 7,5 replaced by the complex conjugate contour and with an
extra term in the middle part of the relations (2.10). This term is the residue at point
v = w —ie. Hence, (2.6) is proved for Pj;, and therefore it holds for P;.



The limits and uniform bounds (2.5) and (2.6) imply similar features for the matrix
elements Ry(w, z) of the resolvent:
. . . Cw)
Ry(wtie, z) = Ro(w+1i0,2), e — +0; |Ro(wxic, 2)| < TH, 0<e<e(w).
z
(2.11)
Finally, (2.11) implies that

Z (1+ |2)*) 7| Ro(w % de, 7 — y) — Ro(w £i0, 2 — y)[*(1 + |y|*) " — 0, ¢ — 0+

x,y€Z?

by the Lebesgue dominated convergence theorem. Hence, the Hilbert-Schmidt norm of
the difference Ry(w=+ie)— Ro(w=i0) converges to zero that implies (2.4) forw € (0,4). O

Remark 2.3. Differentiating (2.2) in w, we obtain similarly that 9% Ry(w=+i0) € B(o, —0)
with 0 > 1/2+k for k € N and w € (0,4) U (4, 8).

Further, we need more information on the behavior of Ry(x) near the points wy. We
consider separately the “elliptic” singular points w; = 0, w3 = 8 and the “hyperbolic”
singular points wy = 4.

2.2 Asymptotic expansion near elliptic points

Here we construct the expansion of the free resolvent Ry(w) near the elliptic singular
points w; = 0 and w3 = 8. First we consider w; = 0 and expand Ry(w) for small complex
w for which 0 < argw < 27.

Proposition 2.4. For any N > 0 the following expansion holds

N N
Ry(w) = Z ApwFlogw + Z Byw* + O logw), |w| — 0, argw € (0,27)  (2.12)

k=0 k=0

in the norm of B(o, —o) with 0 > 2N + 3. Here Ay, By € B(o,—0) with 0 > 2k + 1 are
the operators with kernels Ax(x — vy), Br(x — y) respectively, and

1
Ao(w —y) = =~ x,y € 72 (2.13)
Proof. The resolvent Ry(w) is represented by the integral (2.2). Let us fix 0 < § < 1
and consider 0 < |w| < §/2. We identify T? with the square [—, 7]?, and split Ry(w, 2),
z = x — gy, into the sum

Ro(w,2) = — / qb(gii_zwdﬁer(w,z), (2.14)

where 7(w, z) is the integral over {|¢(#)| > ¢}. The remainder r(w, z) is analytic in w for
lw| < 6/2, and
|V r(w,2)| <Cyy  w| <8/2, z€Z% (2.15)



Now we change the variables:

o; = QSin%, doy; = cos %d@i, 1=1,2.

Let us note that the transform (01, 6;) — (a1, a2) is a diffeomorphism of D = {|¢(0)| < 6}
since cos % 5 # 0 for (01,0;) € D. Using the symmetry of the domain D in 6;, i = 1,2, we
obtain from (2.14

1 cos(z19(a)) cos(z2g(az))
Ry(w, z) = o) / Pl —wTic J(a3)J(a3) doy dag +7r(w,2). (2.16)
la?+a2—w|<§/2
1
Here g(a) = 2arcsin /2 is a smooth, odd function, and J(a?) = —————= is a smooth

V1—a?/4
even function.

Now we change variables further: oy = \/pcos®), ag = |/psin, where p = a?+al =
¢(0), and denote the integral with respect to ¢ by f:

2

f(p, 2) :L/cos(zlg(\/ﬁcosw) cos(z29(y/psin))J(pcos® ) J(psin® )dip.  (2.17)

2
0

Then (2.16) becomes
5
Ry(w,z) = /M + 7w, 2) (2.18)
p—w
0

It remains to prove asymptotics of type (2.12) for the integral in (2.18). It is easy to
show that

05 f(p,2)| < Cr(L+[21*), k=0,1,2.., 0<p<é. (2.19)
For any N > 0 let us expand f(p, z) in finite Taylor series in p:
1
f(p.2) = fo(2) + filz)p+ . + [n(2)p™ + Fxn(p, 2)p™, fo(z) = I (2.20)

where fi(z) are polynomial in z of order 2k, and
[Fn(p,2)] < ClzPY, 10,Fn(p, 2)] < CJ|*™*2, for 0<p <. (2.21)

Substituting (2.20) into (2.18), we obtain for the terms containing fx(z), £ =0,1,..., N

/fk 2)p* dp _

A S L S R (2.22)

N
S~—
o\oq
—~
e
L&
&
SN—
QU
s

k-1
a;w’ 4+ WF(log(d — w) — log(—w))
7=0

(
z)(ia]wj—wklog )—I—dN(w)wN), 0 < |w|<d/2,

=0

.



where |ay(w)| < C. Further, similar to (2.22) we have

4 [
N
/FN 2)p" dﬂ /FN (pN—l_‘_pr—2_|_m_‘_wN—l_‘_ e )dp
0 0 P “
Nl . F Fa(p,2) d
= bj(2)w’ +w™ / VA ELER (2.23)
=0 ;P

where by ;(2) < C|z|*N. We estimate the last integral using the following lemma:

Lemma 2.5. For 0 < |w| < /2, argw € (0,27) the following bound holds:

1)

F

|/ N/()p,zw | < Cl2[*(In|2] + |In|w]]), |2| > 1. (2.24)
0

We prove this lemma in Appendix A. Therefore (2.15)-(2.5) imply

N N
Ro(w,2) = Y Ap(2)wflog(—w) + > Br(2)w" +wV Ay (w, 2), |w| — 0,

k=0 k=0

where | Ay (w, 2)] < C|2]2Y (In|z]+| In|w||), and A(z) = O(|2|*), while By (z) = O(|2|*)
for 0 < k < N. Hence, By(z) = O(|z|?*) since By(z) does not depend on N. O

Finally, in the case of ws = 8 we obtain similarly, the expansion of Ry(8 —w) for small
(_1)Z1+Zz

lw| >0, argw € (—m, ), with Ag(z) = 1
7r

2.3 Asymptotic expansion near hyperbolic points

Here we study the asymptotics at the hyperbolic singular point wy = 4. The main
contribution to the integral (2.2) is given by the corresponding critical points (0, 7) and
(m,0) of hyperbolic type.

Proposition 2.6. For any N > 0 the following expansion holds

N N
Ry(4+ w) :Z Dyw* logw + Z Bt + 0wV logw), jw| — 0, Imw >0, (2.25)
k=0 k=0

in the norm of B(o, —o) with 0 > 2N + 3. Here Dy, Ey € B(o, —0), with o > 2k +1, are

operators with kernels Dy(z—vy), Ex(x—1y) respectively, and Dy(z) = ;—;((—1)21 +(=1)%).

For Imw < 0 a similar expansion holds.

Proof. For w = wy = 4 the denominator of the integral (2.2) vanishes along the curve
¢(0) = 4. We will study the main contribution of points (0,7) and (7, 0) of the curve
which are critical points of ¢(#). The contribution of other points on the curve is contained
in second sum in the RHS of (2.25) and can be proved by methods of Section 2.1. For
example, consider the integral over a neighborhood of the point (7,0). Let us introduce
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a smooth cutoff function ((#), which will be specified below, such that ((#) = 1 in a
neighborhood of the point (7,0), and define

1 [ emi=004202) ¢(9) dp, do
Q(W, Z) = —2/ ( ) . =
o 5(0) —4—w
1 6—i(2191+zg62) 0) do. do 6—i217r e—i(zlei—i-zzeg 9/ de/ A6
= - C()2911 2 _ 2/ : C()g > Imw >0,
47 4sin® 2 —4cos? & —w 47 4sin® % —4sin® 3 —w

where 0] = 0, —m, 0" = (0, 6,), and (;1(0') = ((#). We can assume that (;(6’) is symmetric
in 0, and 6. Then, the exponent e~*(*191+2202) can be substituted by its even part as above,
so that

Q(w, D = —Qi(w,2).  (2.26)

—w m

e~ f]ocos (2107) cos(z26s) C1(0) dOy dfy e~ 17
00

2 0]
— 4sin®

4 sin 2

It remains to prove the expansion of type (2.25) for @);. First we change the variables

$1 = 2sin 922 and s, = 2sin 62 . Now we specified the cutoff function such that (;(0') =
(2(]s]?), where ¢, is a smooth function. Then

://F 2, 31,52 )Ca \8\ ) dsy ds; (2.27)
0 0

where

F(z, 51, 53) = cos(219(s1)) cos(229(s2))J (1) (53)-

Further, we introduce hyperbolic coordinates by
pL =52 —s2=R*cos21), py = 2515, = R?sin ), (2.28)

where R and 1 are polar coordinates of (s1,s2). Then [p|* = p? + p3 = R, so |p| =

and
§2 = |p|;rp1, 2= |p|;p1. (2.29)

Further, dpidpy = 4|p|dsidss, hence (2.27) becomes

Q1 (w, 2) =/(R/%dm>dm, (2.30)

0

where h(|p|, p1,2) = F(22, "";pl, |p|;”1)§2(|p|)/4. Now, we can further select the cutoff

function in such a way that we can choose it so that

supp Gao([p]) N {p € R? 1 pp > 0} CTL = {(p1,p2) : =6 < p1 <8, 0 < py <6}

with some fixed 0 < § < 1. We will consider |w| < §/2. Denote r = r(p) = |p|.
Expanding the function h(r, p1, z) in a finite Taylor series in p; we obtain

h(r,p1,2) = ho(r,2) +hi(r, 2)p1 + ... + hy(r, 2)pY (2.31)
+ HN(r>plaz)pZZlVa (P1>P2) € [_67 5] X [0’5]a r= |p|>
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where hy(r, z) are polynomials in z of order 2k, and

‘HN(Tv plvz)‘ < C|Z‘2N7 ‘amHN(Tv pl,Z)‘ < C‘Z|2N+27 (p17p2) S [_67 5] X [075]7 r= ‘p‘

(2.32)
Step 1) Let us consider the contribution to integral (2.30) from the terms containing
hi(r,z), k=0,1,...,N:

(7, 2) pldprd hy(r, "
/ k(r,2)pidprdps / ’“(: Z)(p’f‘1+wp’f‘2+.--+wk_l+ - w>dp1dpz

(o1 —w)r p1—
I
k—1
= Zakj(z)wj + wk / Mdpldpg (233)
=0 (p1 —w)r

™

b
di
= Ik
Zak] 2)w w/hkTZdr/TCOS'l/J "
0

where ay ;(2) are polynomial in z of order 2k. We change the variable 7 = tan(¢/2) to
obtain

™ e}

dy dr )
reost —w = I . 2.34
/rcos¢—w /—(7“+w)7‘2+(7°—w) R mw > 0 (2.34)
0 0

Therefore, (2.33) implies

5
hi(r, 2)pkdprdpy <~ o [ a(r,2)dr
/ =) Zaj 2)w? —i—mw/ a—h (2.35)
0
Further, let us expand hy (7, z) in finite Taylor series in 7:
hi(r,2) = hpo(2) + et (2)r + oo+ By, (2)rV % + Hp v i (r, 2)rV K, (2.36)

where hoo(z) = 1, hyj(2) are polynomial in z of order 2(k + j), and |Hy n_k(r, 2)| <
C|z)*", 0 < r < 6. Substituting (2.36) into (2.35), we obtain for the terms containing
hi;(z), with j =0,1,..., N — k

/ hy j(z)ridr j = N—k
J ﬁ:hk]( )(Sju) IOgCU—F;BlCU +ﬂN k( ) ), (237)
where |By_i(w)| < By_s, 0 < |w| < §/2.

It remains to estimate the contribution to the integral in (2.35) from the remainders
Hyn—i(r,2)rN=F for 0 < |w| < 6/2:

2|w| §

H rN=Fkd
/ W k —w2 7’:/_'_/:[1_’_[2' (238)

0 2|w]
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In the first summand in (2.38) we change the variable r = |w|7 to obtain

H N—k N k
1= / AR DT T < oY (2.39)

V= w2/ w]?
It remains to consider the second summand in (2.38). For odd values of N — k we obtain:

2 N—-k—1 wN k+1

I, = /HkN k(r, 2)rN TR 1<1+d2 + . Ay N +dy- k+1(w/7’)7k+1>d7"

2|w]

= / Hy n—(r,2) (TN_k_l + dow?rN R 4 dN_k_le_k_l)dr + an_g(w, 2)

2le

= /HkN k(T z)( N=k=1 4 gow?rN k= 3—|—..—I—dN_k_le_k_1>dr—I—ﬂN_k(w,z)

N—k—1
- Z wi(2)w’ + dy_g(w, 2), (2.40)
7=0
where |u;(2)] < C2|*N]; |un—r(w, 2)|, [in_r(w, 2)] < CJz|*Y|w|¥~*. Similarly, for even
values of N — k we obtain

N—k—2
L= ) v’ +inilw2), |vj(z) SCIN,  Jov-i(w, 2)| < Cl2]*M|w|N*|logw].
j=0

Step ii) Let us consider the contribution to integral (2.30) from the remainder
HN(Tu P1, Z)ﬂiv:

Hy(r, plv P1 1 dp1dpa /HN P12 -1 - N— w?
1

FwpN 4 N )dpldp2
(p1 —w)r p—w

N—
H z)dp1d
0

—w)r
j= (1

where |w;(z)| < C|z|*N. The integral in the right hand side of (2.41) is estimated by the
following lemma.

Lemma 2.7. For 0 < |w| < §/2, Imw > 0 the following bound holds:

H
/ ~(r, pl, dpldp2| < OV (102 |2] + [In|w|]), |2] > 1. (2.42)

We prove this lemma in Appendix B.
Step iii) Finally, we have proved the expansion

N

N
= Z Dy(2)w" logw + Z En(2)w* 4 En(w, 2), |w| — 0,
= k=0
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where |Ey(w,z)| < C|2]2Y(In? |2 + |In |w|])|w|Y, and Dy(z) = O(|2|*), while E(z) =
O(|2|*) for 0 < k < N. Hence, Ei(z) = O(|z|*) since Ey(z) does not depend on N. [

Remark 2.8. Expansions (2.12) and (2.25) can be differentiated 2N + 2 times in w. For
example,

O'Ry(w) = 8k<ZAkwk logw+ZBkw ) WwN T log w),
k=0
lw| — 0, argw€(027r) 1<k<2N+2

in the norm of B(o, —o) with o > 2N + 3.

3 Perturbed resolvent

3.1 The limiting absorbtion principle

Let n < oo be the number of points in the support of V. Then the rank of the operator
of multiplication by V' equals n. Therefore we have the following result.

Lemma 3.1. i) Spec.ssH = [0, 8].
ii) The spectrum of H, outside the interval [0,8], contains at most n eigenvalues on
(—00,0), and at most n eigenvalues on (8,00).

In the next lemma we develop the results of [4], [17] for the 2D case and prove the
limiting absorption principle in the sense of operator convergence. It will be needed for
the proof of the long-time asymptotics (1.9).

Lemma 3.2. Let V €V and 0 > 1/2. Then the following limits exist as e — 0+

Rwtie) 227 Rlw+i0), we(0,4)U(48). (3.1)

Proof. Fix w € (0,4) U (4,8) and 0 > 1/2. Then Lemma 2.2 yields

B(o,0)
I+ VRy(w=xic) — I+ VRy(w=xi0), &— 0+;

For this, recall that the potential V is assumed to be compactly supported in Z2?. Therefore
the convergence Ry(w %+ i) — Ry(w £140) in B(o, —o) implies the convergence in B(o, o)
after multiplication by V. W.Shaban and B.Vainberg proved in [17] that for w € (0,4) U
(4,8), the operator I + V Ro(w £ i0) has only a trivial kernel. Hence, being Fredholm of
index zero, I + V Ry(w % i0) is invertible, and moreover

I+ VRo(w+ie) ™ 207 (1 VRw+i0) ™", e—0+.
( ( ) ( )

Then the representation R = Ry(I + V Ry)~" implies (3.1). O

Remark 3.3. Forw € (0,4) U (0,8) and for any k € N we have 0F R(w £ i0) € B(o, —0)
with o > 1/2+ k.
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3.2 Asymptotic expansion near elliptic points

Here we obtain an asymptotic expansion for the perturbed resolvent R(w) near the elliptic
singular points w; = 0 and w3 = 8. Fix a finite subset M C Z? containing |M| points,
and denote by V), the set of all real valued potentials supported by M.

Definition 3.4. 1) A subset W C V) is called generic if its complement is contained in
an algebraic submanifold in RMI.

2) We say that a property holds for generic potentials V- € Vy, if it holds for all V
from a generic subset W C Syy.

Theorem 3.5. Fiz a 0 > 3 and a finite subset M C Z2. Then, for generic potentials
V' €V the resolvent R(w) has the expansion

R

e logw + O(wlog?w), |w| — 0, argw € (0, 27) (3.2)

R(w) =R} +

in the norm of B(o, —o). Here RY, R} are operators with kernels RY(z,y) and Ri(z,y)
respectively.

Proof. The resolvent R(w) can be written in the form
R(w) = Ry(w)T Y w), where T(w):=1+ VRy(w). (3.3)
Due to (2.12) we have
T(w)=1+VAylogw+VBy+ O(wlogw), |w|—0, argw € (0,27). (3.4)

Lemma 3.6. The operator Ty := I + V By : 2 — [2 is invertible for generic potentials
VeVy.

Proof. Denote by H(M) the space of functions on Z? supported by M. The operator
V' By is compact since its range is finite dimensional. Hence, one needs to check only that
the kernel of Ty is zero. Assume that Tyu = 0, i.e. u+ VBou = 0. Then u € H(M),
so we have to study the restriction Ty(M) of the operator Ty on H(M). Hence, u = 0
if det To(M) # 0. Obviously, this determinant is a polynomial of the values of V. This
polynomial is not equal to zero identically since it does not vanish at V' = 0. This
completes the proof of the lemma. O

Denote Sy = AgTy ' € B(o, —o). Then (3.3), (3.4) imply, by Lemma 3.6, that

R(w) = Ro(w)Ty*(I+VSylogw + O(wlogw))™ (3.5)
= (Splogw + BoTy* + O(wlogw))(I + V Sylogw + O(wlogw)) ™.
Let us construct the operator (I +V Splogw + O(wlogw))™!. Denote by Ker Sy C I2 the

kernel of operator Sy. The operator Sy is one dimensional, and Sy # 0 by (2.13). Hence,
Ker Sy is the subspace of 2 of codimension one.

Lemma 3.7. For generic potentials V' € Vi, we have V ¢ Ker Sy.
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Proof. Inclusion V' € Ker Sy means that
Ao(I+VBy) 'V =0. (3.6)

For f = (I + VBy)™'V we have V = f + VByf, hence f € H(M). Therefore, (3.6)
becomes

> ((I + VBo)‘lV) ) =>_ ((1 + VBO)-lv) (y) =0

yEZ>2 yeM

by (2.13), and the latter equation is a rational equation for values of V. The rational
function is not equal to zero identically, which follows from an analytic expansion of
(I+VBy) 'V atV =0. O

Now for generic potentials V' we have [2 = V @ Ker Sy, where V is one dimensional
space of functions proportional to V. We represent any function f € [2 as a vector with
components f; € V, fo € KerSy, and write the operator I4+V Sy log w in the corresponding
matrix form. We have SV = a # 0, and

(3.7)

[+ VSylogw = ( Hoz)log“’ (1))

Hence, for small |w| > 0
1

I+ VSylogw + O(wlogw))™ = | Itaelesw 0 + O(wlogw).
0 1

Therefore, in the matrix form, (3.5) becomes

1
R(w) = [( g; 8 ) logw+< gz g;z )—i—O(wlogw)] [( 1+a5°g“ (1] )—i—O(wlogw)],

where S;; and B;; are the matrix elements of operators Sy and ByT| o1, respectively. Then
(3.2) follows. This completes the proof of Theorem 3.5. O

Remark 3.8. Expansion of type (3.2) also holds for R(8+w) as |w| — 0, argw € (—m, 7).

3.3 Asymptotic expansion near hyperbolic points

Now we obtain an asymptotic expansion for the perturbed resolvent R(w) near hyperbolic
singular point w = 4.

Theorem 3.9. Fiz a 0 > 3 and a finite subset M C Z%. Then for generic potentials
V € Vi the following expansion holds:

R}logw + R}

R(4+w) =Ry +
(4+w) 2 log?w + blogw + ¢

+ O(wlog?w), |w| — 0, Imw > 0. (3.8)

in the norm of B(o, —a), Ry are some operators with kernels R5(z,vy).
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Proof. Similar to (3.3), (3.4), we obtain
RA+w)=RyA4+w) T (4+w), where TA+w):=1+VRy(4+w). (3.9)
Due to (2.25) we have
T4+w)=14+VDylogw+VEy+O(wlogw), |w|—0, Imw>0. (3.10)

Everywhere below we assume that operator Ky := I + VEy, € B(o, —o) is invertible
since this is true for generic potentials V. The proof is similar to Lemma 3.6. Denote
Hy = DoK' € B(o, —). Then (3.9), (3.10) imply that

RA+w) = Ro(4+w)Ky (I + VHylogw+ O(wlogw))™" (3.11)
= (Hplogw + DoKy' + O(wlogw))(I + VHylogw + O(wlogw)) ™.
l

Since Do(x —y) = —4—[(—1)(“’“_3“) + (—=1)®27%2)] (see Proposition 2.6), we have
7T

Hy = Do(1+ VEy) ™ = (=1)""H; + (—=1)"Hy, (3.12)

where Hj, are operators which map any f to a constant

Hef = S0 (T VE) ' F) )

yEZ2

Denote Vi(y) = (=1)"V(y) and V3(y) = (=1)"V (y).
Step i) First we consider the case when V; and V; are linearly dependent. Denote

Lipen = {(y1,y2) € Z* 1 +ya is even},  ZZ2, = {(y1,y2) € Z* : y1 + yo is odd}.

Then either supp V' C Z2,,,, or supp V C Z2?,,, and Vi = £Vj, respectively.

even

Note that supp(I + VEy)~'Vy € M, therefore HyV; = +H,V;. Using the same ar-
gument as in Lemma 3.7 one can easily show that V; ¢ Ker H; for generic potentials
V €V, ie. a; = H;V; # 0. Decomposition (3.12) implies that

VHy=ViH, + VaHy = Vi(H, £ Hy),

and then VHyV; = 2Via,. Hence, V Hy is a one dimensional operator with range V; =
span{V;}. Therefore, for generic potentials V' we have (2 = V; @ Ker (V Hy), and in the
same way as in Subsection 3.2, we obtain

Hi El Ej s 0
R(4+w)= [( H;ii 8)logw+(E;ii E;iz ) +O(wlogw)] [( 1+2“(1)1°g°’ ) )+O(wlogw)

where Hzf and Ezf are matrix elements of operators Hy and EyK| ! respectively. This
implies the statement of the theorem in the case of linearly dependent Vi, V5.

Step i) Now we consider the case when when V; and V5 are not proportional. In this case
the image of V Hy belongs to Vi = span{Vy, V,}.
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Lemma 3.10. For generic potentials V' € Vyy, the operator V Hy is two dimensional with
the range Vis.

Proof. The operator V Hy : Vi — Vo is degenerate if and only if
H\Vy - HoVy — HiVo - HoVy =0

or, in other notation

> (4 VE) ) () 3 (=07 ((+VE) V) )

yeM yeM

=Y (U +VE)TVR) () D (1) (L + VE) ™) () = 0,

yeM yeM

and the latter equation is a rational equation for values of V. The rational function is
not equal to zero identically. Indeed, let us consider an analytic expansion of the rational
function at V' = 0. The expansion begins from the second order term which is

= (S v0- S ) (5o Ser)

yeM yeM yeM yeM

Since M does not belong to Z2,,, or Z?2,, entirely, then r5(V) # 0 on V). Hence, for
generic potential V' € V), the rational function not equal zero. O

Now for generic potentials V' we have (2 = V5 @ Ker (VHy). Denote H,V; = ay;.
Then, the operator [ + VHylogw = I 4+ ViH;logw + VoHjlogw in the corresponding
matrix form reads

1+ aq; logw a1 logw 0
I +VHylogw = a9 log w 1+ aglogw 0
0 0 1

Hence, for small |w| > 0

1+ axplogw —aplogw

A A 0

(I +VHylogw + O(wlogw))™! = —ag logw 1+ aplogw o | T O(wlogw),
A A
0 0 1

where A =1 -+ (a11a22 — 0,120,21) 10g2w + (a11 + 0,22) lng, and a11Q922 — Q12021 7é 0 by
Lemma 3.10. Hence,

Hll H12 O Ell E12 E13
R(4 + C&J) = H21 H22 0 log w + E21 E22 E23 + O(w log w)
Hz Hsz 0 E31 E3 B33
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1+axplogw —aplogw 0
A A
—ag logw 14 aj;logw o | T O(wlogw)
A A
0 0 1

where H;; and FE;; are matrix elements of operators Hy and EyK ! respectively.
This completes the proof of Theorem 3.9. O

Remark 3.11. Expansions (3.2), (3.8) imply that the resolvent R(w) is bounded in a
neighborhood of the points w;, for generic potentials V', though the expansions of unper-
turbed resolvent (2.12), (2.25) contain the terms ~ logw growing as w — 0. Moreover,
(3.2), (3.8) imply that

Rlw,+w) =R} + Rilog ' w+ O(log ?w), |w| — 0 (3.13)
in the space B(o, —0) with o > 3.

Remark 3.12. The expansions (3.13) in B(o, —o) with ¢ > 3 can be differentiated two
times in w. More precisely, 92 R(wy, + w) is equal to second derivative of the expansion up
to an error O(w™!logw).

Proof. The latter is seen from the formula
R(w) = (I 4+ Ro(w)V) ' Ry(w),

in which Ry(w) admits a differentiable asymptotic expansion by Remark 2.8. O

4 Long-time asymptotics

Theorem 4.1. Let o > 3. Then for generic potentials V € V the asymptotics (1.9) hold,
1.€.,

= Ot log?t), t — 0. (4.1)

n
6—th _ § e—ztujpj
J=1

Here P; denote the projections on the eigenspaces corresponding to the eigenvalues p; €
R\[0,8], j=1,...,n.

B(o,—0)

Proof. Step i) The estimate (4.1) is based on the formula

e Mt — ~5 f e "™ R(w)dw, C > max{8&;|u;|, 7 =1,...,n}. (4.2)
i
|w|=C

The integral above is equal to the sum of residues at poles of R(w) and the integral over
the contour around the segment [0,8], i.e.

, i . 1 ;
e—th _ Z €_Zt’ujf)j _ % e—ztw(R(w + ’LO) — R((,u — ZO)) dw.
=1
[0,8]
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To prove the desired decay for large ¢, it is convenient to represent the indicator-function
x of interval [0, 8] as

X(w) = G(w) + Gw) + G(w),

where Cz(w) < COO([Ou 8])7 supp Cl - [07 4_5]7 sSupp C2 - [4_257 4_'_25]7 sSupp C3 - [4+57 8]7
where § > 0 is sufficiently small. Then

pitH _ Z e~ Py = / e~ ¢ (w) Pw)dw (4.3)
j=1

[0,4—6]
+ / e‘it“’@(w)P(w)dw 4 /e—itwc3(w)P(w)dw = [1 + [2 + ]37
[4—26,4426] [4+4,8]

1
where P(w) = %(R(w +i0) — R(w — i0)).
Step ii) Let us consider the first summand in the RHS of (4.3). The asymptotic expansion
for P(w) at w = 0 can be deduced from (3.13):

B 2mi Ry
" Inw(Inw + 2m)

P(w) +0(In?w) =0(In"?w), w— 0, w> 0.

By Lemma 4.2 below we have

/ e (w)P(w)dw = Ot log 2 t), t — o0

[0,4—0]

in the norm B(o, —c) with ¢ > 3, and we obtain the desired decay for the first summand
in the RHS of (4.3). The same arguments can be used for the third summand in the RHS
of (4.3).

Step iii) Let us consider the second summand in the RHS of (4.3):

20
—4it
L) = & / e=190, (4 + ) Tm R(4 + w +i0) doo, (4.4)

™

—20

where, by (3.13)
R(4 4w +140) = R+ Rilog ' (w +i0) + O(In 2 w). (4.5)

The contribution of the first summand in (4.5) to Ir(t) is O(t %), VK. Tt can be proved
with help of integration by parts K times. The contribution of the second term and the
remainder are O(t~'In"?t). For the second term this follows directly from Lemma 4.3

below. To estimate the contribution of the remainder we apply Lemma 4.2 below with
B = B(o,—0), 0 > 3. O

Finally, we prepare two lemmas concerning the Fourier transform. The first lemma
is an extension of [10, Lemma 10.2] (see also [19, Lemma 10]), and the second one is a
corollary of Lemma 9 in [19].
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Lemma 4.2. Assume B be a Banach space, d > 0, and F' € C(0,d; B) satisfies F/(0) =0
and F(w) = 0 forw > d > 0, F" € L'(6,d;B) for any 6 > 0. Moreover, F'(w) =
O(w™ ' In"?w) as well as F"(w) = O(w™2logw) as w — +0. Then

/e_it“’F(w)dw = Ot 'In"%t), t— 0.
0

Proof. Extending F' by F(w) = 0 for w < 0, we obtain a function F' on (—o0o,00) with
F' € L'(—00,00;B). For t > 0 we have

/ Fw)e o = — / (Fi(w+ ) = Flo))e™do (4.6)
Finally,
o/t 27/t 00 w+m/t
/||F’ w+ ) = F()lldw = / / <9 /||F’ ||dw+/dw / 1F" ()| d
w/t m/t
= O(In"?t) + ?/HF” w)||dp = O(In~2t). (4.7)
w/t

Therefore, (4.6) implies that the Fourier transform of F’ is O(In"?t), and hence the
Fourier transform of F is O(t~'In"?t) as t — oo. O

Lemma 4.3. (see [18, Lemma 9]) For any ((w) € C§(R) with support in (—1,1), the
following bound holds:

/e‘“%(w) log ' (w+1i0) dw = O(t ' In"?t), t— oc. (4.8)

Remark 4.4. Let us stress that the proofs in this section demonstrate that the expansions
(3.13) with k£ = 1,2, 3 provide the long-time asymptotics (4.1).

5 The Klein-Gordon equation

Now we extend the results of Sections 3-4 to the case of the Klein-Gordon equation
(1.10)-(1.11). Applying the Fourier-Laplace transform

e}

U (z,w) :/ e (z,t) dt, Imw >a; >0,
0

we get the stationary equation
(H—-w)P(w) = —i®y, Imw > .

Let us first consider the resolvent R(w) = (H — w)™! of the operator H.
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Lemma 5.1. If > —m? € C\ [0, 8], then the resolvent R(w) can be expressed in terms
of the resolvent R(w) from (1.5) as

B wR(w? — m?) iR(w?* — m?)
Rw) = ( i1+ R — m?)) wR(w? — m?) ) ' (5.9)

Proof. The expression for the resolvent Rg(w) = (Hy — w)™! of the free equation with
V = 0 in the case where w? — m? € C\ [0, 8] can be obtained by the inverse Fourier

transform F, ' _ , of the matrix

Using that by (2.2)

Fol y(¢(9) — (12 m2)) = Ro(w* —m*, z,y)
we get . 2 2
Rolw) = < —z(lichgclﬁo(_wTi)mz)) L%Z((Zz_—%)> ) |
Put

0 0
vy o)
R(w) = (I —iRo(w)V) 'Ro(w)
yields (5.9). O

Then the formula

The representation (5.9) implies the following properties of the operator H.
1) By Lemma 3.1 we have that

SpecH = [—vm?2 + 8, —m| U [m, vm? + 8§|.

The discrete spectrum of H is w = :I:\/m2 + wj, where w; are the eigenvalues of the
operator H. Note that either w E R or w € R.

2) Let 0 > 1/2. By Lemma 3.2, the following limits exist as ¢ — 0+.

B(o,—0)

R(w+ie) —— R(w=10),

and moreover

R(w —i0,z,y) = R(w +10, z,y).
Both relations hold for w € (—vm? 4+ 8, —m) U (m,vVm? + 8) \ {£vm? + 4}.

3) Let ¢ > 3. For generic potentials V' the resolvent R has an asymptotic expansion at
the singular points = +m, p = £v/m? + 4, p = £v/m? + 8 similar to (3.13):

R(p+w) =R(u) + R () log™ w + Olog*w), |w| — 0

in B(o, —0).



22

4) Let o > 3. Similar to Theorem 4.1, for generic potentials V' the following asymptotics

hold:
P Z Z e—it@ijc

+ =1

=0t ' Int™?), t— oo.
B(o,—0)

in B(o, —o). Here PjE are the projections onto the eigenspaces corresponding to the
eigenvalues w] ,j=1,...,n.

6 Appendix A

Here we prove Lemma 2.5. Let us split the integral as

5 5 g

F (Fn( - F F
/ N(p,2) dp / N(p,2) — Fn(|w], 2)) dp +/ w(lwl.2) dp Ji+ Jo.
0 0

p—w p—w p—w

0
First we estimate Jo. By (2.21)

1)
| o < Fn(|wl, 2)

d
| < CIz In fo
p—w

0

Further we split J; = Ji; + Ji2, where J; is integral over I = (0,6) N {|p— |w|| < 1/]z|*},
and J is integral over I = (0,4) \ I;. By (2.21)

— |wl|d 2
"]11‘ S C‘Z|2N+2/ |p| |C&J|| P S C‘Z|2N+2 S C‘Z|2N.
p_

wl |22
since [p —w| > |p — |wl||, and |I;] < 2/|z]%. Finally,

d
ol < Ol [ < Ol el
=

7 Appendix B

Here we prove Lemma 2.7. We estimate the integral only over I, = {0 < py, po < J}.
The integral over IT \ II, can been estimated similarly. Let us split the integral over I1
as

Hy(r, p1,2 dﬂldﬂz _ /(HN(ﬁPl,Z)—HN(?“, |wl, 2))dp1dp;
(p1 —w)r (p1 —w)r

=J + Jo.

/ HN |w\ dpldpg
p

1-(4)7’
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Similar to (2.34) we obtain

é T 1)
s H(r, o], 2)dr | _ o
_ _ <
9l = | [ vl ar | S| = | [ O < 1o o
0 0

Further, we split J; as
Ji = Ju + Jig + Ji3,

where Jy; is the integral over II; = {p;,p2) € I : |r| < 1/|z|*}, Jiz is the integral
over Iy = {(p1,p2) € L \ I} : |p1 — |w|| < 1/]2|*}, and Jy3 is the integral over I3 =
I, \ (IT; UTILy) (see Fig. 1). By (2.32) we obtain

s 1/|z|2
|J11| < C|Z|2N+2/ |p1 |_ ‘(‘U_HZT;CZPQ < C|Z|2N+2/d'l/) / dr < C|Z|2N,
7 P1 )
since |p1 — w| > [p1 — |wl].
p2
0
1 | s
|z|2>
0 |w] W 1 1 o)
| I-Irlzl“ |zI? A

Figure 1: The case |w| — 1/]z]* < 0.

Next,

— dprd )

‘J12| < C‘Z|2N+2/ |p1 |w|| P1a02 < C‘Z|2N+2‘Z|2 - < C‘Z|2N,
e E

2
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since r > 1/|z|%, and |II| < 2§/|2|*. Finally, by (2.32) we have

—|wllvpl +p3

since for any vertical interval I € II; (see Fig. 1)

d
[ =i+ [+ ) < e,
; Pt P2

dprd
|J13| S C|Z|2N/ | P1AP2 < C|Z|2N lIl2 |Z|,
P1
I3

8 Appendix C

Here we derive the asymptotics (3.13) under the condition of boundedness of the matrix
elements of the resolvent R(w,z,y) near the singular points w = 0,4,8. We shall apply
methods [7] relying on the asymptotic expansions of the free resolvent obtained in section
2. For example, we consider the case w = 0. Let us recall that V € V.

Theorem 8.1. Let the matriz elements R(w,x,y) of the rezolvent R(w) be bounded near
w =20, ie.
|R(w,z,y)| < C(z,y), lw| <e, 0 <argw < 2. (8.10)

Then the following expansion holds in the space B(o, —o) with o > 3
R(w) = R+ R'log ' w + O(log?w), |w|—0, 0<argw< 27. (8.11)
Proof. The resolvent R(w) can be written in the form
R(w) = Ro(w)T Y w), where T(w):=1+ VRy(w). (8.12)

Let M be a finite subset of Z2 with | M| points which contains the support of the potential
V. Denote by I3, the space of elements from [?(Z?) supported on M. Let Ty (w) : I3, — 13,
be the restriction of the operator T'(w) onto [3,. Using the Kramer rule, as in the proof
of [7, Theorem 8|, we obtain the asymptotic expansion

Ty (W) = w*log” wTy 4+ Tylog ™ w + Thlog 2w + O(log*w)], w — 0,

with some matrices Ty, Ty, T : 13, — [3,, where Ty # 0, and integers « and 3. Taking into
account (2.12) and

T Hw)=T—-T Y w)VRy(w) =1 — Ty (w)VRo(w),
we get the following expansion in B(c, o)
T Hw) = w*log? w[To +Tylog tw+Tylog™ 2w+ O(log?w)], w— 0, (8.13)

with some Ty € B(o,0) instead of T, and Tj # 0. Substituting (2.12) and (8.13) into
(8.12), we obtain the following expansion

R(w) = w*1log" ™ w[AeTy 4 (AgTy + ByTy)log tw+ O(log 2 w)], w — 0, (8.14)
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in the space B(o, o) with 0 > 3. Here AoTy f is a constant function, and BoTh f satisfies
the equation HOBOTOf = Tof since HyBy = 1. Hence Hou = Tof for u = (A0T1 + BOTO)f.
Since Ty # 0, there exists f € {2 for which the second term in the right-hand side of (8.14)
does not vanish. Hence, the expansion (8.14) has the form

R(w) = w®log” w[R® + R'log ' w + O(log?w)], |w| — 0 (8.15)

where R® # 0 and v = y+1if AgTy # 0, or v = 7 if ATy = 0. Now from the boundedness
of the resolvent it follows that |w®log”w| < C, w — 0. On the other hand, w*log” w
can not vanish at w = 0, since HR(0)f = f. Thus, @« = v =0, and (8.15) coincides with
(8.11). O
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