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1 Introduction and statement of results

1.1 Introduction

In this article we continue the study of large time asymptotics for a model U(1)-invariant
nonlinear Schrodinger equation

ip(x,t) = =" (x,t) — 0(x2)F((0,t)), z€R, (1.1)

which was initiated in [I]. Here ¢ (z,t) is a continuous complex-valued wave function and
I is a continuous function, the dots stand for the derivatives in ¢t and the primes in x; all
derivatives and the equation are understood in the distribution sense. Our main focus is on the
role that certain solitary waves (also referred to as nonlinear bound states, or solitons) play in
the description of the solution for large times. These solitary waves are solutions of the form
ey, (x), where 1, solves a nonlinear eigenvalue problem (LI0). In [I] the asymptotic stability
of these solitary waves was proved under a condition on the nonlinearity which ensures that the
linearization about the solitary wave consists entirely of continuous spectrum, except for the
two dimensional generalized null space which is always present due to the U(1) symmetry of the
equation. In this article this result is extended to the case that the spectrum of the linearization
includes an additional discrete component, which satisfies a non-degeneracy condition related to
the Fermi Golden Rule. In order to explain these results fully we will introduce our conditions
on the nonlinearity F', in the remainder of this section. In the following section we will discuss
the basic properties of the solitary waves. We will then be able to state our main theorem
precisely as theorem For a more lengthy discussion of our motivation, and of previous
results in the literature ([2, [6] [7, ), 10, [IT]) we refer the reader to the introduction of [I].

It will be convenient to rewrite (ILI]) in real form: we identify a complex number ¢ = )1 +i1)y
with the real two-dimensional vector (1,%5) € R? and rewrite (LT]) in the vectorial form

Jib(a,t) = =" (2, 1) — 6()F (¥(0, 1)), (1.2)

i-(1 %) 13

and F(¢) € R? is the real vector version of F(1)) € C. We assume that the oscillator force F
admits a real-valued potential

where

F(y) = —VU(), ©eR: UeC R (1.4)
Then (L.2) is formally a Hamiltonian system with Hamiltonian
1
Hw) = [ 1o+ U(O) (1.5

which is conserved for sufficiently regular finite energy solutions. We assume that the potential
U (1) satisfies the inequality

U(z) > A— Blz|* withsome A€R, B>0. (1.6)
We also assume that U(¢)) = u(||?) with u € C*(R). Therefore, by (L4,
F(y)=a(yY[)y, ¢v€C, aecC(R), (1.7)
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where a(|y|?) is real. Then F(e®)) = e F(vp), 0 € [0,2n], and e¢)(z,t) is a solution to (L)
if ¢(x,t) is. Therefore, equation (L)) is U(1)-invariant and the Noéther theorem implies the
conservation of the following charge:

Qy) = / |¢|*dx = const . (1.8)

Under these conditions the existence of global solutions to the Cauchy problem for (LT))
was proved in [4]. We work in the space H'(R) = H'  the Sobolev space of complex valued

measurable functions with /(|@D'|2 + [¢]*)dz < oo, and Cy(R, X) is the space of bounded
continuous functions R — X into a Banach space X.

Theorem 1.1 ([]). Under conditions (1.4), (18) and (1.7), the following statements hold.
i)  For any vo(x) € H' there exists a unique solution (t) = (-,t) € Co(R, H) to the
equation (I1) with initial condition ¥ (x,0) = y(z).

it) The charge Q(1(t)) and Hamiltonian H((t)) are constant along the solution.
i11) There exists A(1pg) > 0 such that the following a priori bound holds:

sup [ @) < Atho) < 0. (1.9)

Next, in §I.2] we describe all nonzero solitary waves, and then formulate the main theorem
in g3
1.2 Solitary waves

Equation (L)) admits finite energy solutions of type v, (z)e™, called solitary waves or non-
linear eigenfunctions. The frequency w and the amplitude ), (z) solve the following nonlinear
eigenvalue problem:

— Wi () = —¢l)(2) - 8(2)F(1.(0), « € R. (1.10)

It is straightforward to check (see [1]) that the set of all nonzero solitary waves consists of
functions v, (z)e?, 1, (z) = C(w)e V¥l C > 0, w > 0, where

Vi =a(C?)/2>0,

and where 6 € [0,27] is arbitrary. This condition means that C' is restricted to lie in a set
which, in the case of polynomial F', is a finite union of one-dimensional intervals. Notice that
C' = 0 corresponds to the zero function ¢ (z) = 0 which is always a solitary wave as F'(0) = 0,
and for w < 0 only the zero solitary wave exists. The real form of the solitary wave is /U,
where WV, = (¢, (z),0). We will also need the following lemma from [1]:

Lemma 1.2. For C' > 0, a > 0 we have

O, / [V, (2)|?de >0 if 0<a <a/C?



Linearization at the solitary wave e/?¥,, leads to the operator

Bo L sl + 20 (ct)crp] = (PO (L11)
. . . ) . Xl Xl
where P is the projector in R* acting as < X ) > ( 0 ),
2
D ——d—2+ —6(z)[a+2d'C?*, D ——d—2+ —0(x)
1= T T e ’ 27 T Y “

(see [1]). Let C = j7'B. The continuous spectrum of C coincides with C, U C_ where C; =
[iw,i00), and C_ = (—ioco, —iw]. The discrete spectrum depend is described in [1]. Zero is
always present in the discrete spectrum on account of the circular symmetry of the problem,
and there is a corresponding generalized eigenspace of dimension at least two. If ' > a/C?
there is a positive eigenvalue corresponding to linear instability of the solitary wave, while for
a’ < a/C? the discrete spectrum consists either only of zero, or contains in addition two pure
imaginary eigenvalues. The presence of such imaginary discrete spectrum corresponds to the
possibility of a periodic pulsation of the solitary wave at the linearized level, a possibility which
has to be taken care of in the proof of asymptotic stability.

1.3 Statement of the main theorem

Previously, in [I], we considered the case when

a € (—o0,0) U ( ), (1.12)

0.4
’\/§C2

in which case the operator C has no discrete spectrum except zero. Under this condition we
proved asymptotic stability for initial data close to a solitary wave both in the energy norm
and in the weighted Banach norm, L%, defined by,

1Fllzs = 1L+ [2])7f (@)]|o- (1.13)

In the present paper we extend this understanding to allow for the presence of additional
discrete spectrum in the linearization: to be precise we will consider the case when

J e a  av2(1++/3)
V202’ 4C?

In this case, there are, in addition to zero, 2 simple pure imaginary eigenvalues 4ip, which
satisfy the property 2u > w. If assumption ([LI4]) is true for a fixed value wy, it also true for

). (1.14)

values of w in a small interval centered at wy. Let u(x,w) = ( “ ) be the eigenvector of

Usg
C associated to iu. We choose the function ui(x) to be real, in which case uy(x) is purely
imaginary. Then u* := uzlt , is the eigenvector associated to —iu (see appendix A). We
—Us

consider the initial value ¥ (z,0) = ¢y(x) to be of the form
Yo(z) = 20, () + 2ou(z, wo) + Zou* (x,wo) + folz), (1.15)
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where fj belongs to the eigenspace associated to the continuous spectrum of C(wp). We assume
that zp and fy are sufficiently small, and also assume a non-degeneracy condition which we
now explain. Let (-,-) denote the Hermitian scalar product in L? of C2-valued functions, and
(u,v) = ugvy + ugvy for u,v € C2. Let Ey|f, f] be the quadratic terms coming from the Taylor
expansion of the nonlinearity:

Bu[f, f] = 0(2)[a (C*)(f. f)Wu + 2a"(C*) (T, [)* T, + 2d'(C*)(Tu, )], f€CP (1.16)

The non-degeneracy condition has the form

(Ezlu(wo), u(wo)l, 7 (2ip0)) # 0, (1.17)

where 7, (2ip) is the eigenfunction associated to 2ipy = 2ip(wp). This condition should be
thought of as a nonlinear version of the Fermi Golden Rule of quantum mechanics ([9, Section
XII.6] or [5]), and will be referred to simply as the Fermi Golden Rule; see [10] [II] for the
its introduction into nonlinear evolution equations. In appendix E we express (LI7) in terms
of C' and a(C?), and hence show that the Fermi Golden Rule holds generically for polynomial
nonlinearity.

Our main theorem is following:

Theorem 1.3. Let conditions (1.4), (18) and (I.7) hold, 3 > 2 and 1)(z,t) € C(R, H') be the
solution to the equation ([L2) with initial value ¢y(x) = ¢(x,0) € H' N L} of the form (L13)

which is close to a solitary wave e/, :
20)] < N folloy < e™2. (1.18)

Assume further that the spectral condition ({1.14]) and the non-degeneracy condition (1.17) hold
for the solitary wave with C' = C(wy) = Cy. Then for € sufficiently small the solution admits
the following scattering asymptotics in Cy(R) N L*(R):

(a,t) = =00, (z) + & PO+ O(t™), t— +oo, (1.19)
with some v > 0, where L = —g—;, P € Cy(R) N LA(R) are the corresponding asymptotic
scattering states and p4(t) = wit + pylog(l + kit) + sy, for some constants wy, py, ki, 4.

The asymptotics (L.I9) can be rewritten in terms of the original complex notation as:
P(a,t) = e+ Dap, (2) + W(t)ps + Ot™), t— oo, (1.20)

where W (t) is the dynamical group of the free Schrodinger equation, and ¢ = @} + i®2 (dk,
k = 1,2, being the components of the vector-function ®.). Thus the main conclusion is that
asymptotically the dynamics decomposes into a nonlinear bound state e+, (undergoing
uniform phase rotation, modulo the logarithmic phase shift in ¢ )) and a solution of the free
Schrodiniger equation W (t)p..

The proof is divided into the following three main steps which are carried out, respectively,

in g3 §4l and g5l

Step 1 To decompose the solution v (t) according to the spectral decomposition of the operator
C given in §2.7] and obtain a system of equations in §3.1]equivalent to (IT]). This system
is then put into a canonical form, in which certain non-resonant terms are excluded. This
is carried out in §3.4] the final form of the equations being given in §3.4.5]
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Step 2 To use the time decay for the linearized evolution on the continuous spectral subspace
established in §2.2] to prove asymptotic stability of the solitary waves in §4.6l

Step 3 Finally, to construct the wave operator and obtain the scattering asymptotics (LI9)), in
§5.2

2 Linearization

In this section we summarize the spectral properties of the operator C which appears in the
linearization of (L.2)) about a soliton, and then give some estimates for the linearized evolution.
The proof of these properties can be found in [I], with the exception of proposition which
is proved in appendix C.

2.1 Spectral properties of the linearization

The linearized equation reads
(.t = Cx(x,t), C:=j'B= 0 D2 (2.1)
-D; O

Theorem [IT] generalizes to the equation (2.]): the equation admits unique solution x(z,t) €
Cy(R, HY) for every initial function x(x,0) = yo € H'. Denote by €¢®! the dynamical group of
equation (2.I)) acting in the space H'; for T' > 0 there exists ¢y > 0 such that

le“xolla < crlixollan, I <T. (2.2)

The resolvent R(\) := (C — \)~! is an integral operator with matrix valued integral kernel

R(>\7x7 y) = F(>\7x7 y) _'_ P(>\7':C7 y)’ (2'3>
where
1 1 e o . D .
= etk+lz—yl _ pikt(Jz[+y[) _Z(ezmlx yl _ ezk+(\x\+|y\))
4k 4k _
LA\ 2,y) = i ¢ k_|z—y| k(|| +]yl) k—|z—yl k—(lz[+1yl) 2
- - ik_|x—y| _ Sik—(|x|+|y i otk—|x—y| _ Sik—(|x|+|y
T T e e i(e e )
1 ekl etk—|z i — 2k i3 etktlyl etk 1yl
P()\,x,y) - ﬁ ( ieik+\w\ _z'eik,|m| —Zﬂ —jo + 2k+ eik,\y| i€ik’|y‘ .
(2.5)

As explained already in §1.2] the continuous spectrum consists of C, UC_, and correspondingly
kL(\) = vV —w F i\ is (respectively) the square root defined with a cut in the complex A plane
so that ki (A) is analytic on C\ Cx and Im#ky(N\) > 0 for A € C\ Cx. The constants «,  and
D = D() are given by the formulas

a=a+dC? B=dC? D=2ia(k, +k_)— 4k k_+ao*— .

In addition to this continuous spectrum, there is discrete spectrum, which appears in this

formalism as the set of poles of R(\); these poles in turn correspond to the roots of the
determinant D()\). From the analysis in [I] we know that if @’ € (a/v/2C? a/C?), then the
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determinant has the following roots: A = 0 with the multiplicity 2 and two pure imaginary
roots

)\:ﬂ:z'u:ﬂ:zg\/az—ﬁZ, < w. (2.6)

Note that spectral condition (ILI4]) is more restrictive. It implies in addition that 2u > w, as
can be verified by a simple computation.
The generalised null space X° of the non-self-adjoint operator C is two dimensional, is
spanned by jV,0,V,, and
Cjv, =0 Co,V, = jV,,.

The symplectic form €2 for the vectors ¢ and 7 is defined by

Q,n) = (4, jn) (2.7)
By Lemma [[.2]
O U,, 0,0, = —%aw / o2z # 0. (2.8)

Hence, the symplectic form € is nondegenerate on X, i.e. X is a symplectic subspace. There
exists a symplectic projection operator P° from L?(R) onto X represented by the formula

PO¢ = ﬁ[(lpv]&u@wmww + <¢7 qu)&u\yw]' (2'9>

Remark 2.1. Since j¥,, 0,9, lie in H'(R) the operator P° extends uniquely to define a
continuous linear map H Y(R) — X°. In particular this operator can be applied to the Dirac
measure 6(x).

Denote by X! the eigensubspace corresponding to eigenvectors u and u*, and by P! a
symplectic projection operator from L?(R) onto X'. It may be represented by the formula

(W) (W)
gy G, juy

Py = (2.10)

since (u, ju*) = 0, and (u, ju) = (u*, ju*) # 0 by (B.66). Finally, P¢ =1 — P — P! is the
symplectic projector onto the continuous spectral subspace.

2.2 Estimates for the linearized evolution

We now recall from [I] some estimates on the group e©* which will be needed in §dl First we
recall a bound for the action of €€ on the Dirac distribution § = §(x) for small ¢t. Lemma 8.1
from [I] gives the following small ¢ behaviour:

1€€t5|| e = O(t™Y/2), t— 0. (2.11)

Second we list the large time dispersive estimates. To do this let us introduce, for 3 > 2, a
Banach space Mg, which is the subset of distributions which are linear combinations of Lé
functions and multiples of the Dirac distribution at the origin with the norm:

[+ Co(2)]|my = (¥l + 1€, (2.12)

and a Banach space By = B(Mg, L>;) as the space of continuous linear maps My — L>; for
any 3 > 2.



Proposition 2.2. (see [1]) Assume that the spectral condition (1.14) holds. Then for h € Mg
with > 2 the following bounds hold:

le“Peh =, < e(1+1)72||h|aas, (2.13)
le“ TRl 1, < e(L+ 1) 2], (2.14)
e CT A e, < e(1+8)2|[All (2.15)

where IIT (resp. 17 ) is the spectral projection operator onto the spectral subspace associated
to Cy (resp. C_), the positive (resp. negative) part of the continuous spectrum.

We shall also need the following bound, which is new.

Proposition 2.3. Assume that the spectral condition (1.1J) holds. Then for h € Mg with
0 >2andt > 1 the following bounds hold:

1€ (C F 2ip — 0) "' Peh s, < e(1+1)~*2||h|aas, (2.16)

1e(C F 2ipe — 0) T A1, < e(L+8) 2[Rl - (2.17)

We prove this proposition in appendix C.

3 Spectral decomposition and canonical forms

In this section we will use the spectral resolution associated to the operator C to decompose the
solution 1, obtaining evolution equations for the different spectral components. Then, following
[2], we introduce normal coordinate transformations to transform the evolution equations into
simpler canonical forms in which certain non-resonant terms are absent. The final form of these

equations is given in §3.4.5]

3.1 Modulation equations

In this section we present the modulation equations which allow a construction of solutions
Y(x,t) of the equation (1)) close at each time ¢ to a soliton i.e. to one of the functions

Cetf—velal C=Cw)>0

in the set S described in L2 with time varying (“modulating”) parameters (w, 0) = (w(t), 0(t)).
We look for a solution to (L2]) in the form

U(x,t) = eje(t)q)(x,t), O(x,t) = Yo (x) + x(,t). (3.1)

Since this is a solution of (I2) as long as x = 0 with § = w and & = 0 it is natural to look for
solutions in which y is small and

mwzlw@w+ww

with 7 treated perturbatively. We look for x = w(x,t) + f(z,t) where w = zu + zu* € X! and
f € X¢. Now we give a system of coupled equations for w(t), v(t), z(t) and f(z,1t).
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Lemma 3.1. Given a solution of ([L2)) in the form BIl) with f € X as just described, the
functions w(t), v(t), z(t) and f(x,t) satisfy the system

(P°Q[x], @)

= T, — 0,P0y, B) (32)
o <Q[X]>](aw\1]w - awPOX»
VS 0, 0P ) (3:3)
(u, ju) (2 — ipz) = (Q[x], ju) — (Ouw — QP f, juyio — (x, u)¥ (3.4)
f=Cf+wd,Px—4P(jx) + PQ[xl, (3.5)

where Q[x] = —0(z)j H(F(¥, + x) — F(V,) — F/(V,)x) represents the nonlinear part of the
interaction.

Proof. This can be proved as Proposition 2.2 in [2]. O

3.2 Frozen spectral decomposition

The linear part of the evolution equation (B.3) for f is non-autonomous, due to the dependence
of the operator C on w(t). In order to make use of the dispersive properties obtained in §2.2]
it is convenient (following [2]) to introduce a small modification of (BH]), which leads to an
autonomous linearized equation. Let us fix an interval [0, 7] and decompose f(t) € X[ into the
sum

f=9g+h geX;, heXg (3.6)
Here X4 = PZ.X is the spectral space associated to the discrete spectrum at time 7" and X§ =
PS5 X is the spectral space associated to the continuous spectrum at time 7', P = P¢(w(T))
and P4 = I — P%. In the following, we denote wy = w(7T) and Cr = C(wz). We will obtain
estimates uniform in 7', and later consider the limit 7" — +o0.

We now introduce a shorthand for the bounds we are about to prove: R(A, B,...) (resp.
R(w,A,...)) is a general notation for a positive function which remain bounded as A, B, ...
approach zero (resp. if w is close to wy and A, ... approach zero); it could be unbounded and
even infinite if w is outside some vicinity of wy. The formula f = Rg implies that |f| < Rg.
Introducing also the notation R, (w) = R(||w — wo|co,m), we get

Lemma 3.2. The function g is estimated in terms of h as follows:
1912, = Ra(w)|w — wrl[|A]| e, (3.7)
Proof. Let us use the identities
P(g+h) =0, Plg=g, P{h=0.

Then we get
g+ (P! =Pq)g+ (P’ = PL)h =0,

and P4 — P4 is a“small” finite dimensional operator:

[P? = P7| = [P(w;) — PYwr)| < max,seuwn) 0P (w)||lw — wrl.

Applying the projection P4 to (B.H), we get
h = Crh+P3[(C — Cr)f + P°Q[x] + wd.,Px — ¥P(jx)]. (3.8)



3.3 Asymptotic expansion of dynamics

The preceding sections have provided a change of variables ¥ — (w,~, z, h) under which (2]
is mapped into the system comprising [B.2)),[33)), (3.4]) and ([B.8). Since we are interested in
proving that for large times z, h are small it is necessary to expand the inhomogeneous terms in
these equations in terms of z, h. This is carried out in this section, leading to the conclusion that
the system (B2),[33]), [B4) and B3] can be written in more detail as the system comprising

(3.22),3.29), 3.33) and B.41).

3.3.1 Preliminaries

This section is devoted to some useful preliminary estimates. We start with a bound for the
denominator (9,¥ — 9,P%;, ®), where ¥ = ¥, that appears in the equation of motion (3.2))-
B3). We have, with A = (9, ¥, ¥),

0.V, x) — (0.P", ®) (0.9, x) — (0.P"%, @)
w\Il_wPO (I)IW\I]\Ifl <w> w ) —Al1 w X w 5
(0.0 - 0.P . @) = ., W) (1+ (0.0, 1) )=a(1+ A )
(3.9)

with (0,0, \) — (0,P, @)

w5 X) — \Ow X5

3 R@) (121 + Iflle=, + 113, ) (3.10)

We also need to expand the nonlinear term F(¢)) = a(|¢)|*)y near the solitary wave since the
inhomogeneous terms all involve E[y], the nonlinear part of d(x)F, defined using the Taylor

expansion of §(x)Fi near U:

S(@)F (1) = 6(2) (a(C2) + a(C2)x +20/(C?)(x, W)¥ ) + E[x]. (3.11)

Thus E[x| contains all the higher order terms which are at least quadratic in x, as y — 0, and
Qlx] = jE[x]. We expand E|x] in the form

where E; is of order j in x and Eg the remainder. It is easy to check that

Es[x, x] = () [a’(02)lxl2‘11 + 24" (C?) (¥, x)*¥ + 24/(C?) (T, X)X] : (3.13)

B, X, X = 3() [/ (C?) [P+ 20" (O (0, x)Px + 20" (C) (0, )P + 5 (C*)(, )
(3.14)

For Er we have
Er = R(w, |2, [FO))(|=* +£(0)]*), (3.15)

It also useful to define Es[x1, X2, (resp. Es[x1, X2, x3]) as a symmetric bilinear (resp. trilinear)
form

Bala, xa] = 8(2) @' (C?) (1, x2) W + 20" (CH)(W, xa) (W, ) ¥ + @/ (C2) (¥ xo)xa + (¥ )z ) |
(3.16)

B sl = 000) [5a(12F) Y06 ) + 3¢ (2) (0 (@ e (317)
S0 (W0 00 X+ " (22) (0,0 () (¥, ).
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Here summation is taken over all transposition of integers 1,2, 3. Notice also that
(E2[X,Y], Z) = (X, E5[Y™, Z]) (3.18)

where X, Y, Z, are complex valued vector functions and Y* = (Y,Y5).
In the remaining part of the paper we shall prove the following asymptotics:

IF@llz, ~ 7 2(t) ~ 72wl ~ 772, = o0, (3.19)

Remark 3.3. To justufy these asymptotics, we will separate leading terms and remainders in
right hand side of equations (32)-(34), (3.8). Namely, we shall expand the expressions for w,
4 and % up to and including terms of the order O(t=3/2), and for h up to O(t™Y) keeping in mind
the asymptotics (3.19). This choice is necessary for applicaton of the method of majorants.

3.3.2 The equation for w

Using the equality Q[x] = jF|[x], and the fact that j(P°)* = PYj (where * means adjoint with
respect to the Hermitian inner product (-, -)), we rewrite

(P°Q[x], @) = (P E[x], ®) = —(E[x], j(P°)®) = —(E[x], P’j®)

with y =w+ fand ® =V + xy = U + w+ f. Then equation ([B.2]) for w can be expanded up
to O(t~*/?), assuming (B19), as follows:

1

@ = =< | (Bafw, w] + 2Ba[w, f] + Esw, w, wl, j¥) + (Es[w, w], P%jw) (3.20)

1 :
+ g (Bl w],j0) (0.9, w) — (0.P%w, W) +
where
Qr = R(w, 2] + 1 fllz=,) (I2I* + | fllz,)* (3.21)
Substituting w = zu + Zu*, we can write ([3:20) in the form
CZJ:QQ()Z2+ QHZE + 902224— 93023+ 921222 + 9122224— 903234—2(.]0, Q/10> +E<f, Q/01> +QR (322)

Let us now display explicitly some important terms of this expansion. First we compute the
quadratic terms in ([320) which are of order ¢~! according to (B:I9). They are obtained from
the term

(Bslw,w], j0) = 22 (Eyu, u], jU) + 22 (B [u*, u*], jU) + 222(Ey[u*, u), j ). (3.23)

in expression ([B.2)). Let us take into account definition of Fs, the identity (¥, j¥) = 0 and that
® = (¢,0), w = zu + zZu* with u = (uy,us) where u; real and uy pure imaginary. Then we
obtain

(Bolw, w], j¥) = (d(2)2a/(C*)(¥, w)w, j ) = 2d/(C*)(z + ) (u(0), T(0))(z — Z)(u(0), jT(0))
= 2(2* = 2%)a’(C*)((0), ¥(0))(u(0), 1 %(0)).

Therefore

Q= Oy = — LI 2 0y (o) 0O (u(0). 00 (3:21)
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is purely imaginary and
<E2 [uv U*] ) j\I]>

Oy =2 =0. 3.25
' A (3.25)
Using the property ([BI8]), we find that
— Esu*, ¥
0, =0, = 2Bl IY] (3.26)

A
Remark 3.4. Since f € X[ then

(f, Q,10> = (P, Q,10> = <f>jPCj_lQ,10>-
Therefore we can substitute QO in (323) by their projection jP¢j~1Y,.
3.3.3 The equation for v
Using again the equality Q = jE we get
(Q]. 7(0.% — 0.P")) = (E[x], 0.V — 0.PX)

Therefore (33), 39), 310), B12), BI5) imply

g = AT (Ealw, w] 4 2Ea[w, f] + Bslw, w, w],0,%) — (Ealw, w], 0.,Pw) (3.27)
— A By[w, w],0,1) (<aw\1/,w> — (8P, qf)) 4T
where
Tr=R(w, |z + [FO)N (= +£(O))* = Rw, |2 + [ fllz=,)(|21* + [ fll£,)? (3.28)

since | f(0)] < [[f||z=,- Equation (3.27) can thus be represented in the form

"}/ = F2022 + Fuzf—i— F0222 -+ F3023 -+ F21222+ F12222 -+ F03§3 + Z<f, F/10> +E<f, F61> + FR, (329)

where
Eslu,ul, 0,V Eslu, u*],0,¥ Eslu*, u*], 0,V
ry = B g B 00y, B UL g )
Eslu*, 0,V Es|u, 0,V
F/10 — 9 2[“A78 ]7 F61:2 2[UA8 ]
3.3.4 The equation for z
Denote 3¢ = (u, ju) and rewrite (3.4 in the form:
<8ww,ju) <E2[W> W]a]\D> B <W> u> <E2[W,W], awlll>
+ ZR7

»A
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where

Zr = R(w, 2| + I fllzes, ) (2 + [ fll2,)*. (3.32)
Equation (B.31]) can be represented in the form

z = i,uz -+ 22022 + ZHZE + 20252 + Z3023 + Z2122§ + 212252 + Zogzg (333)
+ 2(f, Z10) + Z{f, Zoy) + Zr,

where, using the calculations in the previous two sections, we have in particular,

lo = B g Bl (Bl e
3E *7 ) Y
Zu = 3[“%u ),
(0 ju)(Balu, u, §9) — (", u) (Bolu, u], 0.%) — (u, u) (2Bl u], 0, )
xA )
Zyy = 2@, 261=2M. (3.34)

3.3.5 The equation for h
We now turn to equation (3.8) for i that we rewrite in the form

h = Crh+ P& [(c — Co)f + PjEyfw, w] + AP + HR] , (3.35)
where remainder Hp is

Hrp = P%(E[Y] — Eao[w, w]) + Wi, Py + 4P 'w (3.36)
= P%(E[X] — Bs[w,w]) —wd Py + 4 'w — 4P%'w

For the Hr we have, recalling (Z12), the following estimate

1H Rl sy = Riw, |2l + [z (21 + 2l flles, + 1F1l7,) + R@)l@](12] + 1| fllzes,)
+ Rzl = Rlw, [ + I fllze, ) (12 + 12l fllzs, + [1£17=,) (3.37)

Now we continue the isolation the leading terms in the right hand site of ([334). Note that,
from the formulae in the discussion surrounding (LIT]),

C—Cr=jYw—wp)+5j YV —=Vp), where V =—6(z)a+bP].

Also
P3P = P5[P + PL. — P = P + P7[Pf. — P

Therefore ([3.35]) becomes
h = Crh + o(t)P%j  h + PSj Eyw, w] + Hyy (3.38)
with o(t) = w —wr + 7, and
Hp =P§[Hp+0(t)j g+ ' (V = Vi) f + (P§ — P))j(Exw, w] + 4 f)].

12



Using the identity P% = 1 — P4, we obtain
1Hllmy < Ra(w, |2l + 1 £z, ) (2 + [zl llze, + £z, + o = wrl (2 + 3l fllzs, ). (3:39)

Next we need an additional construction to combine first two terms in RHS of (8:38]). Namely,
lemma 35 below shows that the “main part” of the second term is io(¢)(IL} — I )h, where IT*
and IT™ are the spectral projection operators on the spectral space associated to the positive and

negative part of the continuous spectrum respectively at time 7'; see the discussion preceding
(ZI4). Hence, we denote

Cu(t)=Cr+ z’a(t)(HJTr —1I1;) (3.40)
and rewrite (338) as ' i
where 3
Hp = Hp +o(t)[PGj " — i(TL} — IL;)]A (3.42)

Lemma 3.5. For h € X§ we have
IP7s~" — i(XTF =TIl < (1] 2=,. (3.43)
This lemma is proved in appendix D. Lemma and the bound ([3.39) imply

Proposition 3.6. The remainder Hg admits the bound

1 rllaty < Rulw, 2]+ £l ) (2P + 120 fllz, + 1112, + lw = wrl(12® + [ fllz,))- (3.44)

3.4 Canonical form of the equations

Our goal is to transform the evolution equations for (w, v, z, h) to a more simple, canonical form.
We will use the idea of normal coordinates, trying to keep unchanged the estimates for the
remainders as much as is possible. This means we observe that for our purposes the unknowns
(w,7,2, h) lie in a neighbourhood of the point (wp, 0,0, 0) in the space € R x R x C x L>;. We
seek a change of variables

O : (w,v,2,h) — (w1,71, 21, h1)

such that © is a diffeomorphism between neighbourhoods of (wp,0,0,0) in the space € R x
R x C x L%, and DO(wy,0,0,0) is the identity. This map © is obtained, as usual in the
normal form method, by looking for (w1, 71, 21, h1) as a power series in (w, 7y, z, h), starting with

the identity map at highest order - see (B:47)-([3249),(3.51),[313) and ([B82) for the detailed

expressions. The coefficients in these expressions are then chosen so as to put the equations
for (w1,71, 21, h1) in a simpler canonical form which is suitable for our subsequent work. This
final canonical form for the system is summarised in section [3.4.5

3.4.1 Canonical form of the equation for h

As a starting point we expand out the middle term on the right hand side of (.41l), obtaining

h = Ca(t)h + Hyg2® + Hy12% + HpZ* + Hp. (3.45)

13



Here, the coefficients H;; are defined by
Hyy = PGjEsu,ul, Hyy =2PGjExu,u”|, Hyp = PrjEs[u”, u’|. (3.46)
We want to extract from h the term of order z? ~ ¢~!. For this purpose we expand h as
h=hy +k+ ki, (3.47)

where
k= &2022 + a2z + a02§2, (348)

with some a;; = a;j(w, x) satisfying a;; = @;;, and

k1 = —exp (/ CM(T)d7‘> k(0). (3.49)

0

Note that & is just the solution of the corresponding homogeneous equation k; = C sk, since
the operators Cy(t) all commute for different values of ¢. It follows from k;(0) = —k(0) that
hy(0) = h(0).

Lemma 3.7. There exist a;; € L= in (3.48) such that the equation for hy has the form

hy = Cp(t)hy + Hg (3.50)
where Hy = Hp + H', with estimates as in B44), and also

||z, = R (w)l2]* (3.51)

Proof. (cf. Section 4.2.2 in [2]) We substitute ([3.48)) into (3.41]) and equate the coefficients of
the quadratic powers of z. In addition we replace the discrete eigenvalue p(t) by its value at
time T, i.e. ur = u(w(7T)), and include the correction in the remainder. Then we get

Hyy — 2iprasy = —Crag
Hy = —Cran
Hoo + 2ipragy = —Crapg
and R .
Hp=Hrp+ H
where H' is defined as
H' =" 0.0;R(w, |2| + Al e )21 (2] N1 £l e, )? (3.52)

+ > agRw, 2]+ [l )2l (2] + (1 flz,)® + Y ayR(w) |2l lpur — | — io (TLf — ;).

The dependency in x appears here through the coefficients a;; = a;;(w, z). Notice, from (LI6])
and the formuae for the projection operators in §2.1] that each H;; € X§ is the sum of a multiple
of 6(x) and a function exponentially decreasing at infinity. Hence, there exists a solution a;; in
the form

[N —C;lHll, (353)
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where C,' stands for regular part of the resolvent R()\) at A = 0 since the singular part of
R(\)Hq; vanishes for Hy; € X§. The function aq; is exponentially decreasing at infinity.
For agy and ags we choose the following inverse operators:

on — —(CT - 27',U/T - O>_1H20, g2 = Aoy = —(CT -+ 2’L,MT - 0)_1H02, (354)

This choice is motivated by proposition 2.3, and putting ¢ = 0 in that proposition we have the
bound (B.51]). The remainder H' can be written as

H' =Y (Cr — 2iprm — 0) ' Ay, m € {~1,0,1} (3.55)

m

with A4,, € X§, satisfying the estimate

[Amllzy = Rlw, |2] + [ fll2=,)=] (IZHwT —wl+ (2] + Hf||Lz<>ﬁ)2>- (3.56)

3.4.2 Canonical form of the equation for w

We want to remove all terms in the right hand side of ([B.22]) except the remainder Qg. This is
possible by methods of Buslaev and Sulem [2], Proposition 4.1] since y; = 0 by (3.23]).

Lemma 3.8. There exist coefficients b;(w), 0 < i,j < 3, and vector function bj;(z,w), 0 <
1,7 < 1, such that real-valued function w, defined as

W1 = W+ by2? + bpaZ? + bgo2® + by 2%Z + b1o2Z> 4 besZ + 2(f, Vi) + Z(f, b)) (3.57)
obeys a differential equation of the form
i = Qp, (3.58)
where Qg satisfies the same estimate (321) as Qp:
Qr = RAw, |2l + | f =) (|2]* + 1l 2=2,) (3.59)

Proof. The calculation follows the classical method of normal coordinates. Substituting w, 2,
and f from ([B22), (3.33), (3.5) into the equation for w; and comparing the coefficients of 22,
zf, ete. leads to a system of equations for the coefficients by, b}, ets. (cf. [2, Proposition 4.1])

ng -+ Qiﬂbgo = 0, (360)

Qllo + Zlubllo _I_ C*bllo - 0,

Qo1 + 2Z11bag + ipbar + 2Z20bo2 + (Fi1, big) + (Fao, by ) = 0,

ng + 2Z20b20 + 3iub30 + <F20, b,10> = 0.
It should be noted that the resonant term 2% in the equation for w; is absent. From the first
equation of ([B:60) we obtain

bao = boz = 5o, (3.61)
1
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Multiply the second equation of (B.60) by j we get
J0 + ipgbye — Ciibly =0

since jC* = —Cj. Without loss of generality we can assume that j), € X7 by Remark 3.4
Therefore, there exists the solution b}, in the form

bio = Vo1 = —3(C —ip) ™15, (3.62)

where (C —ip) ™! stands for regular part of the resolvent R()\) at A = iu since the singular part
of R(A)jQ, vanishes for j2, € Xf. The functions b}, by, decrease exponentially at infinity,
and the equations for by = bya, b3y = bp3 can be easily solved. O

3.4.3 Canonical form of the equation for z

In this section we obtain a canonical form of the equation ([B.33) for z, and carry out a com-
putation of the coefficient of the resonant “2?z ” term, which gives the Fermi Golden Rule.
Substituting (3.6 and ([B47) into (B33)) and putting the contribution of g + hy + k; in the
remainder Zp, we obtain

z = ZIUZ + 22022 -+ ZHZE + 20222 + Zg()Z3 + 221225 + 2122’52 + Z03§3 (363)
+ T3P+ 25 2P E + 70927 + 2057+ Zg.
We have by (3.47)-(B.48)
Z:/ao = (axo, Z{0>, Z§1 = (a1, Z{o> + (a0, Z(’n), (3.64)
Zys = (a2, Zo1),  Zig = (@02, Z1g) + (@11, Zgy)-

We are particularly interested in the resonant term Z5,2%z. Formulas (3.34), (3.46), (B.53),
(B.24) imply

. o ~eu,ut _ e - Eslu,u
Zh = —(C1'2P%j Esfu, u ],2#) — ((Cp — 2ipr — 0)"'P5j Esfu, ul, 2 2[? ]> (3.65)
For the coefficient s = s(w) we get (see [2, Proposition 3.1])
»x = (u,ju) =10, with > 0. (3.66)

Now we can prove

Lemma 3.9. Suppose that the non-degeneracy condition (1.17) is satisfied, then
Re Z}, <0 (3.67)
for w in some vicinity of wy.

Proof. We first notice that the coefficient (C;'2P%jEy[u, u*], Eo[u, u*]) appearing in the ex-
pression ([3.65) for Zj, is real, since the operator C;'2P%;j is selfadjoint. Hence by (B3.60)
Re Z4, reduces to

Cr — 2ipur — 0)"'P%j Falu, ul, Eofu, ul)
P

ReZ;, = —Re2 {

2
= —SIm (R(2ip + 0)PGj Eslu, ul, Eqlu, ul),
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where we denote

R(\) =Rr(\) = (Cpr— A" ReA >0, and p= pup.
Using that P§ commutes with R(2ip+0), we have R(2ipu+ 0)PS = P$R(2ipn+ 0)PS. We have
also that (P%)* = —jP%j, hence

2
ReZy, = glm (R(2ip+ 0)a, jar)

with a = P$jEs[u,u]. The function A — (R(N)a, ja) is analytic in the region C\ (C+ UC_)
since a € X7. Hence by the Cauchy residue theorem we have

(R(2ip + 0)a, jar) = —% / iy LA OA)__ ;ZLA__OO))O” o) (3.68)
el
Now we use the representation
R(\+0) = R(A—0) — —Ti(;i)kf;%w j-2WEB; e o)
where D = D(A+0) and ky =k, (A +0)<0for N\€Cy, ko =k_(A+0)>0for A eC_
72 (\) = (D™l — De= 2y, 4 4Biky ™7y sy (N) = sin(ke)vs (3.70)

are the even and the odd eigenfunctions of the operator Cr corresponding to the point A € C..
of the continuous spectrum (see appendix B). The representation (B.69) can be checked by
direct calculation using formulas (D._2)-([D._4) for the resolvent. Then equation (B3.G8) becomes
(with A = iv)
1 2 dv (17—, ja)(1_, ja) 1 r dv (1, jo) (1o, ja)
167 / k_|D|? v—2u 167T/ ky|D|? v —2u+10

—00 w

(R(2ip+ 0)a, ja) =

since the function « is even. Using that

1 r
o0 PV, imd(v)

where p.v. is the Cauchy principal value, we have

| | L[ v (rjara) 1 7 dv_(7y.jo) {7y j)
2 —_ — LU
{2+ 0)a, jay 167r/k_|D|2 v—2p 60" ) BDET v—2u

i (r (2ip), jo) (m2 (2ip), ja)
16 k. (2ip+ 0)[D(2ip + 0)2

The integral terms in ([B.71)) is real. Thus,

(3.71)

(74 (2ipr), Ealu, ul)|?
16]€+(2iMT + 0)‘D(2Z,MT + 0)‘2

Im (R (2ipr + 0)a, jor) =

The non-degeneracy condition ([LIT7) implies that (7 (2iur), Eo[u, u]) # 0 in some vicinity of
wp. Using also the inequality k. (2iur 4+ 0) < 0, we deduce Re 75, < 0. O
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We now need an estimate on the remainder Zx.

Lemma 3.10. The remainder Zp, has the form
Z = Ra, o) [ 22+ 1, P+ el o =l bl el Bl + oA, |- (3.72)

Proof. The remainder Zp is given by
ZR =Zp+ Z(f —k, Zio) + §<f — k, Z(/]1>
where Zp satisfies estimate ([B:32)). Since f — k = g + k; + hy, we have by 3.7

[(f =k Zig)l < R()lgllee, + [[Fallz, + [1hall=,)
< Ra()(wr = wll[bllzee, + [1kallzes, + 7l L))

which implies (372 O
We can apply now the method of normal coordinates to equation (B.63)).

Lemma 3.11. (c¢f. [2, Proposition 4.9])
There exist coefficients c;; such that the new function z; defined by

21 = 2+ o022 + 1127 + CaZ2 + C302° + 1927 + o327, (3.73)
satisfies an equation of the form
4 = ip(w)z + iK(W)| 2122 + Zg (3.74)
where Zg satisfies estimates of the same type as Zg, and
Re iK = ReZy, < 0. (3.75)

Proof. Substituting z; in equation ([3.63) for z and equating the coefficients, we get, in partic-
ular,

Co0 = iZ20, c11 = —1211, Co2 = —Lzoz (3.76)
@ 7 3
and
1K = Z21 + Zél + 011Z20 + 2020211 + 011711 -+ 2002702 (377)
It is easy to check that all of the coefficients Z11, Zsy, Zp2, and Zsy; defined in (3:34]) are pure
imaginary, and hence (3.73]) follows immediately. O

Denoting Kt = K(wr), the equation for z; is rewritten as

21 = i,uzl + ’iKT|Zl|221 + Z\R (378)
where
Zr = Zr+Ra(w, |2l + | =) 2P lor — w| = Ra(w, |2] + ||fHLz<>ﬁ)[(\zl2 + 1 flle)® (3.79)

+ ellwr — wl(lhllze, + [21%) + 2]l ][22, + \ZIthIILzOﬁ]-
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It is easier to deal with y = |z;|?, rather than z;, because y decreases at infinity while z;
is oscillating The equation satisfied by y is simply obtained by multiplying B74) by z; and
taking the real part:

y = 2Re (iK7)y? + Yg, (3.80)

where

Vi = Ra(w, |2[+[| f[lz=,) ] (|Z|2+I|f||Lz°ﬁ)2+IZIIwT—wI(||h||Lz°5+|Z|2)+|Z|||k1||Lzoﬁ+|Z|llh1||Lzoﬁ]~
(3.81)

3.4.4 Canonical form of the equation for v

The only difference between equations ([.22) and (3.29) for w and + is that, in general the co-
efficient I';; # 0. We can nevertheless perform the same change of variables as for w, obtaining:

Lemma 3.12. There exist coefficients dyj(w), 0 < i,j < 3, and vector functions d;;(x,w) such
that the new function v, defined as

Y1 =7 + dy?® + dgeZ® + dzo2® + d122°Z + d192Z° + doosZ” + 2(f, dyy) +Z(f,dp,),  (3.82)
with d;; = dj;, is a solution of the differential equation
41 =T11(w)2Z + T (3.83)

Furthermore Uy, satisfies the same estimate (328) as T'g.

3.4.5 Summary of the equations in canonical form

We summarize the main formulas of §8.ATFHE A3 First we recall that

where k and h, are defined in (3:48)-(B3.49). The equations satisfied by h and h; are, respectively,

(see (B:38) and (B.50)) _ )

and . R

The remainder Hy, is estimated in (344) and Hz = Hy + H', where H’ is estimated in (50)
and (3.50]).

The second equation, given in Lemma [3.8] determines the evolution of wy:
i = Qp, (3.86)
where Q, is estimated in B59, and w; and w are related by (see (357))
wi —w = R(w)[z[(|z] + [ fll =, )- (3.87)
The third equation describes the evolution of z; (see ([B.74)):
3 = ipz +iKp|z P2 + ?R, (3.88)
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with the estimate (379) for Zp. {From ([363), z and 2 are related by that
2 — 2 =R(w)|z|% (3.89)

The fourth equation is for the evolution of y = |z |*

) = 2Re (iKp)y? + Y, (3.90)
where R
[Yr| < [21]|Zgl. (3.91)

The negativity of ReiKr is a key point in the analysis and was proved in Lemma[3.9] It is clear
from the last equation that this condition gives a nonlinear damping effect in the evolution of
the amplitude of the discrete mode - this is the crucial dynamical consequence of the Fermi
Golden Rule, with obvious relevance to the large time behaviour of the solutions.

3.5 A bound for |wr — w| and the initial conditions

We will need a uniform bound for |wr — w(t)| on the interval [0,77]. This can be obtained by
comparison with the function wy(t) as follows:

wr — w(t)] < Jwir — wi(t)] + |wir — wr| + |wi(t) — w(t)] (3.92)

T
< / b (7)ldr + Riwr, ler] + || frll o, ) (22| + 1 frllz,)® + Rw, 2] + I fllzes, ) (2] + [ £l 2=s,)?

T 0<t<T

T
< max R(w, 2] + | l1s,)| / (2P + 1l 2+ (rl + [ frlles,)? + (121 + 11127

where zp = 2(T), fr = f(T). Using |w| < |wo| + |wo — wr| + |w — wr|, we have

foax R(w, [2] + [ fllz=,) = R(max |w — wrl, max (|2 + || fl|zz, )-

We denote such quantities by the symbol Ra(w, 2]+ [|f|[1=,). Then (Z92) becomes

T
wr—w] < Ra(w, |2+ fllz,) | / (P41 1L, 2dr+ (o |+l frlls, P+ (2l L, 2] (3.93)

t

As in ([ILI8)), we suppose the smallness condition:
20)] <2 1 (0)l|y < ™2, (3.94)
where £ > 0 is sufficiently small. Equation ([3.89) implies |2,]* < |2|? + R(w, 2)|z|*>. Therefore
y(0) = |21 (0)]* < e + R(w, |z0])e¥. (3.95)
;From the formula h = PS.f = f + (P? — P2) f, we see that

1R(0)l]y < e=* + Ra(w)lwr — w[[| £(0) 2=, (3.96)
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3.6 A bound for k;

Lemma 3.13. The function ky defined in [3-49) satisfies the following bound:
1 €

2
[kl ros, < c|z(0)] e < AT (3.97)
Proof. Equalities (3.40) and (3.49) imply
tc 7)dr C t+itﬁfdfn+—n*
]{:1:—65[ 2 (T) k(0) = —e T Of (T)dr (I T)k(o) (3.98)

t
Denoting v = [ 8(7)dr, we obtain by expanding the exponential and using the idempotency of
0
projections (the Euler trick):
iVl'I% o H:I: w F d
e = IIe"” + 11} + Pr.
Therefore
VM=) — ([Ife™ + II; + P4) (e + ITf + P) = [fe™ + I~ + P,
Note that Cp commutes with PZ, hence

Cur(7)dr . .
o MO on Ly 4 oIy 1 PY). (3.99)

Since (3 is a real function, both exponentials are bounded. Further, by ([8.48) we have k(0) =
a2022(0) +a112(0)2(0) +apez*(0) with a;; defined in (B.53)), (354). Therefore, the bounds (2.1,
(210), 217 and assumption (3.94)) imply (B.97). O

4 Large time asymptotics

In this section we will make use of the dispersive estimates given in §2.2/to prove the asymptotic
representation for the solution of (L2) with initial data as in theorem [[.3] The idea is to fix
an interval [0,7] and carry out the frozen spectral decomposition relative to the operator
Cr = C(wr) at time T, as described in §3.21 We then obtain bounds for certain majorants on
this interval which are uniform in 7', and thus make it possible to obtain the asymptotics for
the solution in the limit 7" — 4o00. We will use the R notation explained prior to (3.7) and
[B93) to express estimates and bounds concisely.

4.1 Definition of majorants

We define the quantities

0<t<T 1+et

Mo(T) = max |wT—w|< c ) (4.1)

—-1/2
M,(T) = max |z(t)|< c ) (4.2)

0<t<T 1+t
—3/2
9
Mo(T) = max |[hll, | 17 (4.3)
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which will be refered to in the following as “majorants”, and denote M the 3-dimensional vector

(Mp, My, Mly). Observe that [3.7), (351 and ([B.97) imply that f can be bounded in terms of
these:

1+ ¢t

so that control of M will allow complete control of the asymptotic behaviour of the solution.
The goal of this section is to prove that if ¢ is sufficiently small, M is bounded uniformly in 7.
This is done by first bounding the initial data, and inhomogeneous terms, in the equations in
section in terms of the M, and then using the estimates for the homogeneous evolutions
to self-consistently bound the M; in terms of themselves, uniformly in 7" > 0 and € < 1.

(15) Il = Rat)02 + Vet (1.4

4.2 Estimate of the remainders and initial data

Lemma 4.1. The remainder Yr defined in (Z81)) satisfies the estimate

£5/2

(1 4+ et)2y/et

Proof. Using again the equality f = g+ h = g+ k+ ki + hy, lemma [3.97 and the definitions of
the M, the remainder Yy is bounded as follows:

Y| = R(e"/*M) (1+ M), (4.5)

Vie = Ra(w, |21+ |l |21 (1212 + Lz, + allozs,)? + 2llwor =l (12 + [l o, + )

c 1/2
+|z|<||k1||mﬁ+||h1||Lz°ﬁ>]:RWM)(H@J M.

£ € € 3/2 2
M} (=) ™)
<1+at oo U °

+( - )3/2MM< C M4 — +( ° )3/2M>
1+ et T et P (14032 T\ et s

c 1/2 c c 3/2 £5/2
+ ) M ( + ( ) M ) = R('/*M
(1+5t "\ + )32 1+ et ’ ( )(1+5t)2\/5+5t

establishing (). O

(1+ M)°,

Let us turn now to the remainder Hr = Hp + H' in equation (3.83) for h;.
Lemma 4.2. The first summand Hy satisfies

€
1+¢t

- 3/2
| rllan, = RV (=) (1 M) + (1 + M) (4.6)
Proof. Tt follows from (B3.44))

1HRllm, = Ra(w, |2 + 1 fllz=,) [IZ|3 + (2l + lwr = wi)(|2* + ks llz=s, + 1]l

+<|z|2+||k1||moﬁ+||h1||Looﬁ>2=R<el/2M><( "M (1) M)

1+ ¢t 1+ ¢t 14+ ¢t

3 € € 3/2 € € 3 3/2 2
i (7r2) ™)+ (8 (572) ™)
<1+5t oo T\ )T ra T areE T\ ?

which implies (4.6]). O
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The second summand H’ is represented as in ([B.53) where the A,, are estimated in (B.56).
For the A,, we now obtain:

Lemma 4.3.
€

1+¢t

3/2
lAmllag, = RV2M) (=) (M + 2121 + [M)?). (4.7)
Proof. Estimate (3.56]) implies

[Aml[amy = Ra(w, |2] + [ Fll,)]2] (\z||wT —wl+ (2l + [kl o=, + thHLzoﬁV)

1/2 e \3/2 e\ 1/2 e £ \3/2 \2
=REM) () M (o) M (o) ™ (=) ™
RV (T3 YN et T e Ty ’

which implies (4.1). O

Now we estimate the initial data. Referring to the formulas at the end of §3.5] we have
y(0) < e 4+ R(e*M)e®? = (1 + R(eY/°M)e'/?) (4.8)
[A(0) ]| a1, < ce®? + Ry (w)|wr — w| [F(O)]|2==, < ce®? + R(e/*M)e®M (1 4+ M2 +£'/?M,). (4.9)

4.3 Integral inequalities and decay in time
This section is devoted to a study of the system:
7 = 2Re (iK7)y? + Y (1), (4.10)
hy = Cyhy + H(z, 1), (4.11)

under some assumptions on the initial data, and on the inhomogeneous (or source) terms Y
and H. Equation ([AI0) for y is of Ricatti type, and is similar to (3.90]), while (£IT) is similar
to (B.83)). First, for the initial data, we assume

y(0) <eyo, 7 (0)]am, < £*ho (4.12)
with some constant yg and hg > 0. As for the source terms, we assume that

£5/2

(14 et)2y/et
and that H(z,t) = Hy(x,t) + Ho(x,t), where Hy =Y (Cr — 2iprm — 0) ' A,,, A,, € X% with

m

V(1) <Y (4.13)

the following bounds:

__ e 3/2
Hillv. <H ( ) , 414
| Hyl[my < Hy o (4.14)
_ e 3/2
N <Am( ) , 415
Mnllags < An (7 (4.15)

where the quantities Y, H;, A,, are supposed to be given positive constants. All these assump-
tions are motivated by the estimates of the remainders in §4.2] and by the final estimates we
intend to prove on w, z, h and hy. Equation ([AIQ) corresponds to equation (3.90) and the
assumption (AI3]) on the source term has the form of estimate (435]) for the remainder Yz. Sim-

ilarly, equation ({I1I) corresponds to equation (3.85]) and assumptions (A.I4)-(4.I5) correspond
to the inequalities (£0)- ([LT). Finally, corresponding to (B.73]), we work under the assumption

Re 1K+ = —Im K+ < 0.
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Lemma 4.4. ([2, Proposition 5.6]) The solution of (4.10), with initial condition and source
term satisfying (4-13) and (4.13) respectively, is bounded as follows fort > 0:

y(0)
1+ 2Im K1y

ly(t) — (O)t| < c?( ° )3/2, ¢ = c(yo, Im K7). (4.16)

T+et
Let us consider equation (A1) for h;.

Lemma 4.5. The solution of ({{-11)), with initial condition and source term satisfying (4-19),
(7. 1) and (1.73), is bounded as follows:

s, < c(wﬂ(ljgt)g/z(hojLﬁl £3A,). (4.17)

Proof. The function hi(x,t) can be expressed as:
f t
Cp(r)dr Cyr(r)dr
B = M h1(0>+/f M (7)
0

To establish (A I7) we use the representation ([3:99) and the bounds (ZI4), (ZI5) and (ZI7)

to deduce that

I, < )y + [ e (), + (), )

Al )[ho 1+t 3/2+/ 1+ (t—s) 3/2(F (1+58>3/2 ZA (1+68>3/2)]

0

< C(wT)(l jist)g/z(ho + H, +sz>7

since [)/(1+1— s)"32(1 +es)™3/2ds < (1 + et)~*/? by [2, lemma 5.3]. O

4.4 Inequalities for the majorants

In this section we estimate in turn the three majorants Mg, M, M.

Lemma 4.6. The majorants My(T), My (T), and My(T') satisfy

M (T) = R(¥/2M) [(1 S M) e+ \M\)ﬂ , (4.18)
M2 = R(Y/2M) (1 214 \M\)5) (4.19)
M, = R(Y/2M) | (1 + M;)? + £V/2(1 + |M|)4]. (4.20)
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Proof. Step i) Using the equality f = g+ h = g+ k + k1 + hy and bound ([B.97) for k; we have,
using the notation defined prior to (B.93))

2+ 1flle, = Ralw [zl + 11 £llz=,) (Ikillzes, + 27 + [l hallz,)

3/2
— R(eM) | — = | = M
(¢ )<(1+t)3/2+ el Rl e ?

R(e/>M) <1 T t) (1+ M8 + M),
€

so that -
2 _ 1/2 2 1/2
22 + 1|z, = R(e M)—1+€t<1+1\\/ﬂ1+5 MQ). (4.21)

Then 93) and ([@J) imply (£I]).

Step ii) Recall y = |z1]? satisfies (10) with Y = Yy, and Y5 satisfies the inequality (5] which
is exactly the condition (@I3) with Y = R('/2M)(1 + |M]|)°. Using ([EI6) as well as (@I to
bound the initial condition y(0), it follows that

o]

<R 1/2M
y=REM) -+ (15

Therefore

2 <y + R(W)|* < R(V°M)

€ € 3/2 € 3/2
1+ M) ( ) M?
1+5t+<1+5t) (1+ [MI])” + 1+ et Ly
from which ([£I9) follows.

Step iii) Let us now consider hy, the solution of ([8H). It has the form [@II) with H = Hp =
Hp+ H', where Hp and H' identify respectively to H, and H,. More precisely, using [6) and

(@17), we have
H = REPM)((L+ M) + 21+ M)

A, = R(V/2M) (Mi 214 \M\)3).
Concerning the initial conditions, we know that hy(0) = h(0). Thus by (£3)
ho = ¢+ R(e/*M)e*My (1 + M2 + £1/2M,)

Applying Lemma .5, we deduce that

R e\
IFulles, = REM) (75— )

(1+M,)? +e2(1 + \M\)‘*] ,

which implies (£.20). O
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4.5 Uniform bounds for majorants

The aim of this section is to prove that if ¢ is sufficiently small, all the M; are bounded uniformly
in 7" and ¢.

Lemma 4.7. For ¢ sufficiently small, there exists a constant M independent of T' and e, such
that,
IM(T)| < M. (4.22)

Proof. Combining the inequalities (4I8)-(Z20) for the M;, one get a estimate of the form
M? < R(e¥/2M) | (1 + M;)® + eM2(1 + |M])®
Replacing M? in the right-hand by its bound ([I9)), we get an inequality in the form
M? < R(e/2M)(1 + /2 F(M))

where F'(M) is an appropriate function . From this inequality it follows that M is bounded
independent of € < 1, since M(0) is small, and M(¢) is a continuous function of ¢. O

Corollary 4.8. The function w(t) has a limit w, as t — oo. Furthermore, the following
estimates hold for all t > 0:

o — B < M= (4.23)
1/2

2(t)] < ( ) (4.24)
3/2

Ihulles, < M(757) (4.25)

o < 4.26

I, < eM)=— (4.26)

Proof. Since |wr —w(t)| < Mol jet’ then applying this result to |w(t;) — w(t2)|, we see that

w(t) is a Cauchy sequence. It thus has a limit, denoted w, and ([£23]) holds. The next two
results follow immediately, while the final one is a consequence of (4. O

4.6 Large time behaviour of the solution

In this section we deduce from corollary a theorem which describe a large time behaviour
of the solution. Notice that in the decomposition f = g+ h = g+ hy + k + k1, a fixed time
T has been chosen, and all the components depend on w(7'). From the above proposition, we
know that w(t) has a limit wy as ¢ — 0o. So we can reformulate the decomposition by choosing
T = oo and wy = w,. Namely, let us denote PS¢, = P¢(w,) and P = 1 — P¢. We define
f =g+ hwhere g =P f and h = P¢_f. We also decompose h = hy + k + k; where

k = a2 + a112%Z + apz’,
t
ki = —exp ( / C+(7)d7)k(0)
0
where a;; = a;j(wy,x) and C; = C(wy) + z'(w(t) —wy + V(t)) <H:o — H;o). All the estimates
previously obtained in §3.4.2dl for finite T' can be extended to T = oo and wy = w, without
modification. Thus we have proved the following result:
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Theorem 4.9. Let the conditions of theorem hold. Then, for e sufficiently small, there
exist O functions w(t),y(t), z2(t) as in lemmal3d, and constants w, € R and M > 0, such that
forallt > 0:

W, 1) = ¢4 (9o(@) + 2(0ule,w) + 200 (2, 0) + f(2,1), (4.27)
and
€ e \2 €
wlt) —w| < M—y OIS M(7) " 1 Olles, <M (4.28)

1+et’

so that w, = tlim w(t) € R. A corresponding statement also holds for t — —

5 Scattering asymptotics
We have now obtained the representation (4.27) of the solution ¢ (z,¢). In order to prove
statement of theorem it remains to:

e construct asymptotic expressions for w(t), z(t), v(¢), which is done in section .1l following
[2], and then

e to prove the existence of Wy, and hence obtain the scattering asymptotics (ILI9); this
second stage amounts to the construction of the wave operator, and is carried out in §5.2]
by the study of some oscillatory integrals.

5.1 Large time behavior of z(t), w(t) and ()

We start with equation ([B.74) for z;, rewritten as
21 = i,uzl + ’iK+|Zl|221 + Z\R

with K, = K(w.); by (879) the inhomogeneous term Zp satisfies the estimate
~ 2
PN 3

Zp=TR("M
f ( )(1 + et)3/2/et
On the other hand, we have, from (48 and (ZI4]),

_ y(0)
1+ 2Im K, y(0)t

(1+M*=0(t"?), t — oco.

+0(t3?), t — 0.

Y

Given the estimate (£.24]) for |z|, and obviously the same one for |z, we have

y(0)
1+ 2Im K, y(0)t

21 = i,uzl + ZK+ Z21 + Zl, Z1 = O(t_2), t — oc. (51)
Since by assumption in theorem y(0) = O(e) we can write y(0) = eyp with yo = O(1). Let
us denote 2Im K yo = €ky, § = gﬁgi so that €K yo = 5eky(1 —id). The solution z; of (B.1])
is written in the form

ioju(tl)dtl t j’ (t )dt i‘ju(tl)dtl
€ — ) plt 1 1 —ié) €
z = , [z10 +/e 0 1+ek, s)207DZ(s)ds| = 2z — +2p
TERHTIRS (14 eks) (s) (1 + ey 1) 20-9)

0
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where
o

Zoo(w) = 21(0) +/e

0

—i [ p(t1)dty
0

(14 ek+s)%(1_i5)Z1(s)ds

and .
ifp(t)dt o1 + 6/{?+$ %(1—i5)
— [ R Z(s)ds.
2R /e (1+ek‘+t> 1(s)ds
t
Here ju(t;) = p(w(t1)). From the bound (B on Z; it follows that 2z = O(t™!). Therefore
2(t) = z1(t) + O(t™ 1) satisfies
Z'ftu(tl)dtl
e o

+ O™, t — 00, 2y = 2zoo(wy). (5.2)

Z(t) =z ,
( ) +(1 + €k+t)%(1—z6)

;From these formulas for z(¢), the asymptotic behavior of w(t) and ~y(¢) can be deduced as in
[2, Sections 6.1 and 6.2], leading to the following;:

Lemma 5.1. In the situation of theorem [{.9, the functions w(t) and ~(t) have the following
asymptotic behavior as t — 400:

o q+ + —3/2

= 2 log(1 :
w(t) wy + T kit + T bt cos(2pust + bylog(l + ekyt) + by) + O(t™/%), (5.3)
Y(t) = 4 +cplog(l+ekit) + O™, (5.4)

where wy, ki are as defined above, py = p(wy), and q., by, by,by,co are constants.

5.2 Soliton asymptotics

Here we prove the statement (L.I9) in our main theorem [[L3. To achieve this we look for the
solution v (z,t) to (ILI]), in the corresponding complex form

V=s+v+f, (5.5)

where ' '
s(avt) = g (@), 0(8) = w(t) +5(0)
is the accompanying soliton, and
v(z,t) = v(z, )"V, v(r,t) = (2() + 2(t))ur (v, w(t) +i(2(t) — Z(t) Jua(z,w(t).  (5.6)
We aim now to prove the complex form ([20) of the scattering asymptotics, by analysing f.
Lemma 5.2. If(x,t) is a solution of (1), and f is as in (5.0) - (5.6), then
if=—f"+R
where

R = A(s+v) —iw0,(s +v) —i[(2 — ipz)(u; + iug) + (Z 4 ipZ) (uy — duy))e”

—6(z)[af + beRe (e f) + O(|f + v|*)]. (5.7)

28



Proof. Multiply (LIQ) by e?, we obtain —ws = —s” — §(x)F(s) that implies
i$ = —ws — s+ iwd,s = —s" — Y5+ iwd,s — 0(x)F(s), (5.8)
By the equation Cu = ipu, we obtain for the components u; and us of vector u,

—uly + wug — 0(z)aus = ipuy
—u] + wuy — 0(z)[a + bluy = —ipus.
Therefore —v” + wv — 0(x)[av + bRev] = —p(z — Z)uy — ip(z + Z)ug and then
iV = —(w + H)ve?D +iwd,ve®D + (i(2 + 2w — (2 — Z)us) e (5.9)
= —v" — 4v +iwd,v — 6(x)[av + bRev]e™ 4 i[(3 — ipz) (uy + ius) + (Z + ipZ) (uy — iug)]e®.
JFrom ([ILT)), (58), (59) we obtain for the remainder f(xz,t) = ¢(x,t) — s(z,t) — v(z,t)

if = —f"(z,t) + (s + V)'— 100, (s +v) —i[(2 — ip2) (w; + dus) + (Z + iuZ) (ug — ius)]e”
— 8(z)[af +be"Re (e ) + O(|f +v[)] = ="+ R, (5.10)

with R as in (B.1). O

The function f(x,t) which is a solution of [EI0l can be expressed formally as

) = W@ﬁ@%ﬁ/W@—ﬂRhMr

= W (f0)+ [WnRar) - [ W -n)R(r)r (5.11)

= W)y +r4(1), (5.12)

where W (t) is the dynamical group of the free Schrodinger equation. To establish the asymp-
totic behavior (L20), it suffices to prove that

6r € CR)NIAR), and o (t)]|eymnrze = O(™), t — oo, (5.13)

These assertions follow from the definition (B.7) of the function R, and the following two
lemmas. The first lemma studies the contribution to ¢ (x) and 74 (z,t) from the terms in (5.7))
involving d(x) which is O(t™') as t — oo by ([E20).

Lemma 5.3. Let 1I(t) be a continuous bounded function of t > 0, with |II(t)] < Lo and
[tT1(t)| < Ly. Then

o0

% o—ia?/(47)
o(x) = /W(—T)[5(-)H(T)]d7 = mﬂ(T)dT c Cy(R) N L*(R) (5.14)

and for v € (0,3) there exists C = C(v, Ly, L1) > 0 such that the function

ei:c2 J4(t—T1)

——1I(7)dr
/ VATi(t —7) (7)

r(z,t) = /W(t — 1) [0()II(7)]dr = (5.15)

satisfies ||7(-,t)||c,m)nr2@ < C(1+1)7".
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Proof. The Cj-properties follow from formulas (5.14)) and (5.I5) (in fact with v = 1/2). To
prove the L%-properties, let us change the variable to 7 = 1/u to get:

1
x e u) du = —
¢(x) T T " n(w) —
where F,_¢(f(u)) = f (¢) indicates the Fourier transform with argument . By the assumptions
on I we have |n(u)] < Lou™? as u — oo, and |n(u)] < Liu~'/? as u — 0. Therefore
n(u) € LP(R) for 1 < p < 2. Tt follows from the Hausdorff-Young inequality for the Fourier
transform that ¢ € LY(R) for ¢ > 2 as a function of y = 22, i.e.

Fumazpa(w),  nlu) =T0(1/u)/u*?, (5.16)

/|¢(:E)|qzc dr < oo, Vg > 2,

and hence ¢ € L*(R), since it is already known to be bounded and continuous. It remains
to prove the decay rate of r(x,t) in the norm L?*(R). Let us represent the function r as
r(z,t) = W(t)p(z,t), where

1/t

p(z,t) = /W(—T)[é(-)H(T)]dT _ _14m /e_m2/4 n(u) du = \/%%fu_)IZ/zl(Ct(U)T](U)).

0

Here (;(u) is the characteristic function of the interval (0,1/t). As above p is bounded, but also
since

1/t 1/t
l/p 9 _1-p/2
I¢twpml)len = ( / n(u)rdu) < L ( / )< or T 1<p<a to
0 0

the Hausdorff-Young inequality implies that for any ¢ > 2, and in fact as ¢t — oc:

),

for some constant C = C(Ly,p), for ¢! + p~t = 1. The Young inequality then implies that

_1-p/
p(a, ) (1 + |2 V|| < Ct 5

B _1p2 11 1
(e, O)lle < o, )1+ |2V o[ (1+ |2)) 7V = O+ ), 3=
if r > ¢q. To have r > ¢, we must take ¢ < 4, or equivalently p > 4/3. Hence, we have
1—p/2
yo 1TP2 O
p

The second lemma studies the contribution to ¢ (x) and 7, (z,t) from terms without §(x)
in (5.7). Consider the expansions (3:22), [3.29), (3.33), for w(t), 4(t), and 2(t) — ipuz(t): the
main (quadratic) parts of these contain the terms 273 (¢), Z2(¢), 24 (¢)z1(t), which are O(t ™) as
t — 00. The remainders are O(t~%/2), and it is straightforward (from the unitarity of W) to
bound the contribution of these to ¢, in C, N L?, and to check that these contribute O(¢~'/?)
to ry in Cy N L2 Thus, without loss of generality, we may replace w(t), ¥(t), and 2(t) — iuz(t)
by the main quadratic parts. We first show how to treat these terms with the phase 0(t) in
(57) replaced by ¢, (t) = wyt, and then consider the general case in lemma
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Lemma 5.4. Let II(t) be one of the functions 22 (t)e*+® | |z, (t)[?e"+®) or 22 (t)e'*+®  where

ei/.l,+t
) = —
Z-‘r( ) (1—|—€k’+t)1/2’
function of x € R, such that x*(x) € L*(R). Then

with ek > 0, v (t) = wit, and let () be a bounded continuous

[e.e]

/ T(F)W (—r)idr € Cy(R) N LA(R) (5.17)

0

and for each v € (0, 3_7\/5) there exists C,, > 0 such that

I / H(N)W (t = 1)idr | o, oo < Ot ™ (5.18)

Proof. Since |W(t)1]|c, = O(t71/2) then Cj- properties are evident, in fact with v = 1/2. It
remains to prove the L?-properties. Since ¢ € L'(R) N L?(R), we have

Wit = —— [ el )y
zx2/4t oy /2t eix2/4t g /2t ) iyt
= e " dy + et (G A | d
T vy + = ( )¢ (y)dy
ezm2/4t iz? /4t

= \/_’QD(I’/Qt)‘l'ﬁ

where ¢, (y) = (¢%*/4% — 1)4)(y). For t > 1 we have, using |e?® — 1| < 6,

Yi(z/2t), (5.19)

/20 = e = e = ([ 167 = DwiwPn) ™ < Flsotles < 5
Therefore, using the fact that [TI(7)] < (1 + ek, 7)~!, we deduce that
= et /AT 7 et /AT
/ 1(r) S /27)dr € ), and / (1) = (—2/20)dr = O(t™)
0 t
in the norm of L*(R). Hence, to prove (5.I7) it suffices to check that
i iz /AT
P(x) = / I1(7) \/an( x/27)dT € L*(R), (5.20)
0
and to prove (.I8) it suffices to check that
% 6—1:22/47— .
plx,t) = /H(T) \/TZ.T@D(—ZL'/QT)CZT =0(t™), (5.21)

t

for appropriate v > 0, in the norm of L?(R).



First, Tt us prove (520) and (B2I) for T1(e) = (). Note that [9,(x/2r)] < %51
T

because zv)(z) € L'(R), and then ¢ is bounded function. Therefore we obtain (520)) with help
of integration by parts:

- b(—x/2t) 472
p(z)| = \/ V21 (1 + ey m) (a2 + 472(wy + 2u.))
(—x/2t)73 ¢
< o o rae ) TS T

9, (e7 " MArtilr+2u0m) 47| (5.22)

€ L*(R).

Similarly, (5.21)) follows with v = 1/2. For the function II(t) = |z (¢)|?e™+® the proof of (5.20)
and (B21)) is similar.

Second, we consider the case II(t) = z% (t)e"+® which is more difficult, because the factor
22 + 47%(wy — 2py ) vanishes for 7 = t* := |z|/2/2u; — wy. We consider only positive values
of = since the negative values can be considered similarly. Let us choose 1/2 < p < 1 and
1 < q<4p—1. Then for large  we have

O<tr—af <t <tr+ 2P < 2.

Let us represent (0,00) = J; U Jy U J3, where J; = (29,00), Jo = [t* — 2P, t* 4+ 2P|, and
J3 = (0,00) \ J1UJy. Then ¢ = ¢1 + ¢o + ¢35, where ¢; is obtained by integrating the integrand
in (B20) over T € J;, i = 1,2,3. For ¢; and ¢y, it is immediate, without the need to integrate
by parts, that

o t*-‘r"ﬂp
dr 3 c o
[fr(@)] < e Y P2 ()] < 5 / dr < ca=B/27p),
xd t*—gP

Therefore ¢y, o € L*(1,00) since 3/2 — p > 1/2. Next observe that

|v — 274/ 20y —wy| > ca? and T < 2? for all 7 € Js. (5.23)

Therefore for large x we use integration by parts to obtain

cr3/? R
< cxP 0 —x/2 d
[9a(x)] < er P+ /Js | ((1 + ek ) (T + 272U —wi)(x — 27204 — w+)¢( z/ 7)>| ’
dr dr
- a0 a0 - /2-2
S @ C/ (1 + 73/2)xp + C/ (1+71/2)22r < e 4 et (5.24)
J3 J3

(The boundary terms arising in this integration by parts can be estimated to be < ¢ 72277 /(x+
7) < ct™Y227P)) Since 2p — q/2 > 1/2 it follows that ¢5 € L?(1,00).

Similarly, we can estimate p. Again we assume, without loss of generality, = to be positive.
For bounded x, say 0 < x <[, [ > 0 we can just estimate the integral (.21]) directly as

cdr

<
It| |/ \/_1+€k+7—)

The decay of ||p(+,t)||z2 follows from this together with a bound of the form |p(z, t)| < ct™"|x|~?,
with a > %, which is valid for large ¢ and |z| > [ > 1. To obtain such a bound we decompose

|_ct_%, x <.
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the integral (5.21]) as p = Z‘Z’Zl pi, where p;(z,t) is obtained by restricting the integral in (B.21)
tor e Jy = J; Nt o00).
To bound p; there are two cases. Firstly, if 2 > ¢ then |pi| < ¢ [ 77%%dr < ca™/2.
Secondly, if 27 < ¢ then |pi| < ¢ [7 77%2dr < ct™'/2. In both cases |p;| < ™ |z| "V,
To bound ps, we notice that 7 > cx on Jy, and also 7 > ¢, and then just estimate
|pa(,t)| < /d—T < i —3/2| P <ct™| |—3/2+p+u
pa(z,t)| < ¢ (1+6k+7_)\/;_cm1n7 P <ect™V|x :
Jot
To bound ps, notice that for 7 € J3 the inequalities (L.23]) hold so that it is possible to
integrate by parts (as in (5.22]) above) since the denominator which appears is bounded below.
As with ¢, the boundary terms arising in this integration by parts are < c¢7'/2277/(z + 1) <
ct™'227P. Also, as in (5.24)), the integral which remains after this integration by parts can be
bounded as < ¢t~ /2x7P 4 ¢x9/?72 < ot V24P 4otV a9/2- %+ gince t < 7 < 27 1in Jy, so that
we may assume t < x? in the estimation of p3. Therefore, in conclusion we have the following
estimate for x > [ > 1 and ¢ large:

Ip(, 1) < et (x7P 4 =32 = HA/20e = (1/270)e) (5.25)
This shows that p(x,t) is square integrable and (5.21]) holds if
p>1/2, 3/2—p—v>1/2, 2p—(1/24v)g>1/2, (1/2—v)qg>1/2

The conditions on the exponents can be written equivalently as

4p — 1
<qg< 12<p<1—uv. 5.26
=2 <9< 11gy VESP . (5.26)
Such ¢ and p exist if 0 < v < (3 —+/5)/4, since then i’;;l’j > 1_121/, so choosing p=1—v—¢ > %
for € small and positive, and ¢ in the interval (5.26]) will work. O

Lemma 5.5. The conclusions of lemma [5.]] are valid if ¢, is replaced by 0 satisfying 9(7‘) —
o (1) =0(r7Y) for large 7.

Proof. The estimates in the proof of lemma [5.4] which involve estimating the integral of the
absolute value are completely unaffected by change of phase, so it is only necessary to re-assess
the argument involving integration by parts, i.e. the treatment of ¢3 and p3. For example, in
the more difficult case when II(t) = 2% (¢)e™®), we proceed as follows in the estimation of pj.

Write ¢ = 6 — ¢, and integrate by parts exactly as before, leaving along the ¢i® factor: this
factor then carries throught to the integrand after the integration by parts, and we need to
bound:

o73/26i0(7)

/ e —

(The treatment of the boundary terms is unaffected since || = 1.) But since by assumption

o(1) = O(r71) the extra contribution to the integrand can clearly be estimated for large z,7
in the same way as the term arising from differentiation of 73/2, and so (5.235) still holds, as
required to complete the proof. O

b(-a/27))| dr

Remark 5.6. Thet — —oo case is handled in an identical way.
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A The eigenfunctions of the discrete spectrum

Here we find the function u = u(w) satisfying Cu = Au, where A\ = iu. Using the definition of
the operator C, we obtain

d2
5 W S 0
P dx? ) u:a(x)<_a_b O)u (A. 1)
dr? -
If x # 0, the equation (AT takes the form
d2
S W
P dx wu=0, x#0. (A. 2)
a2 Y —A

General solution is a linear combination of exponential solutions of type e**v. Substituting to

(A2), we get
-\ K +tw

For nonzero vectors v, the determinant of the matrix vanishes: A\ + (k? + w)? = 0. Then
k% + w = Fi). Finally, we obtain four roots +k(\) with

kie(N) = vV—w F X, (A. 4)

where the square root is defined as an analytic continuation from a neighborhood of the zero
point A = 0 taking the positive value of Imy/—w at A = 0. We choose the cuts C; in the
complex plane A from the branching points to infinity. Then ImkL(\) > 0 for A € C\ Cx.
It remains to derive the vector v = (v, v2) which is solution to (A 3):

k3 +w i)\

3 v = )\vlzi—ivl.

Vg =

. 1 . .
Therefore, we have two corresponding vectors v4 = ( 4 ) and we get four linearly indepen-

dent exponential solutions.

U+€:|:zk+x _ ( . 6:|:2k+gv7 U_e:l:zk,m — . e:l:zk,w'

Now we find the solution of [(A) in the form
u = A"y, 4 Bett-lrly (A.5)

At the point 2 = 0 we have a jump:

u'(+0) — u'(—=0) = — ( “ ?)_ b0 ) u(—0) (A. 6)

a

Substituting (A5, we get

2ik, Av, + 2ik_Bv_ = —M(Av, + Bv_), M = ( “ 3 b 2 ) . (A.7)
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Note that
Muv, = avy + pfo_
Muv_ = av_ + fuy
Then (A7) becomes
BA+ (2ik_ +a)B =0

The determinant D = (2ik, + «)(2ik_ + o) — 3? vanishes for A\ = iy since iy is spectral point.
Therefore, set A = 1, and obtain

_ kil . ﬁ ik_|x|
u=ettu, — oo e v (A. 8)

Note, that 2ik_ + a # 0. Indeed, if 2ik_ + a = 0, then f = 0, « = a. and 2ik_ + a =

—2Jwtp+ta=—y/a2+4p+a<O.

Since both ky = \/—w + p and k- = \/—w — p are purely imaginary, the first component wu;
is real, while the second one uy is imaginary. It is easy to prove that u* = (u;, —us) is the
eigenfunction associated to A = —ipu.

B The eigenfunctions of the continuous spectrum

Consider A\ = v with some v > w.
I. First we find an even solution u = 7, of equation (A in the form

7, = (AeF+lel o Bemik+lalyy 4 Ceth-lly_ (B. 1)
At the point x = 0 we have, similarly (A_6l) and (A7),
2ik (A — B)vy + 2ik_Cv_ = —M(A+ B)vy + Cv_
which equivalent to the system

2iky (A — B) = —a(A + B) — BC
(B. 2)
2ik_C = —B(A+ B) — aC

2k,

If 2ik_ +a=0,then D=—-3? 8#0, A+ B=0,and C = — 5

obtain B = —D, C' = 45ik,..
If 2ik_ + « # 0, then from the second equation of (B._2) we get

___ B
o+ 20k_

(A—B). Put A= D we

(A+ B). (B. 3)

Then, set A = D, we obtain from the first equation of (B2)).

—ala+ 2tk_) + 3* —

2ik (D~ B) = ="~ (D + B).
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Solving this equation, we get B = —D and then C' = 43ik,. Finally, we obtain
7, = (De™+ 1ol — Deh+lelyy 4 4Bik e-lely_ (B. 4)

IT. It is easily to check that an odd solution u = s of equation (AT is

1 . )
s = ?(elk” — e k), = sin(kyx)vg. (B. 5)
i

For A = v with v < —w we have similarly

7 = (De*Fl — Dem -l agik_e™ o, s = sin(k_a)v_

C Proof of Proposition

First we prove the following lemma

Lemma C.1. Let K(t) be the integral operator with the kernel

K(t,z,y) = frzy) = [ vy) o, (C. 1)

VvV —1)

lv—1o| <6
where [ is a smooth function, f(v,z,y) =0 for v — | > 0, and
10 f(v,2,y)| < e(N)(Je| + y[)Y, N =0,1,2,... (C.2)
Then for any o > N
IK(t)||5, = O@t™), t—o00, with o> N. (C. 3)

Proof. For z = |x| + |y| > ¢ we split the integral in the right hand site of (C_Il) into two part
and obtain

v,z,y) — f(v, , v,z,y) — f(vo, x,
VvV —1) vV —1)
lv—vo|<2 Ljy—wg|<s
5
1 dv
< —¢(1)z+2¢(0) [ — =¢(1) + 2¢(0)[log z + ¢].
2 v
1/z
Hence, (C_3) follows with N = 0. Equality (C_3) for arbitrary N > 1 can be obtained by
similar way, using the integration by parts and inequalities (C_2]). O

Proof of Proposition The operator e©(C — 2iu — 0)~! admits the Laplace representation
e(C — 2ip—0)7' = —5= eMR(A+0) d\ R(2ip+0).
vl

—100

36



Let us apply the Hilbert identity for the resolvent:

1
AL — A2

to Ay = A+ 0 and Ay = 2iu + 0. We obtain

R(A)R(A) =

[R(\) — ROw)], Redy >0, k=1,2

100

. } 1 RO\ +0) — R(2ip + 0)
Ct/(~v _ e D At
e~ (C —2ip —0) 5 / e N2 A

B ZmektC(A)R(,\ +0) — R(2ip +0) D 1 / (1 — <(A))R(A +0) — R(2ipn+0) D)
 2mi A —2ip 2mi A —2ip

—100 CruC—

1 N R(A+0) = RQ2ip+0)

e TR iy~ K+ Kalt) + Kl

(—t00,i00)\ (C+UC_)

where ((\) € C5°(iR), ((A) = 1 for |A — 2iu| < 6/2 and ((\) = 0 for |\ — 2ip| > 0, with
0 <d <21 —w. By Lemma [CTlwith N = 2, we obtain that

K (®)]l5, = O ™), t— oo,

since 3 > 2. The bounds (C_2)) for f(v) = R(A + 0) follow from formulas [23)- [2.3).
For the operator Ky (t) we can apply the arguments from the proof of proposition 2.2 and obtain

K (t)lls, = O(™*?), t — oo

Further, the integrand in Kj3(¢) is an analytic function of A # 0, £iu with the values in By for
£ > 0. At the points A = 0 and A = +ipu the integrand has the poles of finite order. Hoverever,
all the Laurent coefficients vanish when applied to P¢h € X¢. Hence for K3(t) we obtain, twice
integrating by parts,

K (8) PR, < e(1+ )27 s,

completing the proof. 0

D Proof of Lemma

We use the following representation (see [I]):

P;:% / (R(\+0) — R(A— 0)) dA

1 1
" 2mi /(R(A +0) —R(A—0))dA+ — /(R(A +0) — R(\ — 0))d\ = I} + IT;.(D. 1)
C+ c-
Let us decompose the resolvent given by ([2.4]), and (2.0)) as

R\ z,y) =T\, z,y) + P\, z,y) = > A\, z,y)7%, (D. 2)

=
Il o
—
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where

ik o=yl _ piky (Jz]+(yl) o — 2k 3 ,
e e e _ 1
A, = Ay = — 2= gikr(lzltl) 4, = 22 ikl ik |yl
! 4k, R 2D * B Topt
i . , —ia + 2k, . eth—lz—yl _ gik—(|z[+y[)
Ay = — ik—|zlgik+lyl A — teik—(lzl+ly) 4. — — D. 3
1T Topt oD e Ak (D-3)

and

1 — 1 1 — 1
T1:T2:(i 12)77—3:(,&' _7/1)77—4:(_2' _;)77—5:7—6:(_2' i) (D4>

For the matrices 7, we obtain
T =i, k=1,2,4, 7,57 = —im, k=23,5,6.
The terms A; and Ag disappear when substituting (D._2)-([D._4)) into (D.J) since
AA+0)— A (A=0)=0, A eC; As(A+0)—Ag(A—0)=0, A€y,

and we get
1

Pt —i(IL) — I1;) = 9

/[2(A3(>\ +0) = Ag(A— 0))75 + 2(As(A+0) — As(A — 0))73] dA

+2Lm- /[2@42@ +0) = As(A — 0)72 + 2(As(A + 0) — Ag(A — 0))74] dA.

Let us consider only the integral over C,; the integral over C_ can be dealt with by an identical
argument. For A € Cy we have: ky = v/—w — i\ is real, and k(A +0) = —k (A — 0) while
k_ =+/—w + i\ is pure imaginary with Imk_ > 0 and k_(A+0) = k_(A —0).

Note that A5(\, z,y) for A € C, exponentially decay if |z|, |y| — oo and smallest exponential
rate of the decaying is equal to (2w)/2.

It remains to consider the integral over C; with integrand A3(A+0)— A3(A—0). We change
variable: ( = v/ —w — 2\ for the first summand and ( = —v/—w — i\ for the second. Then we
get

2 7 ' i/ —o—ix|z| —ivV o=z
o) = [ (s +0) = g —0)) dr = 27 [ (€ ¢ ) dx
2 D. D_
Cy w
; 7"6_,/2w+<2y|€i<x "
7] T |
where
Dy =a® — 32 £ 2iaV—w — i\ — 2aVw — i\ F 4iv—w — idw — i
and

D(¢) = a® — 32 + 2ia¢ — 2a\/2w + (% — 4iC+\/2w + (2.

Writing el*l d¢ = ﬁrldeic‘x‘, and integrating by parts, we get that
(2, y)] < Ce VM1 + |z])™™, ¥m € N,

completing the proof of lemma 3.5
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E The Fermi Golden Rule

In this section we study further the condition embodied in the Fermi Golden Rule (LI7) ,
showing that it holds generically in a certain sense: in particular, if a(-) is a polynomial function
then, generically, the set of values of C' for which ([LI7) fails is isolated. To start with let us

use the formulae in Appendices A and B to express the Fermi Golden Rule in terms of C' and
a(C?) and its derivatives. By (B.4)

74(2ip) |o—o= (D — D)vy + 4Bik v_ = —diky (o + 2ik_)vy + 4Bik v_ (E. 1)
Kk+1

: o+ 2ik_
= o(kvy+v_)=0 < ik — 1) ) , o =4Fik,, k= 5 ky = \/—w £ 2u.
Represent E,[u, u] = §(z) Ey[u(0), u(0)], where
Ex[u(0),u(0)] = a'(C?)(u(0), u(0)) ¥ (0) + 24" (C*)(¥(0), u(0))*¥(0) + 2a'(C*)(¥(0), u(0))u(0)

By (A.g)

p+1 ) 2ik_ + «
u(0) =pvy +v_ =1 . , =
() PU+ (z(p—l) P

Therefore (u(0),u(0)) = (p+1)*> — (p — 1)*> = 4p and

Eafu(0). 0] = (A )+ 2acco4 12 () +2encon (1Y)
Using (E]) and (EZ2)), we obtain

(1:(2ip), Esfu,ul) = o(k + 1) [a’4pC’ +2a"C*(p +1)* +2d'C(p + 1)2} +o(k—1)2d'C(p* — 1)
Therefore, the Fermi Golden Rule (II7) is equivalent to the condition

d [(m +1)2p+ (k+ D)(p+1)*+ (k= 1)(p* — 1)} +d"(k+1)C*(p+1)*#0

or
2a’ (2 2 241
o a'(2kp +2p+ kp® +1) (E. 3)
C2(k+1)(1 + p)?
with
a+2—-2y/w+2n a+i-2/w+p a? b [, b
b/2 P b/2 ’ v P 4

b 2
Let v = o Then p = %\/@2 —v2a? = %\/1 — v? and
a

a—l—l/a—2\/%—0—1/&2\/1—V2 1+V_\/1+4V,/1_V2
K= — ——
va v

Y

a? va?
a+’/a—2\/z+Tvl—V2 1+ — 1420112

p: =
rva 14
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are also functions of v only. Thus we conclude that there is a function ¢ = ¢(v) such that the
Fermi Golden Rule holds if and only if
/ 02) a/(c2)c2
v (Wl _ |
Notice that the function c(v) is algebraic. It follows from this that if the function a(-) is
polynomial, or even real analytic, then generically the Fermi Golden Rule holds except possibly
at a discrete set of values of C. To see this observe that if the set of points where F'(C?) =
" 2 C(V )a,(CQ)
w(c?) - S

since it is real analytic. But the condition a”(C?) =

vanishes has an accumulation point, then F' must be identically zero
c(v)a’(C?)
2

differential equation which determines the function a(C?) given its value a(C?) and that of its
first derivative a’'(Cg) at any point C' = Cj. Clearly a generic polynomial function a(C?) will not
satisfy this equation, and so the set of points where the Fermi Golden Rule fails cannot have any
accumulation points generically. This is also true for real analytic a in the following sense. Fix
c(v)a'(C?).

cz
(this family of exceptional functions is parameterized by a(Cy),a’(Cp)). If a(C?) is not one of
these functions then the set of values for which the Fermi Golden Rule fails is at most a discrete
set.

is a second order ordinary

any Cj, then there is a two parameter family of functions a(C?) for which a”(C?) =
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