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Abstract. A space-periodic ground state is shown to exist for lattices of smeared ions in R3
coupled to the Schrédinger and scalar fields. The elementary cell is necessarily neutral. The one-
dimensional (1D), two-dimensional (2D), and three-dimensional (3D) lattices in R? are considered,
and a ground state is constructed by minimizing the energy per cell. The case of a 3D lattice is rather
standard, because the elementary cell is compact, and the spectrum of the Laplacian is discrete. In
the cases of 1D and 2D lattices, the energy functional is differentiable only on a dense set of variations,
due to the presence of the continuous spectrum of the Laplacian that causes the infrared divergence
of the Coulomb bond. Respectively, the construction of electrostatic potential and the derivation of
the Schrédinger equation for the minimizer in these cases require an extra argument. The space-
periodic ground states for 1D and 2D lattices give the model of the nanostructures similar to the
carbon nanotubes and graphene, respectively.
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1. Introduction. We consider d-dimensional ion lattices in R?,
(1.1) [y:={x(n) =an; +--+agnmg:n=(ng,...,ng) €2},

where d = 1,2,3 and a, € R? are linearly independent periods. A two-dimensional
(2D) lattice (respectively, one-dimensional (1D) lattice) is a mathematical model of
a monomolecular film (a wire).

Born and Oppenheimer [6] developed the quantum dynamical approach to the
crystal structure, separating the motion of “light electrons” and of “heavy ions.” As
an extreme form of this separation, the ions could be considered as classical nonrela-
tivistic particles governed by the Coulomb force, while the electrons could be described
by the Schrodinger equation neglecting the electron spin. The scalar potential is the
solution to the corresponding Poisson equation.

We consider the crystal with N ions per cell. Let us denote by 1; the charge den-
sity of an ion and by M; > 0 its mass, j = 1,..., N. Then the coupled equations read

) 2
(1.2) th(x,t) = —;—mAd)(x, t) + ed(x, t)(x, 1), x € R3,

[clzaf - A} d(x,t) = p(x,1)

N
(1.3) =303 pix—x(n) - x;(n,t) +el(x, 1), xR,
j=1 neZ
(1.4)  M;%;(n,t) = —(Vo(x,t), uj(x —x(n) —x;(n,t))), necZ’ j=1,...,N.
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Here, e < 0 is the electron charge, m is its mass, 1(x,t) denotes the wave function
of the electron field, and ¢(x,t) is the electrostatic potential generated by the ions
and the electrons, with x;(n,t) denoting the ions’s positions. Further, (-,-) stands
for the scalar product in the Hilbert space L?(R3). All derivatives here and below
are understood in the sense of distributions. The system is nonlinear and translation
invariant, i.e., ¥(x — a,t), ¢(x — a,t), xj(n,t) + a is also a solution for any a € R? .

A dynamical quantum description of the solid state as a many-body system is
not rigorously established yet (see the introduction of [25] and the preface of [29]).
Up-to-date rigorous results concern only the ground state in different models (see
below).

The classical “one-electron” theory of Bethe and Sommerfeld, based on the peri-
odic Schrodinger equation, does not take into account oscillations of ions. Moreover,
the choice of the periodic potential in this theory is very problematic and corresponds
to a fixation of the ion positions which are unknown.

The system (1.2)—(1.4) eliminates these difficulties, though it does not respect the
electron spin like the periodic Schrodinger equation. To remedy this deficiency, we
should replace the Schrodinger equation by the Hartree-Fock equations as the next
step toward a more realistic model. However, we expect that the techniques developed
for the system (1.2)—(1.4) will be useful also for more realistic dynamical models of
crystals. These goals were our main motivation in writing this paper.

Here, we take the first step toward proving the existence of the ground state,
which is a T'y-periodic stationary solution ¢0(x)e="t, ¢(x), ¥ = (x?,...,x%) to
the system (1.2)—(1.4):

(1.5) hwy0(x) = ——Awo( ) + et (x)00(x),  x €Ty
(1.6) —A¢°(x) = p°(x) = 0(x) + el (x)]?, xeTy,
(1.7) 0=—(Ve’(x), iy (x — x7)), j=1,...,N

Here, T, := R3/T'; denotes the “elementary cell” of the crystal, (-,-) stands for the
scalar product in the Hilbert space L?(T,) and its different extensions, and

(1.8) Zupcr x—x? 15 (x Z wi(x —x(n)),

nezd

where we assume that the series converge in an appropriate sense. More precisely,
we will construct a solution to the system (1.5)—(1.7) with o%(x) given by the first
equation of (1.8), where u2" satisfy the following condition:

(1.9) Condition I pf*" € LY (Ty) N L*(Ty), j=1,...,N.

For instance, pf*" € L'(Ty) if p; € L'(R?), so we consider the case of smeared ions.
The case of the point ions will be considered elsewhere. In the cases d =2 and d = 1,
we will assume additional conditions (3.11) and (4.9), respectively.

The elementary cell Ty is isomorphic to the three-dimensional (3D) torus for
d = 3, to the direct product of the 2D torus by R for d = 2, and to the direct product
of the 1D torus (circle) by R? for d = 1.

The system (1.5)—(1.7) is translation invariant similarly to (1.2)-(1.4). Let us
note that w® should be real since 3w’ # 0 means an instability of the ground state:
the decay as t — oo in the case Sw® < 0 and the explosion if Sw® > 0.
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Let us denote Z; := [, pu?(x)dx/[e|. Then

(1.10) / A (x)dx = Zle|, Z:=)_Z
Tq j
The total charge per cell should be zero (cf. [3]):
(1.11) / PP (x)dx = / [09(x) + e|y®(x)|*]dx = 0.
Td Td

For d = 3, this neutrality condition follows directly from (1.6) by integration using
I'3-periodicity of ¢°(x). For d = 1 and d = 2, it follows from the finiteness of energy
per cell. Equivalently, the neutrality condition can be written as the normalization

(1.12) /T |90 (x)|?dx = Z.

We allow arbitrary Z; € R, but we assume that Z > 0; otherwise, the theory is trivial.

Let us comment on our approach. The neutrality condition (1.12) defines the
submanifold M in the space H(T;) x TV of space-periodic configurations (¢°,%°).
We construct a ground state as a minimizer over M of the energy per cell (2.3), (3.1),
(4.1).

Our technique in the case of a 3D lattice is rather standard, and we use it as
an “Ariadne’s thread” to manage the more complicated cases of 2D and 1D lattices,
because the corresponding elementary cells are unbounded.

Namely, the derivation of (1.5)—(1.7) for the minimizer in the cases of 2D and 1D
lattices is not straightforward. The difficulty is that the energy per cell is finite only
on a dense subset of M due to the infrared divergence of the Coulomb bond. In these
cases, we restrict ourselves by one ion per cell, i.e., by N = 1. Then X° = x{ can
be chosen arbitrarily because of the translation invariance of the system (1.5)—(1.7).
Respectively, now the energy per cell should be minimized over ¥y € M, where M is
the submanifold of H'(T}) defined by the neutrality condition (1.12).

The main novelties of our approach behind the technical proofs for 2D and 1D
lattices are as follows:

I. The energy per cell consists of two contributions: the kinetic energy and the
Coulomb bond. Generally, the Coulomb bond for 2D and 1D lattices is infinite
due to the infrared divergence which is caused by the continuous spectrum of
the Laplace operator on the corresponding elementary cells. The spectrum
is continuous since the elementary cells are unbounded in the case of 2D and
1D lattices in R3. Let us note that the continuous spectrum and the infrared
singularity also appear in the Schrédinger-Poisson molecular systems in R?
studied in [2, 16, 28], where the singularity is summable, contrary to the
space-periodic case.

We indicate suitable conditions (3.11), (4.9), which provide the finiteness of
the Coulomb bond for a dense set of the fields in the case of 2D and 1D
lattice, respectively.

Both contributions to the energy per cell (the kinetic energy and the Coulomb
bond) are nonnegative. Hence, for any minimizing sequence, both contribu-
tions are bounded. The bound for the kinetic energy ensures the compactness
in each finite region of a cell by the Sobolev embedding theorem. However,
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this bound cannot prevent the decay of the electron field, i.e., its escape to
infinity. Nevertheless, the Coulomb interaction prevents even the partial es-
cape to infinity, as we show in Lemma 3.4. Physically, this means that the
electrostatic potential of the remaining positive charge becomes confining.

II. We construct the solution to the Poisson equation (1.6) as the contour in-

tegral, providing the continuity and a bound for the electrostatic potential.
The main difficulty is a verification of the Schrodinger equation (1.5) for the
minimizer. Namely, the Lagrange method of multipliers is not applicable
because the energy per cell is infinite outside the submanifold M c H*(T})
due to the infrared divergence of the Coulomb bond. Moreover, the Coulomb
bond is infinite for a dense set of ¢ € M. Hence, to differentiate the energy
functional, we should construct the smooth paths in M lying outside this
dense set.

III. Finally, the proof that w® is real (which is the stability condition for the
ground state) is not straightforward for 2D and 1D lattices, since the potential
¢°(x) a priori can grow at infinity. The correponding bounds for the potentials
are given by (3.15) and (4.12).

The minimization strategy ensures the existence of a ground state for any lat-
tice (1.1). One could expect that a stable lattice should provide a local minimum of
the energy per cell for fixed d, N and functions p;, but this is still an open problem.

Let us comment on related works. For atomic systems in R?, a ground state was
constructed by Lieb, Simon, and Lions in the case of the Hartree and Hartree—Fock
models [24, 26, 27], and by Nier for the Schrédinger—Poisson model [28]. The Hartree—
Fock dynamics for molecular systems in R? has been constructed by Cances and Le
Bris [7].

A mathematical theory of the stability of matter started from the pioneering
works of Dyson, Lebowitz, Lenard, Lieb, and others for the Schrodinger many body
model [14, 20, 21, 23]; see the survey in [17]. Recently, the theory was extended to
the quantized Maxwell field [22].

These results and methods were developed in the last two decades by Blanc, Le
Bris, Catto, Lions, and others to justify the thermodynamic limit for the Thomas—
Fermi and Hartree-Fock models with space-periodic ion arrangement [4, 10, 11, 12]
and to construct the corresponding space-periodic ground states [13]; see the survey
and further references in [5].

Recently, Giuliani, Lebowitz, and Lieb have established the periodicity of the
thermodynamic limit in the 1D local mean field model without the assumption of
periodicity of the ion arrangement [15].

Cances and others studied short-range perturbations of the Hartree-Fock model
and proved that the density matrices of the perturbed and unperturbed ground states
differ by a compact operator [8, 9].

The Hartree—Fock dynamics for infinite particle systems were considered recently
by Cances and Stoltz [9] and Lewin and Sabin [18]. In [9], the well-posedness is estab-
lished for local perturbations of the periodic ground state density matrix in an infinite
crystal. However, the space-periodic nuclear potential in [9, equation (3)] does not de-
pend on time that corresponds to the fixed nuclei positions. Thus the back reaction of
the electrons onto the nuclei is neglected. In [18], the well-posedness is established for
the von Neumann equation with density matrices of infinite trace for pairwise interac-
tion potentials w € L'(R3). Moreover, the authors prove the asymptotic stability of
the ground state in the 2D case [19]. Nevertheless, the case of the Coulomb potential
for infinite particle systems remains open since the corresponding generator is infinite.
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Let us note that 2D and 1D crystals in R3 were not considered previously. The
space-periodic ground states for 1D and 2D lattices give the model of the nanostruc-
tures similar to the carbon nanotubes and graphene, respectively.

The plan of our paper is as follows. In section 2, we consider the 3D lattice.
In section 3, we construct a ground state, derive (1.5)—(1.7), and study smoothness
properties of a ground state for the 2D lattice. In section 4, we consider the 1D lattice.
Finally, in the appendix we construct and estimate the potential for the 1D lattice.

2. 3D lattice. We consider the system (1.5)—(1.7) for the corresponding func-
tions on the torus T3 = R?/T'3 with x}modT3 € T3. For s € R, we denote by H*
the complex Sobolev space on the torus T3, and for 1 < p < oo, we denote by L? the
complex Lebesgue space of functions on T3.

2.1. Energy per cell. The ground state will be constructed by minimizing the
energy in the cell Ts. To this aim, we will minimize the energy with respect to
X := (x1,...,xy) € (T3)" and ¢ € H' satisfying the neutrality condition (1.11):

(2.1) [ piax=0. o) = o)+ eluol,

where we set

22) olx) == 3 (x - x;).

similarly to (1.8). Let us note that p € L? for ¢» € H! by our condition (1.9) since
1 € LS by the Sobolev embedding theorem.
We define the energy in the periodic cell for 1 € H' by

23 EwR=[ [%va(x)lz + 5000000 dx, 900 = (-a) ™,
where (—A)~!p is well defined by (2.1). Namely, consider the dual lattice

(2.4) I'5 = {k(n) = biny + bans + bgng : n = (n1,n2,n3) € 73},

where bpag = 27w . Every function p € L? admits the Fourier representation

! /eikxp(x)dx.

2. X) = —— Akefikx, (k) = L
(2.5) p(x) \/@k;:;ﬂ( ) p(k) NG

Respectively, we set

(2.6) H(x) = (=A)p(x) := \/|1T3 kz\ %e—ikx.
er;\o

This function ¢ € H? and satisfies the Poisson equation —A¢ = p, since p(0) = 0 due
to the neutrality condition (2.1). Finally,

(2.7) d(x)dx = 0.
T3
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Now it is clear that the energy (2.3) is finite for ¢» € H!. Let us rewrite the energy as

(2.8) E(),X) =11 + I,
where
2
(29 L) = /T V() 2dx > 0,
@10 B =g [ (A7 peix = 5 [ [VobPix 0,

The functional (2.3) is chosen because

0E

(2.11) ;=

—{(=8)71p(x), VA (x — x5)) = (Vo (x), o (x — x;)),

and the variational derivatives formally read

Q12) Spes = 2 A+ 26(=A) ) () = 25 A+ 2e0(x) ().

The variation in (2.12) is taken over ¥(x) = (¢1(x),%2(x)) € L*(T3,R?), where
P1(x) = Rep(x) and o (x) = (). Respectively, all the terms in (2.12) are identified
with the corresponding R2-valued distributions.

2.2. Compactness of minimizing sequence. Our purpose here is to minimize
the energy with respect to

(4, %) € M := M x T3,

where M denotes the manifold (cf. (1.12))
(2.13) M = {w € H': (%)% dx = Z} :
T3

The energy is bounded from below since E(1,X) > 0 by (2.8)-(2.10). We choose a
minimizing sequence (¢, X,) € M such that

(2.14) E(¢pn,Xn) — E* = inf B(y,%),  n— oo

Our main result for a 3D lattice is the following.
THEOREM 2.1. Let condition (1.9) hold. Then
(i) there exists (1°,%°) € M with

(2.15) BE(°,x%) = E°;
(ii) moreover, ¥° € H? and satisfies (1.5)—(1.7) with d = 3, where the potential

¢V € H? is real, and w° € R.
To prove item (i), let us denote

(216)  pu(x) = ou(x) + el ()P, 7o) 1= D = 3¢70).
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Now the sequence 1, and the corresponding sequence ¢,, := (—A)~1p, are bounded
in H! by (2.8)-(2.10), (2.7), and (2.13)-(2.14). Hence, both sequences are precom-
pact in L? for any p € [1,6) by the Sobolev embedding theorem [1, 30]. Therefore,
the sequence p,, is precompact in L? by our assumption (1.9), and respectively, the
sequence ¢, is precompact in H2. As a result, there exist a subsequence n’ — oo for
which

2
(2.17) M W R S n' = 00
with any p € [1,6). Respectively,

2 2
(2.18) Un/L—mO, pn/L—>p0, n' — oo,

where 0%(x) and p°(x) are defined by (1.8) and (1.6). Hence, the neutrality condition
(1.11) holds, (¢°,x") € M, ¢° € H?, and for these limit functions we have

(2.19) ~A¢ = p°, ¢°(x)dx = 0.
Ts

To prove identity (2.15), we take into account that I7 (1)) is lower semicontinuous on
L?, while I5(¢) is continuous on H?, i.e.,
(2.20) L) <lminf 11 (¢,),  L(¢") = lim In(én).
n’—oo n’—oo
These limits, together with (2.14), imply that
(2.21) E@°,%%) = L(¢°) + L(¢°) < E°.

Now (2.15) follows from the definition of E°, since ()°,%°) € M. Thus Theorem 2.1
(i) is proved.
We will prove item (ii) in the next sections.

2.3. Variation of the energy. Theorem 2.1(ii) follows from the next proposi-
tion.

PROPOSITION 2.2. The limit functions (2.17) satisfy (1.5)—(1.7) with d = 3 and
WO eR.

Equation (1.6) is proved in (2.19), and (1.7) follows from (2.11) and (2.15). It
remains to prove the Schrédinger equation (1.5). Let us denote £(v)) := E(,X"). We
derive (1.5) in the next sections, equating the variation of £(-)|as to zero at 1 = ¢°.
In this section we calculate the corresponding Gateaux variational derivative.

We should work directly on M, introducing an atlas in a neighborhood of 1"
in M. We define the atlas as the stereographic projection from the tangent plane
TM (%) = (%)t = {sp € H : (3,9°) = 0} to the sphere (2.13):

YO+ 7 0yL
2.22 y=————VZ, 1€ :
22 S T i
Obviously,
d _ 0yL
(2.23) T E:Owar =7, Te(@),

where the derivative exists in H!. We define the “Géteaux derivative” of £(-)|p as
_ el
(2.24) D, EW°) := lim EWer) —EWT)
e—0 IS

if this limit exists. We should restrict the set of allowed tangent vectors 7.
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DEFINITION 2.3. TV is the space of test functions T € (%)L N C>(T3).

Obviously, 7 is dense in (¢°)* in the norm of H!. Let us rewrite the energy
(2.3) as

h? 1
229) €)= [ |G ITeBoR + planeoR | ax g = o)+ eluoP
where A := (—A)~1/2 is defined similarly to (2.6):

(2.26) Ap(x) == ! &e*ikx € L? for p € L>

VaEkl keT;\0 K]

LEMMA 2.4. Let 7 € T°. Then the derivative (2.24) exists, and (cf. (2.12))

e D) = [

2
[h— (VTVY0 + VOVT) 4+ eAp’ (190 + ¢°F) | dx.
T3

2m

Proof. Let us denote pe,(x) := 0°(x) + e|tber (x)|2.
LEMMA 2.5. For 7 € T°, we have

Apar - Apo

= 1 = _O O_
(2.28) D:Ap: 611_% . eA(TY0 +9°T),
where the limit converges in L.
Proof. In the polar coordinates,
(2.29) Yer = (Y0 +e7) cos @, a = afe) = arctan EHZHLQ .
1401z
Hence,
Aper = Ao® + ecos? aA|y° + eT|?
(2.30) = Ap° + ec cos? aA(Ty0 + °F) + eA[e?|7]? cos? o — |10 |* sin? .

Here, Ap® € L? since p° € L?, and similarly A[¢°7] € L? since ¥°F € L?. It remains
to estimate the last term of (2.30),

(2.31) R. := A[%|7]? cos® a — [¢°|* sin® a].

Here, |¢°|? € L? since ¢/ € H' LS. Finally, |7|> € L? and sin® a ~ 2. Hence, the
convergence (2.28) holds in L2 O

Now (2.27) follows by differentiation in e of (2.25) with ¢ = ., and p =
Pet- O

2.4. The variational identity. Since 9" is a minimal point, the Gateaux
derivative (2.27) vanishes:

h? = — —
(2.32) / {%(VTVU)O + VYUVT) 4 eAp’ A(T90 + p°F) | dx = 0.
T
Substituting i instead of 7 in this identity and subtracting, we obtain
h? —
(2:33) — (A0, 7) + (A, A7) = 0.

In the next step, we should evaluate the “nonlinear” term.
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LEMMA 2.6. For the limit functions (2.17)—(2.18), we have
(2.34) (Ap%, MW7) = (" 7),  TeT"

Proof. Let us substitute p° = —A¢". Then, by the Parseval-Plancherel identity,
(2.35)

(A", A(@WOT)) = )
KETE\0

which proves (2.34). O
Using (2.34), we can rewrite (2.33) as the variational identity (cf. (2.12))

123 Por(k)
KK

— (§°,907) = (¢, 907) = (6°4°, 7),

(2.36) <—%Aw0 + eg®y°, T> =0, reT

2.5. The Schrédinger equation. Now we prove the Schrodinger equation (1.5)
with d = 3. .
LEMMA 2.7. ¢° is the eigenfunction of the Schrédinger operator H = —;—mA +
ed?:
(2.37) Hy = 2P,

where \ € R.

Proof. First, Hy" is a well-defined distribution since ¢ € H? C C(T5) by (2.17).
Second, ¥° # 0 since ¥° € M and Z > 0. Hence, there exists a test function
RS COO(T3) \7-0, i.e.,

(2.38) (10, 8) £ 0.
Then
(2.39) (H - \v°,0) =0

for an appropriate A € C. However, (H — )9 also annihilates 7° by (2.36), and
hence it annihilates the whole space C*°(T3). This implies (2.37) in the sense of
distributions with a A € C. Finally, the potential is real, and ¢° € C(73). Hence,
AeR. O

This lemma implies (1.5) with Aw® = X. Hence, ¢° € H? since ¢° € C(T3). Now
Theorem 2.1(ii) is proved.

2.6. Smoothness of the ground state. We have proved that ¢ € H? under

condition (1.9). Using the Schrédinger equation (2.37), we can improve further the
smoothness of 9°, strengthening the condition (1.9). Namely, let us assume that

(2.40) pie e C(Ty), j=1,...,N.
Then also
N
(2.41) o (x) = P (x — x9) € C(Ty).
j=1

For example, (2.40) and (2.41) hold if 4; € S(R?), where S(R?) is the Schwartz space
of test functions.

LEMMA 2.8. Let condition (2.40) hold, and ¢° € H?, ¢° € H? be a solution to
(1.5)—(1.6) with d = 3. Then the functions ¥° and ¢° are smooth.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/18/16 to 131.130.16.57. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1010 A. 1. KOMECH

Proof. First, "¢y € H? since H* is the algebra for s > 3/2. Hence, (1.5) implies
that

(2.42) Y e H* ¢ CX(T3).

Now p° := 0% + ¢|%|2 € H* by (2.40). Then (1.6) implies that ¢° € H® C C4(T3).
Hence, ¢%° ¢ H*, 4° € HS, p° € HS, etc. 0

3. 2D lattice. For simplicity of notation, we will consider the 2D lattice I'y = Z2
and construct a solution to system (1.5)—(1.7) for the corresponding functions on the
“cylindrical cell” Ty := R3/I'y = T? x R with the coordinates x = (1, z2,3), where
(r1,72) € T? and z3 € R. Now we denote by H® the complex Sobolev space on Ty,
and by LP, the complex Lebesgue space of functions on T5.

We will construct a ground state by minimizing the energy (2.3), where the in-
tegral is extended over T5 instead of T3. The neutrality condition of type (2.1) holds
for I's-periodic states with finite energy, as we show below.

3.1. The energy per cell. We restrict ourselves by N = 1, so X° = x{ can be

chosen arbitrarily because of the translation invariance of the system (1.5)—(1.7). For
example, we can set xJ = 0.

The energy in the cylindrical cell T3 is defined similarly to (2.3), which we rewrite
as (2.25)

1) &)= [ [T a0l ax o) = o0 + elvi)
Here, 0%(x) is defined by (2.2) with N =1 and x{ = 0,

(3.2) o' =¥ e L'nL?

according to our condition (1.9). Hence, we have

(3.3) / o' (x)dx = Zyle|,  Z; > 0.
Ts

Further, A is the operator (—A)~'/? defined by the Fourier transform. Namely,
we denote I's = 27’y and define the Fourier representation for the test functions
¢ € C5°(T2) by

1 ) )

3.4 X) = ——= Y e (amitker) / e ok, £)dE,  x €Ty,

( ) 90( ) \/ﬂ k;; R 90( ) 2

where

(3.5)

1 .
Pk&) = Fok§) = 7= | ctaniont@otgde, (kg € Xy =T5 xR
™ JTy

The operator A is defined for ¢ € L' N L? by
Ao = F—l @(kv 6)

- eee

provided that the quotient belongs to L?(X3). In this case,

(3.6)

(3.7) $(0,0) = 0.
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Let us note that p € L' N L? for ¢» € H' by our condition (1.9) since ¢ € LP with
p € [2,6] by the Sobolev embedding theorem. For ¢ € H! with finite energy (3.1), we
have Ap € L?(33). Therefore, (3.7) with ¢ = p implies the neutrality condition (2.1)
with 7% instead of T3:

(3:5) 50.0) = [ pxidx = [ 16°60 + el Flax = 0.
Now (3.3) gives
(3.9) [ (x)|%dx = Z;.

T

In other words, the finiteness of the Coulomb energy ||Ap||? prevents the electron
charge from escaping to infinity, as mentioned in the introduction.

DEFINITION 3.1. My denotes the set of 1 € H' satisfying the neutrality condition
(3.9).

It is important that the energy be finite for a nonempty set of » € H'. To find the
corresponding condition, let us rewrite the energy (3.1) using the Parseval-Plancherel
identity:

. h_Q 2 2 In 2 1 |ﬁ(ka€)|2
(3.10) E() _kg* o [, (6 + I P de + 2k§* e

Here, the first term on the right-hand side is finite for all » € H!. The second term
is finite up to the infrared divergence at the point (k,&) = (0,0) since p € L?(X3) for
e H.

We note that (3.3) can be written as i7" (0) + eZ; = 0. We will assume that,
moreover,

f77°(0,8) + eZy
iy

For example, this condition holds, provided that

(3.11) Condition II. € L*(—1,1).

(3.12) / 23| b (x)|dx < 0.
T

LEMMA 3.2. Let conditions (1.9) and (3.11) hold, N = 1, and x§ € Ty. Then
the energy (3.10) is finite for a dense set of 1 € H'.

Proof. By definition, p(0,€) = i (0,€) + eP(0,€), where P(x) := [(x)[%.
Hence, (3.11) implies that the energy (3.10) is finite for ¢ € M» with finite momenta
I, [2°] [ (x)]Pdx < 0. D

3.2. Compactness of minimizing sequence. Similarly to the 3D case, the
energy is nonnegative, and we choose a minimizing sequence ,, € My such that

(3.13) E(n) — E° = inf £(), n — oo.

The second main result of the present paper is the following.
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THEOREM 3.3. Let conditions (1.9) and (3.11) hold, and N = 1. Then
(i) there exists ° € My with

(3.14) EW°) = &%

(ii) moreover, ¥° € HZ.(T») and satisfies (1.5)—(1.7) with d = 2, where the
potential ¢° € HZ _(T3) is real, x{ = 0, and w° € R;
(iii) the following bound holds:

(3.15) 10%(x)] < C(1 + |as|) /2, x € Ty.

To prove item (i), let us note that the sequence 1, is bounded in H* due to (3.1),
(3.9), and (3.13). Hence, by the Sobolev embedding theorem [1, 30], the sequence 1,
is bounded in LP with each p € [2,6) and compact in LY, := LP(T»(R)) for any R > 0,
where T5(R) = {x € Ty : |z3| < R}. Therefore, there exists a subsequence

LY L2
(3.16) Py =590, o = X 4 e 250, n' — oo VR>0,
since puY*" € L' N L? by (1.9). Hence, ¥° € H! N LP, and
(3.17) PO(x) = 17 (%) +elv’(x)]* € L' N L%

The next problem is to check the neutrality condition (3.9) for the limit charge density
p since the convergence (3.16) itself is not sufficient.
LEMMA 3.4. The limit function ¥° € My, and the energy (3.1) for 4° is finite.
Proof. Let us prove that

(3.18) ) < &°.

Indeed, (3.10) with ¢ = v,/ reads

2
(3.19) ) = (el f R OF + ok OF )

PP

where (...)s, stands for Z / ... d¢ and
ker; /R
ﬁn’ (ka 5)
/k2 +§2

The functions z/AJn/ and p, are bounded in L?(X3) and are converging in the sense of
distributions due to (3.16). Hence,

far(k, &) == VK2 + 20 (k,6),  gu(k,&) =

N 2

L% 70 ) /
(3.20) Yy —27, Py —2p", n' — oo.

Similarly, the functions f,; and g, are bounded in L?(33) by (3.19), (3.13) and are
converging in the sense of distributions due to (3.20). Therefore,

2

Lo 40 L 0 /
(321) fn’$f ) gn’ig ) n — oo.
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Hence, for the limit functions,

~0
P = VIETEPKE, k6 = % aa (k€) € Dy,
Therefore, (3.18) holds since
(3.22) ew”) = (e 1 L) <
. - 2m 9 2 g 9 22 -

by the weak convergence (3.21) and the lower semicontinuity. In particular,
(3.23) Ap® € L2

Therefore, p°(0,0) = 0 as in (3.8) since p° € L! by (3.17). Hence, ¥* € M. 0
Now (3.18) implies (3.14). Thus, Theorem 3.3(i) is proved.

3.3. The Poisson equation. Our aim here is to construct the potential which
is the solution to the Poisson equation (1.6) with d = 2. Tt suffices to solve the
equation

(3.24) Ve (x) = G(x), x € Ty,
where G%(x) = —z'F‘lk(i’r% P(k,€) is a real vector field, G° € L? @ R? by (3.23),

and rot GY(x) = 0.

LEMMA 3.5. Equation (3.24) admits real solution ¢° € HE (1), which is unique
up to an additive constant and satisfies the bound (3.15).

Proof. The uniqueness up to constant is obvious. If the solution exists, then
#° € HE (Tz) by (3.17). Local solutions exist since rot G°(x) = 0. However, the
existence of the global solution is not obvious since the cell T is not 1-connected.

We will prove the existence using the following arguments. Formally, ¢%(z) =

ok (k.8
k2+§2 .
neighborhood of the point (0,0). To avoid this infrared divergence, we split p° =

p1 + p2, where

However, the last expression is not correctly defined distribution in the

~ o ﬁo(oaf)v k= 07 |§| < 1’
(3.25) pr(k, &) = { 0 otherwise.

Respectively, G° = G + G2, and the solution ¢ = ¢; + ¢. Obviously,

-1(0,8)
(3.26) Gi(x) = —iF ! ( 525) £1(0,€) = esgi(x3), ez :=(0,0,1),
and gi(z3) is a smooth function. Moreover, (3.17) implies that g € L*(R) since
GY € L? ® R3. Hence, the term ¢1(x) = f0z3 g1(s)ds is smooth and depends on 3
only. The bound (3.15) for ¢; follows by the Cauchy—Schwarz inequality.
The second term is given by ¢s(x) = F12208) where py € L3(35) by (3.17).

k2+£2 )
Moreover, p2(0,&) = 0 for |£| < 1, and hence ¢ € H?. O
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Remark 3.6.

(i) The function ¢°(x) = (1 + |a3])"/?~¢ with ¢ > 0 shows that the bound (3.15)
is exact under the condition V¢? € L2. Note that the potential of a uniformly
charged plane grows linearly with the distance.

(ii) In the Fourier transform, (3.24) implies that

(3.27) (k, )¢ (k, &) € L (%) ® C5.

3.4. Variation of the energy. Theorem 3.3(ii) follows from next proposition.

PROPOSITION 3.7. The functions ¢¥°, ¢° satisfy (1.5)-(1.7) with d = 2 and
WO eR.

Equation (1.6) is proved above, and (1.7) follows from (2.11) and (3.14) by the
translation invariance of the energy. It remains to prove the Schrédinger equation
(1.5). We are going to derive (1.5), equating the variation of £(v¢)|a, to zero at
1 = V. In this section, we calculate the corresponding Gateaux variational derivative.

Similarly to (2.22), we define the atlas in a neighborhood of ¥° in My as the
stereographic projection from the tangent plane TMy(y°) = ()t = {v € H' :
(1,4°) = 0} to the sphere (3.9):

T 0y.L
(3.28) Yy = =T V7, 1e@)t

DEFINITION 3.8. TV is the space of test functions T € (¥°)L N C§(Ty).
Obviously, 7 is dense in (1/°)* in the norm of H'.

LEMMA 3.9. Let 7 € T°. Then

(i) the energy E(er) is finite for e € R;

(ii) the Gdteaux derivative (2.24) exists, and similarly to (2.27),

2 - . -
(3.29) D,E(W°) = /T [;—m(Vvao + VYOIVT) 4 eAp’ A(T)0 + °F) | dx.
Proof. (i) We should prove the bound
n? 2 1 2
. er ) 1= — e (X X+ = Per(X X < 00,
(330 )= o [ VebPdx g [ |Ape (o
2m T 2 T

where per(x) := 0%(x) + €[ther (x)|?. The first integral in (3.30) is finite, since 1., €

LEMMA 3.10. Ap., € L? for 1 € T° and € € R, and

Apar - Apo -

. eA(Te0 +9°7),

(3.31) D:Ap := lim
e—0

where the limit converges in L>.
Proof. We use the polar coordinates (2.29) and the corresponding representation
(2.30):

(3.32) Aper = Ap° + eg cos® aA (190 + ) + eA[e?|7]? cos? o — |1°|* sin? .

Now, Ap® € L? according to (3.23). Further, A[r0] € L? by the following arguments:
(a) TyY € L2,

(b) 740 is the smooth function on Xy, and
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(c) the orthogonality 714° implies that

(3.33) 79(0,0) = 0.
It remains to estimate the last term of (3.32). Let us denote T'(x) := |7(x)[?

and P(x) := [1)°(x)|?. Then the last term (up to a constant factor) reads
(3.34) Re(x) := A[e*T(x) cos® a — P(x) sin? .
LEMMA 3.11. R. € L? for e € R, and
(3.35) |Re||z2 = O(£?), e —0.

Proof.
(i) It suffices to check that

e27(0,€) cos? a — P(0,€) sin? o

i
(3.36) — (e2T(0,&) — Z1 tan? @) cos® B (P(0,€) — Z)sin? o € I2(—1,1).
iy §
Let us consider each term of the last line of (3.36) separately.
(1) The first quotient belongs to L?(—1,1), since
(3.37) £27(0,0) — Z; tan’ a = / e r?dx — Zy tan* a = 0
T

by the definition of « in (2.29) since [|[¢° = V/Z1.
(2) The second quotient belongs to L?(—1,1), since

2 _ £+e£ T teZ +6P—Zl’
IS [ i €]
where all the functions are taken at the point (0,&). Here, the left-hand
side belongs to L?(—1,1), since Ap® € L?, while the first term on the
right belongs to L*(—1,1) by our assumption (3.11).
(ii) The bound (3.35) holds for both terms of (3.36) by the arguments above since
tana ~sina~ecase — 0. O
Formula (3.32) implies (3.31), where the limit converges in L? by (3.35). O
(ii) Lemma 3.10 implies the bound (3.30). Formula (3.29) follows by differentia-
tion of (3.30) in €. O

(3.38)

3.5. The variational identity. Since " is a minimal point, the Gateaux
derivative (3.29) vanishes:

2 —_— —_ —_
(3.39) / B—m(wwo + VYOVT) + eAp’ A7)0 4 °F) | dx = 0.
T
Substituting ¢7 instead of 7 in this identity and subtracting, we obtain
h? —
(3.40) — o (A0, ) + e(Ap, A(TE)) = 0.

In the next step, we should evaluate the “nonlinear” term.
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LEMMA 3.12. For the limit functions (3.16), we have

(3.41) (Ap% A(rg0)) = (™0, 7),  TeT

where ¢° is any potential satisfying (3.24).

Proof. First we note that Ap® € L? by 3.23), and A(7¢°) € L? as we have estab-
lished in the proof of Lemma 3.10. Moreover, p® = —A¢°. Then, by the Parseval-
Plancherel identity,

(3.42)

(Ap°, A(Ty0))

> [Pmormk i+ i [ 00,9700

keF2\0 =20t Jie>e
= (4" 7T¢0>,

where @° is the distribution on X5. The last identity holds (and the right-hand side
is well defined) by (3.33) since £¢°(0,€) € L?(—1,1) due to (3.24) with G° € L2 @ R3.
Finally,

(3.43) (@, 70%) = (0,70 = [ 60w ()
by an obvious extension of the Parseval-Plancherel identity. O

Using (3.41), we can rewrite (3.40) as the variational identity similar to (2.36):
h2
(3.44) <—2—A¢0 + e¢0¢0,T> =0, 7r1eT7T"
m

3.6. The Schrédinger equation. Now we prove the Schrodinger equation (1.5)
with d = 2.
LEMMA 3.13. 99 is the eigenfunction of the Schrédinger operator:

(3.45) Hy? = M),

where X € R.

Proof. This equation with A € C follows as in Lemma 2.7. It remains to verify
that A is real. Our plan is standard: to multiply (3.45) by ¥° and to integrate.
Formally, we would obtain

(3.46) (HY?, 9% = My, 40).

However, it is not clear that the left-hand side is well defined and real since the
potential ¢°(x) can grow by (3.15).

To avoid this problem, we multiply by a function 1, € H' with compact support,
where ¢ > 0 and ||t). — ¥°||g1 — 0 as € — 0. Then

(3'47) <H¢Oa¢s> = /\<¢Oa¢s>a

and the right-hand side converges to the one of (3.46) as ¢ — 0. Hence, the left-hand
sides also converge. In detail,

2
(3.48) (HO, ) = o (A0 1)+ (%90, ).
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For the middle term, the limit exists and is real. Therefore, identity (3.47) implies
that the last term is also converging, and hence it remains to make its limit real by
a suitable choice of approximations ¥.. We note that

(349) <¢01/107 w€> = §%<¢0w57 w6> = }%<¢07E6w€>7
since ¢ € H (T2) C C(T3). Hence, we can set

(3.50) Ve (x) = x(ex3)9° (%),

where  is a real function from C§°(R?) with 1(0) = 1. Now the functions 15 (x)t- (x)
are real for all £,6 > 0. It remains to note that the potential ¢°(x) is also real by
Lemma 3.5. d

This lemma implies (1.5). Therefore, ¢° € HZ (1) since ¢° € C(T). Theorem
3.3(ii) is proved.

3.7. Smoothness of the ground state. We have proved that ¢° € HZ (1>)
under conditions (1.9) and (3.11). Using the Schrodinger equation (1.5), we can
improve the smoothness of ¥ strengthening the condition (1.9). Namely, let us
assume that

(3.51) uit e C(Ty).

For example, (3.51) holds if u; € S(R3), where S(R?) is the Schwartz space of test
functions.

LEMMA 3.14. Let condition (3.51) hold, and ¥° € HZ (Tv), ¢° € HZ (1) is a
solution to (1.5)—(1.6) with d = 2. Then the functions ¥°, ¢° are smooth.

The proof is similar to the one of Lemma 2.8.

4. 1D lattice. The case of a 1D lattice I'y is very similar to the 2D case, though
some of our constructions and arguments require suitable modifications. For d = 1,
we can assume [';1 = Z without loss of generality and construct a solution to system
(1.5)—(1.7) for the corresponding functions on the “slab” Ty := R?/T'; = T! x R?
with coordinates x = (21, ¥a,r3), where x1 € T!, and (22, 23) € R%. Now, we denote
by H?® the complex Sobolev space on T, and by LP?, the complex Lebesgue space of
functions on T3.

The existence of the ground state follows by minimizing the energy (2.3), where
the integral is extended over T; instead of T3. The neutrality condition of type (2.1)
holds for I'1-periodic states with finite energy, as for d = 2.

Again, we restrict ourselves by N = 1, so X° = x{ can be chosen arbitrarily, and
we set x = 0.

The energy in the slab T; is defined by an expression similar to (3.1):

41 €)= [ |GoIVOG0R + SAp0P ik plo) = o0 + eluP

Here, 0% = pP* € L' N L? as in (3.2). Hence,

(4.2) / o' (x)dx = Zyle|,  Zy > 0.
T
Now the Fourier representation for the test functions ¢(z) € C5°(T1) is defined by
1 —ikx —i(&r1x x3) 5
(4.3) o(x) = o Z ek 1/ e iE1m2t ) 5 () £)de,
Kers k2
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where I'] = 271"y and
(4.4)

1 )
Pk, €) = Foo(k, €) = / elkmtamteanlodx,  (k€) € By =T xR®.
Ty

The operator A = (—A)'/2 is defined for ¢ € L' N L? by the same formula (3.6)
provided the quotient belongs to L?(X1). This implies

(4.5) $(0,0) = 0.

For ¢ € H' with finite energy (4.1), we have Ap € L?(31), and hence (4.5) with ¢ = p
implies the neutrality condition (3.8) with T} instead of Tb:

(4.6) p0.0) = [ oz = [ 1060 + el Plax = 0.
Now, (4.2) gives

(4.7) / [y (x)|2dx = Z;.

Thus, the finiteness of the Coulomb energy ||Ap||? prevents the electron charge from
escaping to infinity, as in the 2D case.

Finally, the Fourier transform F' : ¢ — 1& is a unitary operator from L?(T}) to
L?(%1). Hence, energy (3.1) reads

9 . N 2
(4.8) W)= /R [S—m(kQ+£2)Iw(k,£)l2+%%}dé

kel

DEFINITION 4.1. M denotes the set of 1 € H' satisfying the neutrality condition
(4.7).
We note that (4.2) can be written as i7" (0) + eZ; = 0. We assume, moreover,
AP (0,€) + o2y
iy

similarly to (3.11). For example, this condition holds, provided that

(4.9) Condition III. €L*D), D:={¢€R*:[¢f <1}

(4.10) /Rgu T la] + ) pen () dx < oo

The third main result of the present paper is the following.
THEOREM 4.2. Let conditions (1.9) and (4.9) hold, and N = 1. Then
(i) there exists ) € My with
(4.11) E@O) = inf E();

PpeEM;y

(ii) moreover, ¥° € HZ.(T1) and satisfies (1.5)—(1.7) with d = 1, where the

potential ¢° € HZ (T1) is real, x? = 0, and w° € R;
(iii) the following bound holds:

(4.12) |°(x)] < C(L+ |z2| + |z3])/2, x € T.
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The proof is similar to the one of Theorem 3.3. As in the 2D case, we obtain
Y% € M; as a minimizer for the energy (4.1). The potential ¢° can be constructed by
a modification of Lemma 3.5; see the appendix below.

Finally, the next lemma follows similarly to Lemma 2.8.

LEMMA 4.3. The functions 1°, ¢° are smooth under condition

(4.13) PP € C°(Ty).

Appendix A. The potential of the 1D lattice. We start with obvious mod-
ifications of the proof of Lemma 3.5. Namely, the potential ¢°(x) for the 1D lattice
satisfies the equation of type (3.24) with

k(zk_f;Q P’ (k, &) € L*(Ty), rot G¥(x) = 0.

(A1) GO:= —iF!

We use the splitting of type (3.25), and, respectively, the solution splits as ¢° =
¢1 + ¢2. The second term ¢o € H? as in the proof of Lemma 3.5. Hence, ¢o is
bounded continuous function on 73 by the Sobolev embedding theorem.

On the other hand, the analysis of the first term needs some modifications. Now,
G1(x) = g1(x2,23) € L*(R?) ® R? is the real vector field, and suppg; C {£ € R? :
|¢] < 1}. Therefore, g; is the smooth function, and
(A.2) Apy =V - g1 € L*(R?), rot g1(x) = 0.

Respectively, the solution to V¢, = g; is given by the contour integral
(A3) 10 = [ awy+C. x € R?,
0

which does not depend on the path in R?. This solution is real and smooth.
We still should prove the estimate (4.12). We will deduce it from the correspond-
ing estimate “in the mean.” Let us denote the circle B := {x € R? : |x| < 1}.
LEMMA A.1. For any unit vector e € R?

(A4) 61l z2(Brery < C(1+R)Y2, R>0.
Proof. First, (A.3) implies that
R
(A.5) p1(x+eR) — ¢1(x) = / g1(x + et)dt, x € R?
0
for any R € R. Now the Cauchy—Schwarz inequality implies that

R
(A.6) 61 (x + eR)| < Cy + 23/ g1 (% + et) [2d, x€ B
0

since the function ¢, is bounded in B. Finally, averaging over x € B, we get
(A7)

R
/ |61 (x + eR)|2dx < C1|B| + 2R/ / 91 + et) Pdxdt < Cr + CoR|g1]|2 o).
B 0 B

Hence, (A.4) is proved. O
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Now (4.12) follows from the Sobolev embedding theorem:
maXR|¢1(X)| < Csl|1]lH2(BreR)

x€eB+e
< Cull|Ad1llr2(Ber) + 61l 22(Brem))] < C(1+ R)'/?

since Ag; € L*(R?) by (A.2).

Remark A.2. Our estimate (4.12) seems to be far from optimal since the potential
of uniformly charged line grows logarithmically with the distance. One could expect
an optimal estimate

|6°(x)| < Cllog(2 + |z2| + |z3])] /2

in the case V¢* € L? due to the example ¢(x) = [log(2 + |za| + |z3])]*/2~¢ with
Vé(x) € L? for € > 0.

Acknowledgments. The author thanks H. Spohn for useful remarks and E.
Kopylova for helpful discussions.
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