J. Math. Anal. Appl. 432 (2015) 583-602

Journal of Mathematical Analysis and Applications

Contents lists available at ScienceDirect

www.elsevier.com/locate/jmaa

On dynamical justification of quantum scattering cross section

Alexander Komech

a,b,x,1

@ CrossMark

? Fakultat fir Mathematik, Universitit Wien, Austria
b Institute for Information Transmission Problems, RAS, Russian Federation

ARTICLE INFO

ABSTRACT

Article history:

Received 23 September 2012
Available online 26 June 2015
Submitted by S.A. Fulling

Keywords:

Schroédinger equation
Spherical waves

Plane waves

Differential cross section
Limiting amplitude
Lippmann—Schwinger equation

We suggest a dynamical justification of quantum differential cross section in the
context of long-time transition to stationary regime for the Schréodinger equation.
The problem has been stated by Reed and Simon. Our approach is based on spherical
incident waves produced by a harmonic source and the long-range asymptotics for
the corresponding spherical limiting amplitudes. The main results are as follows:
i) the convergence of spherical limiting amplitudes to the limit as the source
goes away to infinity, and ii) the proof of the coincidence of the corresponding
limit scattering cross section with the universally recognized formula. The main
technical ingredients are the Agmon—Jensen—Kato’s analytical theory of the Green
function, Ikebe’s uniqueness theorem for the Lippmann—Schwinger equation, and
some refinement of classical long-range asymptotics for the Coulomb potentials.
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1. Introduction

The differential cross section is the main observable in quantum scattering experiments. This concept was
first introduced to describe the Rayleigh scattering of sunlight and the Rutherford alpha-particle scattering

as the quotient

a(0) = ja () /15™- (1.1)

Here, j is the incident stationary flux, and j5¢(6) is the angular density of the scattered stationary flux
7%¢(x) in the direction 6§ € R3, |0] =1 (see Fig. 1):

Ja’(0) = lim R%5(R0)0. (1.2)
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Fig. 1. Incident flux and scatterer.

In both scattering processes studied by Rayleigh and Rutherford the concept of differential cross section is
well-established in the framework of the corresponding dynamical equations: the Maxwell equations in the
case of Rayleigh scattering and the Newton equations in the case of Rutherford scattering.

On the other hand, a satisfactory dynamical justification of quantum scattering cross section is still
missing in the framework of the Schrédinger equation

(1) = Hip(z,t) = —%Aw(x,t) V@)@,  zeRS. (1.3)

The problem has been stated and discussed by Reed and Simon in [19, pp. 355-357]. We suggest the solution
for the first time, as far as we are aware. The corresponding charge and flux densities are defined as

ple,t) = [, 1)) jle,t) =Im[y(z, ) Vi(z,1)]. (1.4)
These densities satisfy the charge continuity equation
plx,t) +divj(z,t) =0, (z,t) € R%. (1.5)
Let us denote by k € R3\ 0 the ‘wave vector’ of the incident plane wave
P (x, ) = ek Ent) Ej = %/& (1.6)
Our main goal is a dynamical justification of the formula for the differential cross section
o(k,0) = 167*|T(|k|0, k)|?, 0 # 4n = +k/|k|, (1.7)
which is universally recognized in physical and mathematical literature (see, for example, [11,17,19,22,25]).
Let the brackets (-,-) denote the Hermitian scalar product in the complex Hilbert space £? := L%(R3),

as well as its extension to the duality between the weighted Agmon-Sobolev spaces, see (2.2) and (7.11).
The T-matriz is given by

T(K k) = (T(Ey, +i0)e™** ¥ #), K keR, (1.8)

1
(2m)?

which is the integral kernel of the operator T'(Ey, +i0) := V — VR(E) 4+ i0)V (see Section 25 of [15]) in the
Fourier transform

D(k) = /e_ikxw(x)dx, W € C°(RY), (1.9)
Here, R(E) := (H — E)~1! is the resolvent of the Schrodinger operator H.
It is well known that the integral kernel S(k’, k) of the scattering operator S in the Fourier transform

reads as

Sk k) =6k — k) —ind(Ew — Ex)T(K k), K, kecR? (1.10)
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Fig. 2. Incident plane wave and outgoing spherical wave.
(see [3,17,19,22]). The commonly used ‘naive scattering theory’ consists of the following statements

[19,21,22).

I. The incident wave is identified with the plane wave (1.6), which propagates in the direction of the wave
vector k and is a solution to the free Schrédinger equation (1.3) with V(z) = 0.

I1. The corresponding ‘scattered’ solution to (1.3) is identified by its long-time asymptotics on any bounded
region |z| < R (see Lemma 6.1),

U(x,t) ~ A(x)e  Ert, t — oo. (1.11)
The amplitude A(zx) is expressed by
A(z) = ™™ — R(Ey +i0)[V (x)e*=], (1.12)

=

and admits the following long-range asymptotics of type [3, (3.58) of Ch. 4]:

A(x) ~ ek 4 a(k,@)%, |x| — oo, 0 :=z/|x|; (1.13)
see Fig. 2.
ITI. By (1.4), asymptotics (1.13) give
M=k 50(0) = la(k, 0)[[k]. (1.14)
Hence, the differential cross section reads
o(k,0) = |a(k,0)|? (1.15)

since k # 0. It is well known that a(k, ) is proportional to the T-matrix (formula (97a) of [19]):
a(k,0) = —4n*T(|k|6, k). (1.16)

Hence, (1.15) reads as (1.7).

A heuristic derivation of relations (1.11), (1.12) can be found in [19, pp. 355 357]. However, a mathe-
matically consistent justification of the relations in a time dependent picture was not suggested until now.
Moreover, relation (1.7) was considered up to now as the definition of the differential cross section: see
formulas (1.2) and (A.1.6) of [11], formula (96) of [19], and Definition 7.9 on p. 254 of [26].

The main problem in mathematical justification of (1.11) and (1.12) is related to the lack of a consistent
model for the incident wave 1" (z,t), securing convergence (1.11) to a stationary regime, and at the same
time satisfies the ‘adiabatic condition’
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Y (x,t) — 0, t— —o00, x€R3, (1.17)

which is in the spirit of the scattering theory. The plane incident wave (1.6) in the ‘naive scattering theory’
does not satisfy (1.17), since the wave occupies the entire space. The plane wave is a solution to the free
Schrédinger equation

i(x,t) = —%Az/;(x,t), z € R3. (1.18)
The adiabatic condition (1.17) in acoustic scattering is provided by the ‘semi-infinite’ incident plane wave
Y (z,t) = O(|k|t — kax)eiFr—IkI)

for t < 0, where O is the Heaviside function. This incident wave is a solution to the acoustic equation
O(z,t) = AY(z, t), || > R (1.19)

for ¢ < —R if the scatterer is located in the region |z| < R. The similar incident plane wave can be
constructed for the Maxwell equations, which makes apparent the meaning of the differential cross section
in the Rayleigh scattering.

On the other hand, a similar semi-infinite incident plane wave does not exist in the case of the Schrédinger
equation. Indeed, we may fix R > |k|B if the scatterer is contained in a ball |z| < B and take the semi-infinite
plane wave

Y (z) = O(—R — kx)e'™®

as the initial condition at ¢t = 0. However, the corresponding solution does not satisfy the adiabatic condition
for t = —o0. The problem is of great importance also in the context of the quantum field theory, where the
incident and outgoing plane waves play the fundamental role [17,20,21,25].

In the traditional approach, the incident wave is a specific initial field, which is a solution to the corre-
sponding free wave equation in the entire space. On the other hand, in practice, the incident wave is a beam
of particles or light produced by a macroscopic source and satisfies the free wave equation only outside the
source. One could expect that, for a large time, the incident wave near the scatterer will asymptotically be
a free plane wave if the source is ‘monochromatic’ and its distance from the scatterer, D, tends to infinity.
This model obviously corresponds to spherical incident waves, which are standard devices in optical and
acoustic scattering [4].

We justify formula (1.7) in the following steps:

A. First, we prove the limiting amplitude principle for the Schrédinger equation (1.3) with harmonic source;
i.e., the long-time convergence to a stationary harmonic regime with a ‘spherical limiting amplitude’, which
does not depend on initial state.

B. Second, we prove the convergence of the spherical limiting amplitudes to the plane limiting amplitude
when the source goes off to infinity: D — oo.

C. We deduce from A and B that relations (1.11)-(1.13) hold true up to a factor in this double limit: first,
as t — oo, and then, as D — oo.

D. Finally, we establish (1.14) up to a factor for 6 # +n. The incident and scattered fluxes are defined by

Fhi= lim ja(mt), (@) = G t) — 5, (1.20)

|| =00
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where j (7, 1) is the double limit of the flux (1.4). The definitions of j* and j5¢ will be adjusted in Section 8.
Now formula (1.7) follows from (1.15) and (1.16).

Our strategy is as follows. We prove the limiting amplitude principle A, relying on our development
[15] of the Agmon—Jensen—Kato’s theory of the resolvent of the Schrodinger operator [1,14]. The proof of
the convergence B relies on a novel application of Tkebe’s uniqueness theorem for the Lippmann—Schwinger
equation [3,12] and on uniform bounds for the Coulomb potentials (4.6), (4.14), (4.26). These bounds are
due to novel asymptotics for the Coulomb potentials (4.4), which are regularized at the zero point (the
corresponding bound (3.51) of [3, Ch. 4], is correct only for |z| > § > 0 due to the singularity of the main
term).

We have developed similar approach in [15, Chapter 9] for the case of empty discrete spectrum of the
Schrodinger operator (1.3). In present paper we get rid of this restriction and adjust our basic assumptions
and references.

Moreover, we have improved significantly our arguments in derivation of (1.14) from (1.13). Our main
novelties here are as follows.

I. Traditionally, the scattered flux (1.14) is defined by the second term on the right-hand side of (1.13).
The separation of these terms is possible experimentally by suitable screens due to different directions of
propagation.

In present paper we get rid of this separation problem defining the scattered flux by (1.20) where the flux
Joo(x) corresponds to the total sum (1.13). Surprisingly, we obtain the same result (1.14). This coincidence
is not obvious a priori since the magnitude of the corresponding “cross terms” at the points z = R with
|6] = 1 are of order ~ 1/R and ~ 1/R? which are not negligible in the limit (1.2) (see (8.7), (8.9)).

Namely, we prove that, the cross terms cancel on the sphere |0] = 1 as R — oo in the sense of distributions
of § # +n since the terms contain the oscillatory factors e, It is instructive to note that the stationary
points of the phase kf on the sphere are exactly 6 = +n. Respectively, the limit (1.2) converges in the sense
of the distributions (see Definition 8.1) that we prove in our novel Theorem 8.2.

II. The proof of Theorem 8.2 relies on oscillatory integral representation (8.6) for the limiting flux jo ()
and on the long-range asymptotics of jo(z). This asymptotic analysis required novel estimates (7.4) and
(7.9) for the remainders in classical long-range asymptotics of the Coulomb potentials. These estimates
refine the corresponding estimates from Lemma 3.2 and Theorem 3.2 of [3, Ch. 4], which dates back to the
results of Povzner and Ikebe [12,18].

Let us comment on previously known arguments for formula (1.7). The traditional physical approach
[22] is based on random incident wave packets 1" (x,0), which are asymptotically proportional to the plane

waves ethe:

[ (K 0)]2 — 6(K — k). (1.21)

The known mathematical justifications reside in Dollard’s fundamental result [6] on scattering into cones.
This result is used in [23] for a clarifying treatment of formula (1.7). Namely, the normalized angular
distribution of a finite charge, scattered for infinite time, converges to the normalized function (1.7) in the
limit (1.21).

Dollard’s result was refined in [5,13] and in Section 3-3 of 2], where the fluz across the surface theorem is
proved. This result was later developed in [7-9,24] and applied for justification of formula (1.7) in the context
of the Bohmian particle mechanics and incident stationary random processes constructed of normalized wave
packets (1.7) in the limit (1.21). For a survey, see [10]. It is worth noting that we do not exclude the discrete
spectrum of the Schrodinger operator H, in contrast to [7].

We point out that all the previous results give the same expression (1.7) for the differential cross section,
though these results were not concerned with the long-time transition to a stationary regime.
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Our paper is organized as follows. The main results are stated in Section 2. The limiting amplitude
principle is established in Section 3. In Section 4 we obtain long-range asymptotics and uniform bounds for
the spherical limiting amplitudes. Next, in Sections 5 and 6 we prove convergence B and the corresponding
convergence for the flux. Finally, in Sections 7 and 8 we verify formulas (1.16) and (1.14), which justify
(1.15) and (1.7).

2. Main results

We consider the Schrodinger equation with harmonic source:

y _ — Byt
{zdz(az,t) = Hi(z,t) + pg(z) e+, t>0 » € RS, (2.1)

¥(,0) = ¢°(2)
Here, H = —1A + V(z), k € R3\ 0, and py(z) := |q|p(z — q) is the form factor of the source.

We mean that our model suits the physics of quantum scattering. Namely, the incident wave is produced
by time periodic source, like a heated cathode in an electron gun. The source is not at infinity, though its
distance from the scatterer is sufficiently large.

The solution ¥ (x,t) describes the spherical waves produced by the source with the density |g|p(z — q)
which is located asymptotically near ¢ (for large |q|). The factor |g| is introduced for a suitable normalization.
Namely, this factor provides that the spherical waves look like plane waves (for bounded z) in the limit
|g] = oo, see (2.13) below.

The weighted Agmon—Sobolev spaces H3 = H5(R3), 5,0 € R, are defined as follows. Let £2 = £2(R?)
be the Hilbert space of measurable functions in R® with norm

[0l = [@lePds, ()= Va1 (2:2)
Definition 2.1. HS = HE(R?) denotes the Hilbert space of tempered distributions 1 (z) with finite norm
[Pl = I{V)* Pl ez < o0 (2:3)
We will assume the following conditions.

HO. The initial state ¥° is a function from the space ’H[Q,O with some oo > 5/2.
H1. For some €1 > 0,

sup (2)+419°p(a)| < 00, || < 2. (2.4)
r€R3

H2. The following Wiener condition holds:
A(IK0) = /ei\’f\ewp(x)dx 20, 9eR?, |6 =1. (2.5)

H3. The potential V(z) is a real C2-function satisfying the condition

sup ()51°2]0°V ()] < oo, la| <2, (2.6)
z€R3

with some g5 > 0.
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Finally, we introduce our key spectral assumption. Denote
Mg :={p e L%, Y+ Ry(0)Vep = 0},

where Ry(E) := (—3A — E)~! is the free resolvent. The space M, = M does not depend on o € (1/2, (5+
€2)/2) by the arguments preceding Lemma 3.1 of [14].

H4. We assume:

The Spectral Condition: M = 0. (2.7)

This condition holds for generic potentials, see the discussion preceding Lemma 3.1 in [14].
Let us outline our plan.

I. First, we will prove the limiting amplitude principle:
. N e
Y(@,t) ~ @q(x,t) = By(x)e ™t + 3" Clyy(z)e P!, t = o0, (2.8)
1

where v;(z) are the eigenfunctions of H corresponding to the eigenvalues E' < 0. The asymptotics hold in
HQ

—0

with any o > 5/2, and the limiting amplitude B,(z) is given by
By(x) = R(By +i0)p,. (29)

The coefficients C’é depend on the initial state 1(x,0). On the other hand, it is crucially important that the
coefficients C(ll converge as |g| — oo, while the eigenfunctions ;(x) decay rapidly at infinity by Agmon’s
theorem [1, Theorem 3.3] (see also Theorem 20.7 of [15]). Respectively, the sum over the discrete spectrum
on the right-hand side of (2.8) does not contribute to the scattering cross section.

IL. Second, let us denote n := k/|k|, Bp(z) := By, () where ¢p := —nD and D > 0. We will establish the

following ‘spherical version’ of long-range asymptotics (1.13):

B b 9Dl ilki(z-an]-lan]) k.60 etlHll
Pl ~ b o +ap O

as |z —qp| — 00, |z] = 0, (2.10)

where 0 := 2/|z| and bp(n) := b(n)e!lFIP with b(n) # 0; see Fig. 3. The asymptotics (2.10) mean that the
difference between the left-hand side and the right-hand side converges to zero.

ITI. Further, we prove the convergence of the spherical limiting amplitudes, which is our central result: for

k#0
Ap(z) := Bp(x)/bp(n) — A(x), D — oo, (2.11)

where A(z) is expressed by (1.12).

IV. At last, (2.11) implies the convergence of the flux (1.4) corresponding to the limiting amplitudes Bp(x):
Jp(x) == [b(n)|? Im[Ap (2)VAp (z)] — Joo(z) := |b(n)|* Im[A(z)VA(z)], D —oo.  (2.12)

V. Finally, we calculate the long-range asymptotics of A(z) as |x| — oo and show that the convergence
(2.12) and formula (1.12) justify (1.7).
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Fig. 3. Incident and outgoing spherical waves.

Let us comment on our methods. We derive the limiting amplitude principle (2.8) from the dispersion
decay in weighted energy norms by a suitable development of Agmon—Jensen—Kato’s methods [1,14,15].
The long-range asymptotics (2.10) is deduced from the ‘spherical version’ (4.1) of the Lippmann—Schwinger
equation and a refinement of Lemma 3.2 from [3, Ch. 4]. One of our key observations is that the spherical
incident wave from (2.10) becomes asymptotically the plane incident wave from (1.13) as the source goes
off to infinity:

T_lQEZL_TeiMJUa*—qDI—IqDI) L ek Dy e (2.13)
T —d4p

In this limit, the picture of Fig. 3 becomes the one of Fig. 2. We derive convergence (2.11) from asymptotics
(2.10) by the Sobolev embedding theorem and the Tkebe uniqueness theorem for the Lippmann-Schwinger
equation [12] (Theorem 3.1 of [3, Ch. 4]). Finally, we prove the second formula of (1.14) for the flux (1.20) in

Theorem 8.2. We deduce it from the decay of the oscillatory integrals (8.9), which is due to the interference
of the incident and scattered waves.

3. Limiting amplitude principle

We deduce the limiting amplitude principle (2.8) from the dispersion decay in weighted energy norms
[14,15].

Lemma 3.1. Assume that conditions HO—-H4 hold and k € R3. Then:

i) The limiting amplitude principle (2.8) holds in the norm of H% , with any o > 5/2.

—0

ii) Cé converge to some limits C' as |q| — oo, and the limiting amplitude is given by (2.9).

Proof. We should prove that

N
Y(x,t) = By(x)e Bt 13 Clyy(x)e "t + r(z,1), (3.1)
1
where

Ci—=C g =0 ez, =0, t— oo (3.2)
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The solution to the Cauchy problem (2.1) is unique and is given by the Duhamel representation

t

Y(t) = Ut)° — ‘/e—iEkSU(t — 8)pg ds. (3.3)

0

Here, U(t) is the dynamical group of equation (2.1) with p, = 0, and the first term in the right-hand side
admits the expansion

N
Ut =" Clye B 4 ro (), (3.4)
1

where C! are independent of ¢, and
Iro(®)llz , < C(H7. (3.5)

This decay follows similarly to the dispersion decay in the norm H° , as established in (10.9) of [14], with

suitable refinement of the resolvent high energy decay (see Theorem 17.1 of [15]). Here, the assumptions HO
and H3-H4 are essential.

On the other hand, the second term on the right-hand side of (3.3) can be written as

t t

I(t) = fi/e*iE’“SU(t — S)pgds = fie*iE’“t/eiE“U(T)pq dr. (3.6)
0 0

Here, p, € HZ, with some o1 > 5/2 by H1. Hence, similarly to (3.4) and (3.5),

N
U(T)pg =Y Dlahie™ B 4 1g(7), (3.7)
1

where
Irq(7)llggz, < Colr) ™32 (3-8)

Finally, the eigenfunctions ¢;(z) € H? with any s € R by Agmon’s theorem [1, Theorem 3.3] (see also
Theorem 20.7 of [15]). Hence, (2.4) implies that

DL = (pg ) = |dl / plz — Qyn(@)dz = O(g| 1), |q| = oo. (3.9)
Therefore, C, = C' 4+ D), — C" as |q| — oo, and

I(t) ~ Bq(x)efiE’“t + (9(|q\737€1)7 t — oo. (3.10)

2

Here, the asymptotics hold in HZ |, and the limiting amplitude is given by

B, = —i/eiE”U(T)pq dr = 7i/ei(E’“+iO)TU(7')pq dr, (3.11)
0 0

which can be written as (2.9). This proves (3.1). O
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4. Spherical waves

In this section we obtain long-range asymptotics (2.10). Denote R = R(Ej + ¢0) and Ro = Ro(E} + i0),
where Ro(E) = (Ho— E)~! is the resolvent of the free Schrédinger operator Hy = _iA' Rewriting formula

(2.9) for the limiting amplitude as the following ‘spherical version’ of the Lippmann—Schwinger equation,
this gives

B,(2) = Ropy(w) — RoV B, (), (4.1)

since R = Ry — RyV R. The free Schrodinger resolvent Ry (F) is the integral operator with kernel

Ro(E,x —7’£ e EFeC 0, 00
0( ’ 7y) 9 |£E y| ’ \ ( ’ )
Therefore, RO is the integral operator with kernel
0( k ? ,$7y) 92 |QL‘ ylv ( . )

because /2(Ey + i0) = |k|.
For the first term on the right-hand side of (4.1), asymptotics (2.10) follow by a suitable modification of
Lemma 3.2 from [3, Ch. 4]. Let
S={0cR?: |9 =1} (4.3)

be the unit sphere.

Lemma 4.1. Under condition H1 with o = 0,

r—4q q il k|l —
ROPQ(x):b(|xq|)1+||x|q|e|k I+ K(x—q), z € R (4.4)

Here, the amplitude b € C1(S), and

06) = 5-p(KE),  l6l=1, (45)

where p(k) denotes the Fourier transform (1.9). The remainder admits the bound
|K(z —q)| < Clg|(1+ |z — ¢|)~t*, r € R (4.6)

Proof. This lemma follows by the arguments from the proof of Lemma 3.2 from [3, Ch. 4], with |z| substi-
tuted almost everywhere by |z| + 1. Moreover, H1 with o = 0 implies that p € C}(R?). Hence, b € C*(S5)
by (4.5). O

As a corollary, we obtain the bound

Clq|

< —E R3. 4.7
S e L (4.7)

[Ropq()
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Remark 4.2. Our asymptotics (4.4) and the estimate (4.6) differ from similar ones (3.50) and (3.51) of
[3, Ch. 4], which hold only for |z| > § > 0.

For the second term on the right-hand side of (4.1) we need two additional technical lemmas.

Lemma 4.3. Under conditions H1 and H3 the following bound holds for k # 0:

sup [|[VByllzz < oo forany o <5/2+ ¢, (4.8)
g€ER3

Proof. The Lippmann-Schwinger equation (4.1) implies
(14 VRy)VB, =VRoypq. (4.9)
On the other hand, (1 +V Ry)~! =1 — VR. Hence,
VB, =(1—-VR)VRypy = VRops — VRV Rypy. (4.10)
Let us estimate each term on the right-hand side separately.

i) Condition (2.6) with a = 0 and bound (4.7) imply

Clq| 3
< . .
Therefore,
c 3
[VRopy(z)| < W, z € R°. (4.12)
Hence,
V Rop, € L2, 0 <5/2+¢s. (4.13)

Thus, the bound (4.8) holds for the first term on the right-hand side of (4.10).
ii) It remains to estimate the last term of (4.10). By (4.13) we have RV Ryp, € L2, for any s > 1/2, since
the resolvent R = R(E}, +1i0) : £2 — £2 _ is continuous by [14, Theorem 9.2] because Ejy, > 0 for k # 0.

Therefore, VRV Rop, € L2 for o < 4.5+ €2 by (2.6) with a =0. O

Lemma 4.4. Under conditions H1 and H3 the following uniform decay holds:

sup |RoV B,(z)| < C(1+ |=)7%, =R (4.14)
geR3
Proof. By (4.2),
B T B i
|RyV B,(z)| < c/mdy:c/[ [V Bq(r ¢ 0)ldpsin b6 (4.15)
|z =yl V]z[2 4+ r2 = 2|z|r cos 0
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Applying the Cauchy—Schwarz inequality to the inner integral,

{/ dy sin 6d0 }%Ter
|z]2 + 12 — 2|z|r cos d

1 2
[ log i +T] r2dr. (4.16)

|zl ] = |

N

|RoV B,(z)] < C [/|VBQ(T,¢,9)|2d<psmede]

N

=C

0\8 0\8

[ / |V B,(r, ¢,0)*dpsin Hdﬂ}

Applying the same inequality to the last integral, this gives

|x| + 7 r2dr ]%

< 2 27 2,2
|RoV By(z)| < C[/(l + )27V By(r, ¢, 0)|"dp sin 0dbr dr} X {/log EER
0

T || + 7 rdr 3 7 1+s |z|sds 1%

< = .

= C(U>[/1°g EERr e Bl A rer ey (4.17)
0 0

for 0 < 5/2 + €5 by the uniform bound (4.8). Let us split the region of integration (0,00) = (0,1/2) U
(1/2,3/2) U (3/2,00) and observe that

log 215 = O(s), s€(0,1/2)

MT—s] —
log 15 € L'(1/2,3/2) (4.18)
log 755 = 0(s7"), s €(3/2,00)

Then the integral (4.17) can be estimated as

1/2

|z|s?ds 1—90 7 |x|ds
Cl(‘”[/ T sy + 1D+ | )
0 3/2

jalf2 o0
= (o) [Ja|2 / ﬁHHmI)”” / (Hdﬁ]
0

3lzl/2

< Co(o)(1 + |z)' > (4.19)
for 20 > 1. This gives (4.14), since we can take any o < 5/2+ 5 by (4.8). O
Now we are ready to prove (2.10).
Proposition 4.5. Asymptotics (2.10) hold under conditions H1-H3.
Proof. The Lippmann-Schwinger equation (4.1) yields
VBy(x) = VRopy(z) — VRV By(x).
Hence, (2.6) with & = 0 and (4.12), (4.14) imply that

C

(1 + [af)*+ee (420

[VBy(z)] <
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Therefore, similarly to (4.4), we obtain the asymptotics

RoVB,(z) = cq(l%) % + Ly(), (4.21)
where
Ly(@)] < C(1 + ). (1.22)
Now (4.1) and (4.4), (4.21) imply
B, (@) ~ b 21 )ﬂeﬂknw(n ey (L) eltllel (4.23)
[z —ql/ |z —q| x|/ |a|

as |z — ¢| = oo and |z| — co. Denote Bp(z) := By, (), where gp = —nD with n = k/|k| and D > 0. Then

Bp(x) ~ b(n) [ﬁeilkllr—qnl + dD(k;,H)ﬂ} (4.24)
[z —qp ||
as |z — gp| — oo and |z| = oo, where 0 := z/|z|, because
b(n) = p((kln) # 0 (4.25)

by (4.5) and the Wiener condition H2. This is the only point in our analysis, where the Wiener con-
dition is called for. Finally, (4.24) can be written as (2.10) with bp(n) = b(n)e!™P and ap(k,0) =
dp(k,0)e= %P o

The following corollary is of crucial importance in the next section.
Corollary 4.6. Bound (4.7), asymptotics (4.21)—(4.22), and formula (4.1) imply

Clq| C
+lr—ql (T4 |z])’

1By()] < < 2,q € R%. (4.26)

5. Plane wave limit

In this section we prove convergence (2.11) from the uniqueness of solution to the Lippmann—Schwinger
equation

A(z) = e — RyV A(x), (5.1)
which is equivalent to (1.12) (see Lemma 7.1 below). First, we rewrite (4.1) with ¢ = gp as
AD(CE) = Roqu (m)/bD(n) - RoVAD(l‘), (52)

where Ap(z) := Bp(z)/bp(n). By (4.4) and (2.13) the first term on the right-hand side of (5.2) converges
to the first term on the right-hand side of (5.1),

Ropqp (z)/bp(n) — e’k D — oo, (5.3)

in C'(R3). Now (2.11) means the convergence of the corresponding solutions:
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Proposition 5.1. Let conditions H1-H3 hold and let k # 0. Then the convergence
Ap — A, D — (5.4)

holds in H?

—0

with any s < 2 and o > 5/2, where the function A(x) is defined by (1.12).

Proof. We deduce the convergence from the compactness of the family {Ap(z) : D > 0} and Ikebe’s
uniqueness theorem [12] (Theorem 3.1 of [3, Ch. 4]).

Step 1). By (5.2),
[Apll32, < CllRopgp Iz, + RV Bbll32 -

The first term on the right-hand side is uniformly bounded for D > 0, since estimate of type (4.12) holds
with (z)~7 and o instead of V(z) and 5+-¢9, respectively. The second term is uniformly bounded, since V B,
is uniformly bounded in £2 with o < 5/2 + &3 by (4.8), while the operator Ry : L2 — H?
for any s > 1/2 by Theorem 18.3 i) of [15], because k # 0. Hence,

is continuous

sup [|Apll2 < oo, o>5/2. (5.5)
D>0

Step ii). Now the Sobolev embedding theorem [16] implies that the family {Ap(z) : D > 0} is a precompact
set in the Hilbert space H°, with any s < 2 and o > 5/2. Hence, for any sequence D; — oo, there is

—0

a subsequence Dj; — oo such that
Ap,, (z) = Au(z), j' — oo, (5.6)
where the convergence holds in H? , with any s < 2 and o > 5/2. Therefore,
VAp, (z) = VA(x), j = oo, (5.7)
where the convergence holds in H2 with s < 2 and some o > 5/2 by H3.
Step iii). At last, equation (5.2) and convergences (5.6), (5.7), and (5.3) imply equation (5.1) for A, (z):
Ay (z) = ™ — RyV A (), (5.8)

since the operator Ry := Ro(E} +i0) : L2 — L2 is continuous for ¢ > 1/2 by Lemma 2.1 of [14].

The function A,(z) is bounded by (4.26) and is continuous by the Sobolev embedding theorem, since
A (z) € H? , with any s < 2 and o > 5/2 by (5.6).

Finally, A(z) = A.(z) by Ikebe’s uniqueness theorem [3,12], which holds for k # 0 under the condition
(2.4) for bounded continuous solutions to the Lippmann—Schwinger equation (5.1). Hence, convergence (5.6)
implies (5.4), since the limit function A, (x) does not depend on the subsequence j'. O

Remark 5.2. Let us emphasize that the right-hand side of (4.26) with ¢ = —nD is not uniformly bounded
for D > 0: its value at x = ¢ tends to infinity as D — oo. Nevertheless, (4.26) implies that every limit
function A.(x) is bounded.

6. Convergence of flux

We check the convergence (2.12) using (5.4).
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Lemma 6.1. Under conditions H1-H3,

i) the convergence (2.12) holds in L2 .(R3).
ii) Moreover, the convergence holds ‘in the sense of fluz’; i.e.,

/JD(x)z/(x)dS(a:) — /Joo(x)z/(x)dS(:c), D — o0, teR, (6.1)
s 5

for any compact smooth two-dimensional submanifold S C R3 with boundary, where v(x) is the unit
normal field to S and dS(x) stands for the corresponding Lebesgue measure on S.

Proof. Proposition 5.1 implies the convergence (5.4) in C(R3), since H*,_, C C(R®) for s > 3/2 by the
Sobolev embedding theorem [16]. Further, the convergence of the derivatives

VAp(z) = VA(z), D — oo, teR, (6.2)

1

L .(R3), and moreover,

holds in H5~! with any s < 2. Hence, the convergence (2.12) holds in £

VAD(JJ)‘S s VA(z)

s Dooo teR (6.3)

in £2(S) by the Sobolev trace theorem [16], for we can take s > 3/2.
Similarly, (5.4) also implies the convergence in £2(.9)

AD(x)‘S = A(z)

o D— oo, tekR (6.4)
Therefore, the integrands in (6.1) converge in £1(S). O
7. Long range asymptotics
We obtain asymptotics (1.13). The first lemma is well known [22].
Lemma 7.1. Equation (5.1) admits a unique bounded continuous solution, which is given by (1.12):
A(z) = e — RV ek, (7.1)
Proof. We should prove (7.1) assuming (5.1). First, we apply the general operator identity
P =Q Q7@ PP
to P = Hy — FEj —i0 and @ = H — E} — 0. Then we obtain Ry = R+ RV Ry, and hence
Ro)VA=RVA+RVR\VA=RV(A+ RyVA) = RVe*®
by (5.1). Substituting into (5.1), we obtain (7.1). O

Next, we need an extension of Lemma 4.1 to functions from weighted Agmon—Sobolev spaces.
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Lemma 7.2. Let r(z) € HZ for some o > 7/2. Then

cilkllz|

Ror(z) = ¢()—— + K (x), 0:=—, z| > 1. 7.2
Here, the amplitude ¢ € C%(S), and
1 o~ —
o(0) = %T(Vﬂ@), 0] = 1. (7.3)
The remainder admits the bounds
|K(x)| < Clz|™?, |VK(2)| <Clz|™?, |VVK(2)| < Cla|7?, |z > 1. (7.4)

Proof. First,

i|k||z| .
Ror(a) = © )y -+ o (/ Rz, y)r(y)dy,

2| |z —yl

where the function R(x,y) is bounded as in the proof of Lemma 3.2 from [3, Ch. 4]. Hence, formula (7.3)
follows with ¢ € C?(S), since 7 € HS C CZ(R?) for o > 7/2 by the Sobolev embedding theorem.
To prove the first estimate of (7.4), it suffices to check that

y)|dy < Clx| ™!, |z| > 1.

Using the Cauchy—Schwarz inequality, we obtain

|J(z)| < (/m_y|21<y>20_4dy)1/27"||5(27.

Now it suffices to prove the bound

1
_ _ dy < -2 . .
x) = / E y\2<y>2‘7_4dy < Clz|™7, |z] > 1 (7.5)

In the spherical coordinates, we obtain similarly to (4.17)—(4.19),

oo

P / / sin 6d0
7r
1+r 20-4 | |z|2 + 12 — 2|z|rcos b
0

:27r|x|/ sds o, 1LE
(T + sle))Z—1 51— |
0
1/2

|z|s2ds 5—2 7 |x|ds
< N bl e N o b
—C/u+ﬂm%4+cm TC | T sl

3/2

|z]/2 S

2
B 9 redr 590 dr
= Clx| / At + Clx| +C / (e
0 3)z|/2

< Ci(0)|2]7? + Cola 7?7 < Claf ™2, Ja| > 1,

since 20 > 7. This proves the first bound in (7.4).



A. Komech / J. Math. Anal. Appl. 432 (2015) 583-602

To prove the second bound in (7.4), we differentiate (7.2):

ilklle]
VRor(z) = ¢(9)z’|k:\9€|7| +O(|z| ™) + VK(z), 2] — oo

On the other hand, VRyr(z) = RoVr(x), where Vr € H_. Hence, by the above arguments,

cilkllz]

]

VRyr(z) = ¢1(0) +0(|2[7%), |zl = o0,

where
1 —~ 1
01(0) = 5 Vr(Kl9) = 5 ilkI07(k]6) = ilK166(0).

So, the second bound in (7.4) follows by comparing (7.6) and (7.7).
The last bound of (7.4) follows similarly. O

599

Now asymptotics of type (1.13) follow from (7.1) and the next lemma, which is a refinement of Theorem 3.2

from [3, Ch. 4]. Let us denote eg(z) = ek*.

Lemma 7.3. Let condition H3 hold and let k # 0. Then

cilklle] .

—[RVeg](x) = a(k,0) + Kq(z), 0= = |z > 1.

el
The amplitude a(k,-) € C*(S) is given by (1.16), and the remainder admits the bound
|Ky(2)| + |VEK(2)| + |[VVEK(2)| < Clz| 72, |z > 1.
Proof. First, RV = RyT, where T := T(E}), +i0) (see (3.31) of [3, Ch. 4], and [22]). Hence,
—[RVei|(x) = —[RoTex)(x).
Therefore, (7.8)—(7.9) will follow from Lemma 7.2 if we verify that
Terp € H2, Vo <T7/2+e2/2.
Indeed,

Tek = V@k — VRVek,

(7.9)

(7.10)

(7.11)

where Ve € H2 with any o < 7/2 + £2/2 by H3. Hence, RVe; € H? with any s < —1/2 by Corollary 19.3

of [15], since k # 0. Therefore, VRV ey € H2 with any o < 9/2 + 5 by H3.

Finally, applying Lemma 7.2 to the function r(z) = Te** and using (7.10), we obtain asymptotics

(7.8)-(7.9) with the amplitude given by (1.16):

1. 1
a(k,0) = —%r(\lﬂ@) =3 (Tex, ejrjo) = —4m°T(|k|0, k)

™

according to (1.8). O

(7.12)
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Remark 7.4. Formula (1.16) for the amplitude in (7.8) is well known, see formula (97a) of [19]. On the other
hand, the asymptotics (7.9) and the fact that a(k,-) € C?(S) are new, to our knowledge, and play the key
role in the next section.

8. Differential cross section

Now we can justify formula (1.15). Lemma 3.1, Proposition 5.1, and the formula (7.1) imply the asymp-
totics of the limiting amplitudes,

op(z,t)/bp(n) ~ A(z,t) = A(z)e™ Ert 4 ¥(x,t)
= [e™*® 4 a(z)]e Pkt + B(x,t), D — oo. (8.1)

Here, the amplitude a**(x) = —[RVeg](x) decays at infinity together with its derivatives according to
(7.8)=(7.9). Further, X(z,t) = > Cl1/)l(x)e*iElt/bD(n), and the asymptotics holds in H® , with any s < 2

—0

and o > 5/2. We will neglect the term X(x, t) below since it does not contribute to the cross section, because

[[Z(x, )2 + |VE(z, t)|*)]de < OyR™Y, YN > 0. (8.2)

lz|=R

This follows by the Sobolev theorem on traces from the fact that 1;(z) € H? with any s € R by Agmon’s
theorem [1, Theorem 3.3].

Let us denote by joo(z,t) the asymptotics of fluxes (1.4) corresponding to ¢p(x,t) as D — co. It can be
“measured” in the double limit: first, ¢ — oo, and then D — oo. The asymptotics (8.1) implies that joo(z,t)
coincides with the flux corresponding to the wave field ¢(z,t) := |b(n)|A(x,t). Further, let us denote by
§(x), 75¢(x) the incident and scattered fluxes defined by (1.20).

Finally, we should adjust the definition of 5™ and j$¢. First, the incident flux is defined in the following
integral sense:

ljoo(y, 1) — j™dy — 0,  |z| 00, teR (8.3)
ly—z|<1

Second, the angular density of the scattered flux is defined in the sense of distributions.

Definition 8.1. The limit (1.2) means that

R? / $(0)5°°(RO,t)0 dO — / #(0)75°(0)do, R — o0 (8.4)
S S

for any test function ¢ € C'*°(S) with ¢(8) = 0 in a neighborhood of § = £n.

In other words, the limit (1.2) is understood in the sense of distributions on S\ {n, —n}. The test function
¢ physically corresponds to the “shape” (characteristic function) of a detector.

The main result of our paper is the following theorem.

Theorem 8.2. Let all assumptions HO-H4 hold. Then for 6 # +n

3" =)k, 5i(0) = b(n)[*|a(k, 0)[?|K|. (8.5)
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Proof. Using (8.1) and the definition (1.4), we obtain

Joolm,t) = |b(n)|* Tm[A(z, 1) VA(z, 1)]
= [b(n)[* Im[(e'** + a*(2)) V(™ + a*(2))] + jz (1), (8.6)
where jx(z,t) denotes the terms containing ¥(x, t) and its first derivatives in x. Here, the amplitude a¢(z) =
—RVey, decays at infinity together with its derivatives according to (7.8)-(7.9). Hence, (8.2) implies that
the flux (8.6) converges to |b(n)|?k for large |x| in the sense (8.3), which proves the first formula of (8.5).

It remains to prove the second formula of (8.5) neglecting jx(z,t). According to definition (8.4), we
should check that for any test function ¢ € C°°(S) with ¢(f) = 0 in a neighborhood of 6 = +n,

R? / 6(0) Tmle= R0V 0% (RB) + o (RB)ike ™™ 1 o (RE)Va™ (R0)]0 df
S
R /¢(9)|a(k¢,9)|2|k;|d9, R . (8.7)
S

Here,
a>(RO)Va*(RO)O = |a(k,0)|?|k|R™2 + O(R™3) (8.8)

by Lemma 7.3. Hence, it remains to prove that the oscillatory integrals in (8.7) vanish in the limit R — oc.
This follows by the partial integration in view of Lemma 7.3, since the phase functions do not have stationary
points outside § = +n. Indeed, let us consider, for example, the oscillatory integral

oilkIR

R? / $(0)e~* OV (RO)A dY = R? / B(0)e~* BV a(k, 0) + K1 (R)]6 do
S S

_ —ikR0 i|k|3€i‘k|R e!lk R
= R2/¢(0)6 R [a(k, G)T - a(k, 9)?9
S
etlkIR
+ Va(k, 0>T + VK (R6)]0 db. (8.9)

Here, the phase functions kR and kRf — |k| R admit exactly two stationary points § = +n on the sphere S.
Hence, the decay for each integral in the last line of (8.9) follows by the partial integration. The integrals
with a(k, #) vanish in the limit R — oo, since a(k,-) € C?(R3): the first integral vanishes by twofold partial
integration, while the second and the third ones, by the single partial integration. The integral with VK
vanishes in the limit R — oo by the single partial integration due to (7.9). O
Corollary 8.3. According to (8.5), the differential cross section in the limit D — oo is given by

a(0) = 522 (0)/15"] = la(k,0)],  0#=n
which justifies (1.15). Then (1.7) also holds by the known formula (1.16).
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